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Preface to the first edition. 


In the late fifties and early sixties, Tate (and Poitou) found some important du- 
ality theorems concerning the Galois cohomology of finite modules and abelian 
varieties over local and global fields. 

About 1964, Artin and Verdier extended some of the results to étale cohomol- 
ogy groups over rings of integers in local and global fields. 

Since then many people (Artin, Bester, Bégueri, Mazur, McCallum, the au- 
thor, Roberts, Shatz, Vvedens’kii) have generalized these results to flat cohomol- 
ogy groups. 

Much of the best of this work has not been fully published. My initial purpose 
in preparing these notes was simply to write down a complete set of proofs before 
they were forgotten, but I have also tried to give an organized account of the 
whole subject. Only a few of the theorems in these notes are new, but many 
results have been sharpened, and a significant proportion of the proofs have not 
been published before. 

The first chapter proves the theorems on Galois cohomology announced by 
Tate in his talk at the International Congress at Stockholm in 1962, and describes 
later work in the same area. The second chapter proves the theorem of Artin and 
Verdier on étale cohomology and also various generalizations of it. In the final 
chapter improvements using flat cohomology are described. 

As far as possible, theorems are proved in the context in which they are stated: 
thus theorems on Galois cohomology are proved using only Galois cohomology, 
and theorems on étale cohomology are proved using only étale cohomology. 

Each chapter begins with a summary of its contents; each section ends with a 
list of its sources. 

It is a pleasure to thank all those with whom I have discussed these questions 
over the years, but especially M. Artin, P. Berthelot, L. Breen, S. Bloch, K. Kato, 
S. Lichtenbaum, W. McCallum, B. Mazur, W. Messing, L. Roberts, and J. Tate. 

Parts of the author’s research contained in this volume have been supported 
by the National Science Foundation. 

Finally, I mention that, thanks to the computer, it has been possible to produce 
this volume without recourse to typist, copy editor! , or type-setter. 


Inevitably, the sentence preceding this in the original contained a solecism 


vi 


Preface to the second edition. 


A perfect new edition would fix all the errors, improve the exposition, update 
the text, and, of course, being perfect, it would also exist. Unfortunately, these 
conditions are contradictory. For this version, I have translated the original word- 
processor file into TEX, fixed all the errors that I am aware of, made a few minor 
improvements to the exposition, and added a few footnotes. 

Significant changes to the text have been noted in the footnotes. The number- 
ing is unchanged from the original (except for II 3.18). All footnotes have been 
added for this edition except for those on p 26 and p 284. 

There are a few minor changes in notation: canonical isomorphisms are often 
denoted ~ rather than ~, and, lacking a Cyrillic font, I use III as a substitute for 
the Russian letter shah. 

I thank the following for providing corrections and comments on earlier ver- 
sions: Ching-Li Chai, Matthias Fohl, Cristian Gonzalez-Aviles, David Harari, 
Eugene Kushnirsky, Bill McCallum, Bjorn Poonen, Joél Riou, and others. 

Since most of the translation was done by computer, I hope that not many 
new misprints have been introduced. Please send further corrections to me at 
math @jmilne.org. 


20.02.2004. First version on web. 

07.08.2004. Proofread against original again; fixed many misprints and minor 
errors; improved index; improved TEX, including replaced III with the correct 
Cyrillic IN. 

01.07.2006. Minor corrections; reformatted for reprinting. 
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Notations and Conventions 


We list our usual notations and conventions. When they are not used in a particu- 
lar section, this is noted at the start of the section. 

A global field is a finite extension of Q or is finitely generated and of finite 
transcendence degree one over a finite field. A local field is R, C, or a field that 
is locally compact relative to a discrete valuation. Thus it is a finite extension 
of Qp, Fp((T)), or R. If v is a prime of a global field, then | |y denotes the 
valuation at v normalized in the usual way so that the product formula holds, and 
Oy = {a € K | |a|y < 1}. The completions of K and O, relative to | |, are 
denoted by Ky and Ô.. 

For a field K, K* and K®* denote the algebraic and separable algebraic clo- 
sures of K, and K® denotes the maximal abelian extension of K. For a local 
field K, K“ is the maximal unramified extension of K. We sometimes write Gg 
for the absolute Galois group Gal(K*/K) of K and Gp;xg for Gal(F/K). By 
char(K) we mean the characteristic exponent of K, that is, char(K) is p if K has 
characteristic p 4 0 and is 1 otherwise. For a Hausdorff topological group G, 
G® is the quotient of G by the closure of its commutator subgroup. Thus, G®P is 
the maximal abelian Hausdorff quotient group of G, and Ge = Gal(K*>/K). 

If M is an abelian group (or, more generally, an object in an abelian category) 
and m is an integer, then Mm and M (™) are the kernel and cokernel of multi- 
plication by m on M. Moreover, M(m) is the m-primary component ),,, Mm 
and Mm-—aiy is the m-divisible subgroup (), Im(m”: M — M). The divisible 
subgroup? Maiy of M is (Om Mm-aiv. We write Tm M for lim Myr and M for the 
completion of M with respect to the topology defined by the subgroups of finite 
index (sometimes the subgroups are restricted to those of finite index a power 
of a fixed integer m, and sometimes to those that are open with respect to some 
topology on M). When M is finite, [M] denotes its order. A group M is of 
cofinite-type if it is torsion and M,, is finite for all integers m. 

As befits a work with the title of this one, we shall need to consider a great 
many different types of duals. In general, M* will denote Hom,s(M, Q/Z), the 
group of continuous characters of finite order of M. Thus, if M is discrete torsion 
abelian group, then M™* is its compact Pontryagin dual, and if M is a profinite 
abelian group, then M * is its discrete torsion Pontryagin dual. If M is a module 
over Gx for some field K, then M P denotes the dual Hom(M, K**); when M 
is a finite group scheme, M? is the Cartier dual Hom(M, Gm). The dual (Picard 


This should be called the subgroup of divisible elements — it contains the largest divisible 
subgroup of M but it need not be divisible itself. A similar remark applies to the m-divisible 
subgroup. 
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variety) of an abelian variety is denoted by A’. For a vector space M, MY denotes 
the linear dual of M. 

All algebraic groups and group schemes will be commutative (unless stated 
otherwise). If T is a torus over a field k, then X*(T) is the group Hom gs (Gm, Tks) 
of cocharacters (also called the multiplicative one-parameter subgroups). 

There seems to be no general agreement on what signs should be used in 
homological algebra. Fortunately, the signs of the maps in these notes will not be 
important, but the reader should be aware that when a diagram is said to commute, 
it may only commute up to sign. I have generally followed the sign conventions 
in Berthelot, Breen, and Messing 1982, Chapter 0. 

We sometimes use = to denote a canonical isomorphism,’ and the symbols 


X ËY andX =ar Y mean that X is defined to be Y, or that X equals Y by 
definition. 

In Chapters II and III, we shall need to consider several different topologies 
on a scheme X (always assumed to be locally Noetherian or the perfection of a 
locally Noetherian scheme). These are denoted as follows: 

Xet (small étale site) is the category of schemes étale over X endowed with 
the étale topology; 

Xpt (big étale site) is the category of schemes locally of finite-type over X 
endowed with the étale topology; 

Xsm (smooth site) is the category of schemes smooth over X endowed with 
the smooth topology (covering families are surjective families of smooth maps); 

Xqf (small fpqf site) is the category of schemes flat and quasi-finite over X 
endowed with the flat topology; 

Xa (big flat site) is the category of schemes locally of finite-type over X 
endowed with the flat topology; 

X pt (perfect site) see (III 0). 
The category of sheaves of abelian groups on a site X is denoted by S(X.). 


3 And sometimes, in this edition, ~. 


Chapter I 


Galois Cohomology 


In §1 we prove a very general duality theorem that applies whenever one has a 
class formation. The theorem is used in §2 to prove a duality theorem for modules 
over the Galois group of a local field. This section also contains an expression for 
the Euler-Poincaré characteristic of such a module. In §3, these results are used 
to prove Tate’s duality theorem for abelian varieties over a local field. 


The next four sections concern global fields. Tate’s duality theorem on mod- 
ules over the Galois group of a global field is obtained in §4 by applying the 
general result in §1 to the class formation of the global field and combining the 
resulting theorem with the local results in §2. Section 5 derives a formula for 
the Euler-Poincaré characteristic of such a module. Tate’s duality theorems for 
abelian varieties over global fields are proved in §6, and in the following section 
it is shown that the validity of the conjecture of Birch and Swinnerton-Dyer for 
an abelian variety over a number field depends only on the isogeny class of the 
variety. 

The final three sections treat rather diverse topics. In §8 a duality theorem 
is proved for tori that implies the abelian case of Langlands’s conjectures for a 
nonabelian class field theory. The next section briefly describes some of the ap- 
plications that have been made of the duality theorems: to the Hasse principle 
for finite modules and algebraic groups, to the existence of forms of algebraic 
groups, to Tamagawa numbers of algebraic tori over global fields, and to the cen- 
tral embedding problem for Galois groups. In the appendix, a class field theory is 
developed for Henselian local fields whose residue fields are quasi-finite and for 
function fields in one variable over quasi-finite fields. 


In this chapter, the reader is assumed to be familiar with basic Galois coho- 
mology (the first two chapters of Serre 1964 or the first four chapters of Shatz 
1972), class field theory (Serre 1967a and Tate 1967a), and, in a few sections, 
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2 CHAPTER I. GALOIS COHOMOLOGY 


abelian varieties (Milne 1986b). 

Throughout the chapter, when G is a profinite group, “G-module” will mean 
“discrete G-module’, and the cohomology group H” (G, M) will be defined us- 
ing continuous cochains. The category of discrete G-modules is denoted by 
Modg. 


0 Preliminaries 


Throughout this section, G will be a profinite group. By a torsion-free G-module, 
we mean a G-module that is torsion-free as an abelian group. 


Tate (modified) cohomology groups 


(Serre 1962, VIII; Weiss (1969).) 
When G is finite, there are Tate cohomology groups H7(G,M),r € Z, M a 
G-module, such that 


H7(G,M)=H'(G,M), r>0, 
H(G, M) = M°/NGM, where NG = ge; 
H7'(G, M) = Ker(Ng)/IgM, where Ig = {X noo |X no = 0}, 
Hr’ (G,M) = Hy-1(G,M),  -r<-l. 
A short exact sequence of G-modules gives rise to a long exact sequence of Tate 


cohomology groups (infinite in both directions). 
A complete resolution for G is an exact sequence 


d2 dı do d—ı 
ES =: —> L > Lı > Lo > Lı = Lz >- 


of finitely generated free Z[G]-modules, together with an element e € Lo that 


generates the image of do. For any complete resolution of G, H7} (G, M) is the 
rh cohomology group of the complex Homg (Le, M). The map dp factors as 


Lo $ Z> L 
with e(x)e = do(x) and (m) = me. If we let 
d d 
Se E D E E Brn 


d— 
byak Tig ai, 
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then 


H" (G, M) = H’(Homg(Lz,M)), r>=0, 
H,(G,M) = H"! (Homg (L7, M)), r>0. 


By the standard resolution LT for G we mean the complex with LF = Z[G"] 
and the usual boundary map, so that Hom(L¢, M) is the complex of nonhomo- 
geneous cochains of M (see Serre 1962, VII 3). By the standard complete reso- 
lution for G, we mean the complete resolution obtained by splicing together L} 
with its dual (see Weiss 1969, I-4-1). 

Except for Tate cohomology groups, we always set H” (G, M) = Oforr < 0. 

For any bilinear G-equivariant pairing of G-modules 


MxN->P 
there is a family of cup-product pairings 
(x,y) x Uy: H(G, M) x HA(G, N) > HE+S(G, P) 


with the following properties: 
(0.1.1) dx U y = d(x U y); 
(0.1.2) x Udy = (180 d(x u y); 
(0.1.3) x o (y uz) = (xV y) UZ; 
(0.1.4) x Uy = (—1)%8@) des y U x; 
(0.1.5) Res(x U y) = Res(x) u Res(y); 
(0.1.6) Inf(x U y) = Inf(x) v Inf (y); 
(d =boundary map, Res =restriction map; Inf =inflation map). 


THEOREM 0.2 (TATE-NAKAYAMA) Let G be a finite group, C a G-module, and 
u an element of H? (G, C). Suppose that for all subgroups H of G 

(a) H'(H,C) = 0, and 

(b) H?(H, C) has order equal to that of H and is generated by Res(u). 
Then, for any G-module M such that Tor?(M,C) = 0, cup-product with u 
defines an isomorphism 


xt xUu: HL(G,M) > H7"? (G,M @C) 


for all integers r. 





PROOF. Serre 1962, IX 8. 
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Extensions of G-modules 


For G-modules M and N, define ExtG(M, N) to be the set of homotopy classes 
of morphisms M° —> N° of degree r, where M° is any resolution of M by 
G-modules and N° is any resolution of N by injective G-modules. One sees 
readily that different resolutions of M and N give rise to canonically isomorphic 
groups Extg(M, N). On taking M° to be M itself, we see that Ext; (M, N) = 
H” (Homg(M, N°)), and so Ext@(M, —) is the r‘h right derived functor of 
N +> Homg(M, N):Modg — Ab. In particular, Extg (Z, N) = H” (G, N). 
There is a canonical product 


(f.g) > f +g: ExtG(N, P) x ExtG(M, N) > Ext" (M, P) 


such that f - g is obtained from f: N° —> P® and g: M — N° by composition 
(here N° and P® are injective resolutions of N and P). Forr = s = 0, the 
product can be identified with composition 


(f.g) = fog: Homg(N, P) x Homg(M, N) > Homg(M, P). 
When we take M = Z, and replace N and P with M and N, the pairing becomes 
ExtG(M, N) x H°(G,M) > H" (G, N). 


An r-fold extension of M by N defines in a natural way a class in ExtG (M, N) 
(see Bourbaki Alg. X 7.3 for one correct choice of signs). Two such extensions 
define the same class if and only if they are equivalent in the usual sense, and 
forr > 1, every element of ExtG (M, N) arises from such an extension (ibid. 
X 7.5). Therefore ExtG(M, N) can be identified with the set of equivalence 
classes of r-fold extensions of M by N. With this identification, products are ob- 
tained by splicing extensions (ibid. X 7.6). Let f € Ext@(N, P); then the map 
g= f-g: ExtG(M,N) > Bus (M, P) is the r-fold boundary map defined 
by any r -fold extension of N by P representing f. 


A spectral sequence for Exts 


Let M and N be G-modules, and write Hom(M, N) for the set of homomor- 
phisms from M to N as abelian groups. For f € Hom(M, N) ando € G, define 
of tobe m > o(f(o!m)). Then Hom(M, N) is a G-module, but it is not in 
general a discrete G-module. For a closed normal subgroup H of G, set 


Hom y(M,N) = U Hom(M, N)Y (union over the open subgroups H CU CG) 
U 
= {f ¢Hom(M,N)|of = f forall o in some U}. 
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Then Hom q(M, N) is a discrete G/H-module, and we define Ext} (M, N) to 
be the r*™ right derived functor of the left exact functor 
N +> Homy(M, N):Modg — Modg/z. 
In the case that H = {1}, we drop it from the notation; in particular, 
Hom(M, N) = Uy Hom(M, N)Y 


with U running over all the open subgroups of G. If M is finitely generated, then 
Homy (M,N) = Homy(M, N), and so 


Ext, (M, N) = Ext), (M, N); 


in particular, 
Hom(M, N) = Hom(M, N) 


(homomorphisms as abelian groups). 


THEOREM 0.3 Let H be a closed normal subgroup of G, and let N and P be 
G-modules. Then, for any G/H -module M such that Tor? (M, N) = 0, there is 
a spectral sequence 


Extgjy (M, Ext} (N, P)) => Extg "(M @z N, P). 


This will be shown to be the spectral sequence of a composite of functors, but 
first we need some lemmas. 


LEMMA 0.4 Forany G-modules N and P and G/H -module M , there is a canon- 
ical isomorphism 


Homg/y (M, Hom #(N, P)) —> Homg(M 8z N, P). 
PROOF. There is a standard isomorphism 
Homg/g (M, Hom(N, P)) > Hom(M 8z N, P). 
Take G-invariants. On the left we get Homg (M, Hom(N, P )), which equals 
Homg(M, Homa (N, P)) 


because M is a G/H-module, and equals Homg(M, Hom g (N, P )) because M 
is a discrete G/H-module. On the right we get Homg(M @z N, P). 
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LEMMA 0.5 If I is an injective G-module and N is a torsion-free G-module, 
then Hom y (N, I) is an injective G/H -module. 
PROOF. We have to check that 

Homg/# (—,Homy(N, 1)): Modg/H — Ab 


is an exact functor, but (0.4) expresses it as the composite of the two exact functors 
— &z N and Homg(-, /). 














LEMMA 0.6 Let N and I be G-modules with I injective, and let M be a G/H- 
module. Then there is a canonical isomorphism 


Extg/y (M, Hom y(N, 1)) > Home (TorZ(M, N), 1). 
PROOF. We use a resolution of N 
0-N->N- NSO 


by torsion-free G-modules to compute Tor2(M ,N). Thus Tors (M , N) and 
Tory (M,N) = M &z N fit into an exact sequence 


0 > Tor7(M,N) > M ®z Ni > M @z No > Tory (M,N) > 0, 


and Tor“(M ,N) = 0 for r > 2. For each open subgroup U of G containing H, 
there is a short exact sequence 


0 +Homg(Z[G/U] ®z N, I) >Homg(Z[G/U] ®z No, I) >Home (Z[G/U] ®z Nı, I) >0 


Homy (N, I) Homy (No, I) Homy (Nj, 1) 


The direct limit of these sequences is an injective resolution 
0 > Homy(N,1) > Homy(No, 1) > Homy(Nj,1) > 0 


of Hom y(N, I), which we use to compute ExtG/H (M,Homy(N,/)). In the 
diagram 


Homey (M, Hom x (No, 1)) ——> Homg/y(M, Hom (M1, 1)) 


Homg(M 8z No, /) — Homg(M @z Nı, 1). 
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we have 
Ker(a) = Homg;y (M, Homa (N, /)), 
Coker (a) = Extg;y (M, Homy(N, 1) 
Ker(B) = Homg (Tord (M, N), I), 
Coker(B) = Homg(Tor7(M, N), I). 





Thus the required isomorphisms are induced by the vertical maps in the diagram. 











We now prove the theorem. Lemma 0.4 shows that Homg(M @z N, —) is the 
composite of the functors Hom y(N,—) and Homg;y (M, —), and Lemma 0.6 
shows that the first of these maps injective objects J to objects that are acyclic for 
the second functor. Thus the spectral sequence arises in the standard way from a 
composite of functors (Hilton and Stammbach 1970)!. 


EXAMPLE 0.7 Let M = N = Z, and replace P with M. The spectral sequence 
then becomes the Hochschild-Serre spectral sequence 


H” (G/H, H°(H, M)) = H"*5(G,M). 


EXAMPLE 0.8 Let M = Zand H = {1}, and replace N and P with M and N. 
The spectral sequence then becomes 


H” (G, Ext" (M, N)) => Ext" (M, N). 
When M is finitely generated, this is simply a long exact sequence 


0 > H'(G,Hom(M, N)) > Ext} (M, N) > 


H? (G, Ext! (M, N)) > H? (G, Hom(M, N)) >. 


In particular, when we also have that N is divisible by all primes occurring as the 
order of an element of M , then Ext! (M, N) = 0, and so 


H” (G, Hom(M, N)) = Extg(M, N). 
EXAMPLE 0.9 Inthe case that N = Z, the spectral sequence becomes 
Extg;g (M, H" (H, P)) => Extg™ (M, P). 


The map Extg /H (M, P#) + ExtG(M, P) is obviously an isomorphism for 
r = 0; the spectral sequence shows that it is an isomorphism for r = 1 if 
H'(H, P) = 0, and that it is an isomorphism for all r if H’(H, P) = 0 for 
allr > 0. 


'Better Shatz 1972, p50. 
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REMARK 0.10 Assume that M is finitely generated. It follows from the long 
exact sequence in (0.8) that ExtG(M , N) is torsion for r > 1. Moreover, if G 
and N are written compatibly as G = lim G; and N = lim N; (Ni is a Gi- 
module) and the action of G on M factors through each G;, then 


ExtG(M, N) = lim Extg, (M, N). 


REMARK 0.11 Let H be a closed subgroup of G, and let M be an H-module. 
The corresponding induced G-module M,, is the set of continuous maps a: G > 
M such that a(hx) = h-a(x) allh € H, x € G. The group G acts on Mx by the 
tule: (ga)(x) = a(xg). The functor M th Mx: Mody — Modg is right adjoint 
to the functor Modg — Mody “regard a G-module as an H-module’’; in other 
words, 


Home (N, Mx) Ext Homy(H,N), NaG-module, M an H-module. 


Both functors are exact, and therefore M > Mx preserves injectives and the 
isomorphism extends to isomorphisms Extg (N, Mx) > Ext},(N, M) allr. In 


particular, there are canonical isomorphisms H’(G, Mx) 3 p’ (H, M) for all 
r. (Cf. Serre 1964, I 2.5.) 


Augmented cup-products 


Certain pairs of pairings give rise to cup-products with a dimension shift. 
PROPOSITION 0.12 Let 


0—> M'>M > M">0 
0> N'>N >N" >0 


be exact sequences of G-modules. Then a pair of pairings 


M'xN >P 
MxN'—>P 


coinciding on M’ x N’ defines a canonical family of (augmented cup-product) 
pairings 
H” (G, M”) x H°(G, N") E Hits" 1(G,). 





PROOF. See Lang 1966, Chapter V. 
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REMARK 0.13 (a) The augmented cup-products have properties similar to those 
listed in (0.1) for the usual cup-product. 
(b) Augmented cup-products have a very natural definition in terms of hyper- 
cohomology. The tensor product 
odM yi o dN y1 
(M >MJ)®O(N >N) 


of two complexes is defined to be the complex with 


d? d! 
M°@N°>M'@N° a MV) QN! > M!QN! 
with 
d’ (x 8 y) = dmx) y +x 8 dy), 
d(x @y +x 8y) =x @dy(y)—dy(x’) @ y. 


With the notations in the proposition, let M° = (M’ —> M) and N° = (N’ > 
N). Also write P[—1] for the complex with P in the degree one and zero 
elsewhere. Then the hypercohomology groups H” (G, M°), H” (G, N°), and 
H” (G, P[—1]) equal H’-!(G, M"), H’-1(G,N"), and H’—'(G, P) respec- 
tively, and to give a pair of pairings as in the proposition is the same as to give a 
map of complexes 

M° & N° > P[-1]. 


Such a pair therefore defines a cup-product pairing 
H” (G, M°) x H(G, N°) > H+: (G, P[-1]), 


and this is the augmented cup-product. 


Compatibility of pairings 
We shall need to know how the Ext and cup-product pairings compare. 


PROPOSITION 0.14 (a) Let M x N — P bea pairing of G-modules, and con- 
sider the maps M —> Hom(N, P) and 


H” (G, M) > H" (G, Hom(N, P)) > Extg (N, P) 
induced by the pairing and the spectral sequence in (0.3). Then the diagram 


H"(G,M) x HS(G,N) —> H'"*™(G,P) (cup-product) 


4 | | 
ExtG(N,P) x H*°(G,N) > H'*S(G, P) (Ext pairing) 
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commutes (up to sign). 
(b) Consider a pair of exact sequences 


0—> M'’>M—>M"->0 
0> N’>N>N">0 


and a pair of pairings 


M'’xN—>P 
MxN'’>P 


coinciding on M’ x N’. These data give rise to canonical maps H” (G, M") —> 
Ext (N”, P), and the diagram 


H'(G,M") x H‘(G,N”) —> H*S*1(G,P) (augmented cup-product) 


4 | | 
Extg '(N”, P) x H5(G, N") —> H'"TStI(G,P) (Ext pairing) 


commutes (up to sign). 


PROOF. (a) This is standard, at least in the sense that everyone assumes it to be 
true. There is a proof in a slightly more general context in Milne 1980, V 1.20, 
and Gamst and Hoechsmann 1970, contains a very full discussion of such things. 
(See also the discussion of pairings in the derived category in MI 0.) 

(b) The statement in (a) holds also if M, N, and P are complexes. If we 
regard the pair of pairings in (b) as a pairing of complexes M° x N° —> P[-1] 
(notations as (0.13b)) and replace M, N, and P in (a) with M°, N°, and P[—1], 
then the diagram in (a) becomes that in (b). Explicity, the map H” (G, M”) > 
Ext (N "| P) is obtained as follows: the pair of pairings defines a map of 
complexes M° + Hom(N°, P[—1]), and hence a map 


H’(G, M°) > H” (G, Hom(N°, P[-1)); 


but 
H” (G, M°) = H”! (G, M), 


and there is an edge morphism 


H” (G, Hom(N®, P[-1])> Ext} (N°, P[-1]) = Exth(N”, P) 
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Conjugation of cohomology groups 


Consider two profinite groups G and G’, a G-module M, and a G’-module M”. 
A homomorphism f:G’ —> G and an additive map h: M —> M’ are said to be 
compatible if h( f(g) - m) = g' - h(m) for g’ € G’ andm € M. Such a pair 
induces homomorphisms (f, h);: H” (G, M) —> H” (G', M’) for all r. 

PROPOSITION 0.15 Let M be a G-module, and leto € G. The maps ad(a) = 
(g => ogo™!):G > G and o™! = (m œ> o™!m): M => M are compatible, 


and 
(ad(o),0!): H(G, M) > H" (G, M) 


is the identity map for allr. 


PROOF. The first assertion is obvious, and the second needs only to be checked 
for r = 0, where it is also obvious (see Serre 1962, VII 5). 














The proposition is useful in the following situation. Let K be a global field 
and v a prime of K. The choice of an embedding K* — K over K amounts 
to choosing an extension w of v to K*, and the embedding identifies Gg, with 
the decomposition group Dy of w in Gg. A second embedding is the composite 
of the first with ad(o) for some ø € G (because Gx acts transitively on the 
extensions of v to K*). Let M be a Gx-module. An embedding K* — Kj 
defines a map H” (Gg, M) — H"(Gx,,, M), and the proposition shows that the 
map is independent of the choice of the embedding. 


Extensions of algebraic groups 


Let k be a field, and let G = Gal(k*/k). The category of algebraic group 
schemes over k is an abelian category Gp, (recall that all group schemes are as- 
sumed to be commutative), and therefore it is possible to define Ext; (A, B) for 
objects A and B of Gp, to be the set of equivalence classes of r-fold extensions 
of A by B (see Mitchell 1965, VID). Alternatively, one can chose a projective res- 
olution A® of A in the pro-category Pro-Gp;, and define Ext; (A, B) to be the 
set of homotopy classes of maps A° —> B of degree r (see Oort 1966, I 4, or 
Demazure and Gabriel 1970, V 2). For any object A of Gp, A(k*) is a discrete 
G-module, and we often write H” (k, A) for H” (G, A(k°)). 


PROPOSITION 0.16 Assume that k is perfect. 
(a) The functor A +> A(k*): Gpp — Modg is exact. 
(b) For all objects A and B in Gp¢, there exists a canonical pairing 


Ext} (A, B) x H’ (k, A) > H"™ (k, B). 
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PROOF. (a) This is obvious since k* is algebraically closed. 

(b) The functor in (a) sends an r-fold exact sequence in Gp, to an r-fold 
exact sequence in Modg, and it therefore defines a canonical map Ext; (A, B) > 
ExtG (A(k*), B(k*)). We define the pairing to be that making 


Ext% (A, B) x HS(k,A >  H'"*S(k,A) 


4 | | 
Ext’, (A(kS), B(kS)) x HS(G,A(kS)) —> H'+5(G, B(kS)) 





commute. 











PROPOSITION 0.17 Assume that k is perfect, and let A and B be algebraic group 
schemes over k. Then there is a spectral sequence 


H" (G, Ext. (A, B)) => Ext} ** (A, B). 


PROOF. See Milne 1970a. 














COROLLARY 0.18 Ifk is perfect and N is a finite group scheme over k of order 
prime to char(k), then Ext). (N, Gm) ~ Extg (N (k°), k°*) all r. 


PROOF. Clearly Homgs(N, Gm) = Homg (N (k°), k**), and the table Oort 1966, 
p Il 14-2, shows that Ext;,(N,Gm) = 0 for s > 0. Therefore the propo- 
sition implies that Ext;(N,Gm) = H’(G,Homg(N(k*),k**), which equals 
ExtG (N(k*), k°%) by (0.8). 














Topological abelian groups 


Let M be an abelian group. In the next proposition we write M^ for the m- 
adic completion limp M/m"M of M, and we let Zm = Į [ejm Ze = Z^ and 


Qnm = Tem Qg = Zm 8z Q. 


PROPOSITION 0.19 (a) For any abelian group M, M^ = (M/Mm-aiv)^; if 
M is finite, then M^ = M(m), and if M is finitely generated, then M^ = 
M 8z Zm. 

(b) For any abelian group M, lim M™”) = (M ®7,Q/Z)(m), which is zero 
if M is torsion and is isomorphic to (Qm/Zm)’ if M is finitely generated of rank 
r. 

(c) For any abelian group, TnM = Hom(Qm/Zm, M) = Tm(Mm-aiv); it is 
torsion-free. 
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(d) Write M* = HoMets(M, Qm/Zm); then for any finitely generated abelian 
group M, M* = (M^)* and M** = M^. 

(e) Let M be a discrete torsion abelian group and N a totally disconnected 
compact abelian group, and let 


MxN >Q/Z 


be a continuous pairing that identifies each group with the Pontryagin dual of the 
other. Then the exact annihilator of Ntors is Maiv, and so there is a nondegenerate 
pairing 

M/Maiv x Ntors => Q/Z. 





PROOF. Easy. 











Note that the proposition continues to hold if we take m =“ Į | p”, that is, 
we take M ^ be the profinite completion of M, Mm-—aiv to be Maiv, M(m) to be 
Mior, and so on. 

We shall be concerned with the exactness of completions and duals of exact 
sequences. Note that the completion of the exact sequence 


0-Z>Q-Q/Z->0 
for the profinite topology is 
0> Z —>0— 0—0, 


which is far from being exact. To be able to state a good result, we need the 
notion of a strict morphism. Recall (Bourbaki Tpgy, III 2.8) that a continuous 
homomorphism f:G — H of topological groups is said to be a strict mor- 
phism if the induced map G/ Ker( f) —> f(G) is an isomorphism of topological 
groups. Equivalently, f is strict if the image of every open subset of G is open in 
J (G) for the subspace topology on f (G). Every continuous homomorphism of 
a compact group to a Hausdorff group is strict, and obviously every continuous 
homomorphism from a topological group to a discrete group is strict. The Baire 
category theorem implies that a continuous homomorphism from a locally com- 
pact o-compact group onto? a locally compact group is a strict morphism (Hewitt 
and Ross 1963, 5.29; a space is o-compact if it is a countable union of compact 
subspaces). 

Recall also that it is possible to define the completion G^ of a topological 
group when the group has a basis of neighbourhoods (G; ) for the identity element 


2The original had “to” for “onto”, but the inclusion of the discrete group Z into Z p is continu- 
ous without being strict. 
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consisting of normal subgroups; in fact, G = lim iG/G;. In the next proposition, 
we write G* for the full Pontryagin dual of a topological group G. 


PROPOSITION 0.20 Let 
G: EA G A G” 
be an exact sequence of abelian topological groups and strict morphisms. 
(a) Assume that the topologies on G’, G, and G” are defined by neighbourhood 
bases consisting of subgroups; then the sequence of completions is also 


exact. 
(b) Assume that the groups are locally compact and Hausdorff and that the 
image of G is closed in G”; then the dual sequence? 


GG iy G* ae G'* 
is also exact. 


PROOF. We shall use that a short exact sequence 
0-A>B-C—O0 


of topological groups and continuous homomorphisms remains exact after com- 
pletion provided the topology on B is defined by a neighbourhood basis consist- 
ing of subgroups and A and C have the induced topologies (Atiyah and MacDon- 
ald 1969, 10.3). 

By assumption, we have a diagram 


G/Im(f) ——> Im(g) 


I |: 


f g 


G’ aiy G pk G” 


| | 
G'/Ker(f) —— Im(f). 


When we complete, the map a remains surjective, the middle column remains a 
short exact sequence, and b remains injective because in each case a subgroup 
has the subspace topology and a quotient group the quotient topology. Since the 
isomorphisms obviously remain isomorphisms, (a) is now clear. 


3Here * denotes the full Pontryagin dual, which coincides with Hom(—, Q/Z) on abelian 
profinite groups. 


0. PRELIMINARIES 15 


The proof of (b) is similar, except that it makes use of the fact that for any 
closed subgroup K of a locally compact abelian group G, the exact sequence 
0— K>G—>G/K>0 


gives rise to an exact dual sequence 


0 > (G/K)* > G* > K* > 0. 














Note that in (b) of the theorem, the image of G in G” will be closed if it is 
the kernel of ahomomorphism from G” into a Hausdorff group. 


The right derived functors of the inverse limit functor 


The category of abelian groups satisfies the condition AbS: the direct limit of an 
exact sequence of abelian groups is again exact. Unfortunately, the corresponding 
statement for inverse limits is false, although the formation of inverse limits is 
always a left exact operation (and the product of a family of exact sequences is 
exact).* 


4For an inverse system of abelian groups (An) indexed by N, 
EE PEA aa ei 


lim An and lim! Ay are the kernel and cokernel respectively of 
<— <— 


1— 
[nAn == T], An; (d —u)(4i))n = an — Unt14n41, 


and lim! An = 0 fori > 1. Using the snake lemma, we find that a short exact sequence of abelian 
groups 


DEN as SS esa 





gives rise to a six-term exact sequence 


0 > lim A, > lim Bn >.> lim!c, > 0. 
< <— <— 


It is known (and easy to prove) that if an inverse system of abelian groups (Ay )nen satisfies the 
Mittag-Leeffler condition, then lim! An = 0, however, the “well-known” generalization of this to 
abelian categories satisfying Ab4* (see, for example, Jannsen, Uwe, Continuous étale cohomology. 
Math. Ann. 280 (1988), no. 2, 207-245, Lemma 1.15, p. 213) is false: Neeman and Deligne (A 
counterexample to a 1961 ”theorem” in homological algebra. With an appendix by P. Deligne. 
Invent. Math. 148 (2002), no. 2, 397-420) construct an abelian category A in which small products 
and direct sums exist and are exact, i.e., which satisfies Ab4 and Ab4*; the opposite category has 
the same properties, and inside it there is a inverse system (An )nen With surjective transition maps 
(hence (An) satisfies Mittag-Loeffler) such that lim? An # 0. 
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PROPOSITION 0.21 Let A be an abelian category satisfying the condition Ab5 
and having enough injectives, and let I be a filtered ordered set. Then for any 
object B of A and any direct system (A;) of objects of A indexed by 1, there is a 
spectral sequence 


im O) S(4. r+s (q; ! 
lim Ext,(4;, B) => Ext, (lim 4;, B) 


where lim “) denotes the r“ right derived functor of lim . 
<— <— 





PROOF. Roos 1961. 











PROPOSITION 0.22 Let (A;) be an inverse system of abelian groups indexed by 
N with its natural order. 

(a) Forr > 2, lim © A; = 0. 

(b) If each A; is finitely generated, then lim () 4; is divisible, and it is un- 
countable when nonzero. 

(c) If each A; is finite, then lim 4; = 0. 


PROOF. (a) See Roos 1961. 
(b) See Jensen 1972, 2.5. 
(c) See Jensen 1972, 2.3. 














COROLLARY 0.23 LetA be an abelian category satisfying Ab5 and having enough 
injectives, and let (A;) be a direct system of objects of A indexed by N. If B is 
such that Ext,(A;, B) is finite for all s andi, then 


lim Exta(4;, B) = Exta(lim A;, B). 


The kernel-coKernel exact sequence of a pair of maps 


The following simple result will find great application in these notes. 
PROPOSITION 0.24 For any pair of maps 


AZ BEG 


of abelian groups, there is an exact sequence 


0— Ker(f)— Ker(go f) > Ker(g) > Coker(f ) > Coker(go f )—> Coker(g) > 0. 





PROOF. An easy exercise. 











NOTES The subsection “A spectral sequence for Exts” is based on Tate 1966. The rest 
of the material is fairly standard. 


Since Roos 1961 contains no proofs and some false statements, it would be better to avoid 
referring to it. Thus, this subsection should be rewritten. (But see: Roos, Jan-Erik. Derived 
functors of inverse limits revisited. J. London Math. Soc. (2) 73 (2006), no. 1, 65-83.) 
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1 Duality relative to a class formation 


Class formations 


Consider a profinite group G, a G-module C, and a family of isomorphisms 
invy: H2(U,C) > Q/Z 


indexed by the open subgroups U of G. Such a system is said to be a class 


formation if 
(1.1a) for all open subgroups U C G, H!(U,C) = 0, and 
(1.1b) for all pairs of open subgroups V C U C G, the diagram 


PEO Ss PO 
QZ — QZ 


commutes with n = (U: V). The map invy is called the invariant map relative 
to U. 

When V is a normal subgroup of U of index n, the conditions imply that there 
is an exact commutative diagram 


Res 
0 —> AO") —> HR?U, C) ee) — 0 
x [ivu x [ivu x [ivy 
0 — iZ/Z — Q/Z eis Q/Z —— 0 


in which invy;y is defined to be the restriction of invy. In particular, for a 
normal open subgroup U of G of index n, there is an isomorphism 


x 
Z 


invgju: H?(G/U, CY) S 42Z/Z, 


and we write ug/y for the element of H?(G/U,C¥) mapping to 1/n . Thus 
uGc/u is the unique element of H?(G/U,C¥) such that invg (Inf (ug;u)) = 
1/n. 


LEMMA 1.2 Let M be a G-module such that Torł(M, C) = 0. Then the map 
am a u ugju: H}(G/U, M) > H} *?(G/U, M 8z C7) 


is an isomorphism for all open normal subgroups U of G and integers r. 
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PROOF. Apply (0.2) to G/U, CY, and ugyy. 


THEOREM 1.3 Let (G,C) be a class formation; then there is a canonical map 
recg: C? — G* whose image in G®? is dense and whose kernel is the group 
1 NejuC% of universal norms. 


PROOF. Take M = Z andr = —2 inthe lemma. As H7?(G/U,Z) = (G/U)*” 
and H? (G/U,CU) = C/NgjuC7, the lemma gives an isomorphism 


(G/U S Ct /Ngjo tY. 


On passing to the projective limit over the inverses of these maps, we obtain an 
injective map CC / N Noyu — G?>, The map recg is the composite of this 
with the projection of C” onto C oF (\NeuU. It has dense image because, 
for all open normal subgroups U of G, its composite with G® + (G/U)? is 
surjective. 














The map recg is called the reciprocity map. 


QUESTION 1.4 Is there a derivation of (1.3), no more difficult than the above 
one, that avoids the use of homology groups? 


REMARK 1.5 (a) The following description of recg will be useful. The cup- 
product pairing 
H°(G,C) x H?(G, Z) > H?(G,C) 


can be identified with a pairing 
(, ):C% x Homas(G, Q/Z) > Q/Z 
and the reciprocity map is uniquely determined by the equation 
(c, x) = x(recg(c)) all c € C%, x € Homes (G*, Q/Z). 


See Serre 1962, XI 3, Pptn 2. 

(b) The definition of a class formation that we have adopted is slightly stronger 
than the usual definition (see Artin and Tate 1961, XIV) in that we require invy 
to be an isomorphism rather than an injection inducing isomorphisms 


H2(U/V,C’) Š (U:V)Z/Z 


for all open subgroups V C U with V normal in U. It is equivalent to the usual 
definition plus the condition that the order of G (as a profinite group) is divisible 
by all integers n. 
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EXAMPLE 1.6 (a) Let G be a profinite group isomorphic to Z (completion of 
Z for the topology of subgroups of finite index), and let C = Z with G acting 
trivially. Choose a topological generator o of G. For each m, G has a unique 
open subgroup U of index m, and o” generates U. The boundary map in the 
cohomology sequence of 


0-Z>Q-Q/Z->0 


is an isomorphism H!(U,Q/Z) —> H?(U,Z), and we define invy to be the 
composite of the inverse of this isomorphism with 
f= f0”) 
H! (U, Q/Z) = Homes (U, Q/Z) eee ee Q/Z. 
Note that invy depends on the choice of øo. Clearly (G, Z) with these maps is a 
class formation. The reciprocity map is injective but not surjective. 

(b) Let G be the Galois group Gal(K*/K) of a nonarchimedean local field K, 
and let C = K**. If I = Gal(K*/K"), then the inflation map H?(G/I, K®*) > 
H?(G, K**) is an isomorphism, and we define invg to be the composite of its 
inverse with the isomorphisms 


ord 


H?(G/I, K™*) > 


VG/I 


in 
H?(G/L,Z) > Q/Z 
where invg/, is the map in defined in (a) (with the choice of the Frobenius auto- 
morphism for o). Define invy analogously. Then (G, K*”) is a class formation 
(see Serre 1967a, §1, or the appendix to this chapter). The reciprocity map is 
injective but not surjective. 

(c) Let G be the Galois group Gal(K*/K) of a global field K, and let C = 
lim Cz where L runs through the finite extensions of K in K5 and Cz is the idéle 
class group of L. For each prime v of K, choose an embedding of K* into Kẹ 
over K. Then there is a unique isomorphism invg: H?(G,C) > Q/Z making 
the diagram 


invG 


H?(G,C) —> Q/Z 


| 
| | 
H? (Gy, K) —*> Q/Z 

commute for all v (including the real primes) with inv, the map defined in (b) 
unless v is real, in which case it is the unique injection. Define invy analogously. 
Then (G, C) is a class formation (see Tate 1967a, §11). In the number field case, 
the reciprocity map is surjective with divisible kernel, and in the function field 
case it is injective but not surjective. 
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(d) Let K be a field complete with respect to a discrete valuation having an 
algebraically closed residue field k, and let G = Gal(K*/K) . Fora finite separa- 
ble extension L of K, let Rz be the ring of integers in L. There is a pro-algebraic 
group Uz over k such that Uz (k) = Rž. Let zı (UL) be the pro-algebraic étale 
fundamental group of Uz, and let 


m(U) = lim m (Uz), KCL CK, [L:K]<oo. 


Then 1(U) is a discrete G-module and (G, 7, (U)) is a class formation. In this 
case the reciprocity map is an isomorphism. See Serre 1961, 2.5 Pptn 11, 4.1 
Thm 1. 

(e) Let K be an algebraic function field in one variable over an algebraically 
closed field k of characteristic zero. For each finite extension L of K, let Cg = 
Hom(Pic(Xz), u(k)), where Xz is the smooth complete algebraic curve over k 
with function field L and u(k) is the group of roots on unity in k. Then the duals 
of the norm maps Pic(Xz’) —> Pic(Xz), L’ D L, make the family (Cz) into 
a direct system, and we let C be the limit of the system. The pair (G,C) is a 
class formation for which the reciprocity map is surjective but not injective. See 
Kawada and Tate 1955 and Kawada 1960. 

(f) For numerous other examples of class formations, see Kawada 1971. 


The main theorem 


For each G-module M, the pairings of §0 


inv 


Ext (M,C) x H?-"(G,M) > H?(G,C) > Q/Z 


induce maps 
a’ (G, M): Extg (M,C) > H*-"(G, M)* 


In particular, for r = 0 and M = Z, we obtain a map 
0 : G 2 x o C ab 
œa (G, Z): C7 > H*(G,Z)* = Homes(G, Q/Z)* = G®. 


LEMMA 1.7 In the case that M = Z, the maps œ” (G, M) have the following 
description: 


a? (G, Z):CS — G® is equal to recg ; 
a! (G, Z):0 > 0; 
a?(G,Z):H?(G,C) 3 Q/Z is equal to invg . 
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In the case that M = Z/mZ, the maps a’ (G, M) have the following description: 
the composite of 
a°(G,Z/mZ): (C°%)m > H?(G,Z/mZ)* 
with H?(G,Z/mZ)* —> (G®)m is induced by recg; 
a!(G,Z/mZ):(C°)™ —> (G?)™ is induced by recg ; 


1 
a?(G,Z/mZ): H?(G,C)m > —Z/Z is the isomorphism induced by invg . 
m 


PROOF. Only the assertion about œ? (G, Z) requires proof. As we observed in 
(1.5a), recg: H°(G,C) —> H?(G,Z)* is the map induced by the cup-product 
pairing 

H°(G,C) x H?7(G,C) > H? (G, C) ~ Q/Z 





and we know that this agrees with the Ext pairing (see 0.14). 











THEOREM 1.8 Let (G,C) be a class formation, and let M be a finitely generated 
G-module. 
(a) The map a’ (G, M) is bijective for allr > 2, and a!(G, M) is bijective for 
all torsion-free M . In particular, ExtG (M,C) = 0 forr > 3. 
(b) The map œ! (G, M) is bijective for all M if a!(U,Z/mZ) is bijective for 
all open subgroups U of G and allm. 
(c) The map a°(G, M) is surjective (respectively bijective) for all finite M if 
in addition œ? (U, Z/mZ,) is surjective (respectively bijective) for all U and 
m. 


The first step in the proof is to show that the domain and target of œ” (G, M) 
are both zero for large r. 


LEMMA 1.9 Forr > 4, Extg(M, C) = 0; when M is torsion-free, Ext& (M, C) 
is also zero. 


PROOF. Every finitely generated G-module M can be resolved 
0 —> Mı —> Mo >M-—0 


by finitely generated torsion-free G-modules M;. It therefore suffices to prove 
that for any torsion-free module M, ExtG (M,C) = Oforr > 3. Let N = 
Hom(M, Z). Then N &z C ~ Hom(M, C) as G-modules, and so (0.8) provides 
an isomorphism ExtG(M,C) ~ H'(G,N &z C). Note that this last group 
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is equal to lim H” (G/U, N &z CY) where the limit is over the open normal 


subgroups of G for which NY = N. The theorem of Tate and Nakayama (0.2) 
shows that 


am avuugy: H" *(G/U,N) > H"(G/U,N 8z CY) 
is an isomorphism for all r > 3. The diagram 


H'-2(G/U,N) —> H"(G/U,N @zC2) 
lw: V)Inf [int 
H™-2(G/V,N) ——> H"(G/V,N @zCY) 


commutes because Inf(ug/y) = (U: V)ug/y and Inf(aUb) = Inf(a) UInf(d). 
As H'’~?(G/U, N) is torsion for r — 2 > 1, and the order of U is divisible by all 
integers n, the limit lim H’~?(G/U, N) (taken relative to the maps (U: V)Inf) 
is zero for r —2 > 1, “and this shows that H(G, N &z C) = 0 forr > 3. 














PROOF (OF THEOREM 1.8) Lemma 1.9 shows that the statements of the theo- 
rem are true for r > 4, and (1.7) shows that they are true for r < 2 whenever the 
action of G on M is trivial. Moreover, (1.9) shows that Ext% (Z, C) = 0, and 
it follows that Ext?,(Z/mZ, C) = 0 because Extĉ (Z, C) is divisible. Thus the 
theorem is true whenever the action of G on M is trivial. We embed a general M 
into an exact sequence 


0O- M — M: >M > 0 
with U an open normal subgroup of G such that MY = M and 
Mx = Hom(Z[G/U], M) = Z[G/U] &z M 


As H” (G, Mx) = H" (U, M) and ExtG (Mx, C) = Ext? (M, C) (apply (0.3) to 
Z|G/U], M, and C), there is an exact commutative ica (1.9.1) 


—> Ext (Mı, C) > Ext} (M,C) > ExtG(M,C) >Extgt(Mm),C) > 
[eem [evm [orem ee 
— H? (G, M,)* — H?-"(U, M)* — H? (G, M)* > H17" (G, M,)* > 


The maps a3(U, M), a4(G, Mj), and a*(U, M) are all isomorphisms, and so 
the five-lemma shows that œ°(G, M) is surjective. Since this holds for all M, 
a3(G, Mı) is also surjective, and now the five-lemma shows that œ? (G, M) is 
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an isomorphism. The same argument shows that œ? (G, M) is an isomorphism. 
If M is torsion-free, so also are M, and Mj, and so the same argument shows 
that w!(G, M) is an isomorphism when M is torsion-free. The rest of the proof 
proceeds similarly. 














EXAMPLE 1.10 Let (G, Z) be the class formation defined by a group G ~ Z 
and a generator o of G. The reciprocity map is the inclusion n œ> o”:Z > G. 
As Z/Z is uniquely divisible, we see that both œ? (U, Z/mZ) and a!(U,Z/mZ) 
are isomorphisms for all m, and so the theorem implies that œ” (G, M) is an iso- 
morphism for all finitely generated M, r > 1, and w°(G, M) is an isomorphism 
for all finite M. 

In fact, œ? (G, M) defines an isomorphism Homg (M, Z)^—> H?(G, M)* for 
all finitely generated M. To see this, note that Homg (M, Z) is finitely generated 
and Ext!(M, Z) is finite (because H!(G, M) is) for all finitely generated M. 
Therefore, on tensoring the first four terms of the long exact sequence of Exts 
with Z, we obtain an exact sequence 


0— Homg (M1, Z)* > Homy (M, Z)* > Homg (M, Z)* >ExtG(M1,Z)>-*. 


When we replace the top row of (1.9.1) with this sequence, the argument proving 
the theorem descends all the way tor = 0. 
When M is finite, Ext’ (M, Z) = 0 for r 4 1 and 


Ext! (M, Z) = Hom(M, Q/Z) = M*. 


Therefore Ext (M,Z) = H’~!(G,M*) (by (0.3)), and so we have a non- 
degenerate cup-product pairing 


H"(G,M) x H'"(G, M*) > H'(G,Q/Z) ~ Q/Z. 


When M is torsion-free, Ext” (M, Z) = 0 for r 4 0 and Hom(M, Z) is the 
linear dual MY of M. Therefore Ext’(M,Z) = H"(G, MY), and so the map 
H'(G,MY) — H?" (G, M)* defined by cup-product is bijective for r > 1, 
and induces a bijection H°(G, MY)’ —> H?(G, M)* in the case r = 0. 


EXAMPLE 1.11 Let K be a field for which there exists a class formation (G, C) 
with G = Gal(K*/K), and let T be a torus over K. The character group X*(T) 
of T is a finitely generated torsion-free G-module with Z-linear dual the cochar- 
acter group X+(T), and so the pairing 


ExtG(X*(T),C) x H? (G, X*(T)) > H7(G,C) ~ Q/Z 
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defines an isomorphism 
Ext@(X*(T),C) > H? (G, X*(T))* 
for r > 1. According to (0.8), 


Ext’, (X*(T),C) = H’(G,Hom(X*(T),C)), and 
Hom(X*(T),C) = X(T) 8 C. 


Therefore the cup-product pairing 
H” (G, X(T) & C) x H?” (G, X*(T)) > H? (G,C) ~ Q/Z 


induced by the natural pairing between X(T) and X*(T) defines an isomor- 
phism 
H” (G, X(T) 8 C) > H?"(G,X*(T))*, r>1. 


REMARK 1.12 Let (G, C) be a class formation. In Brumer 1966 there is a very 
useful criterion for G to have strict cohomological dimension 2. Let V C U C G 
be open subgroups with V normal in U. We get an exact sequence 


0 > Ker(recy) > CY nS (Ys Coker(recy) > 0 
of U/ V -modules which induces a double connecting homomorphism 
d: Hi? (U/ V, Coker (recy )) > H7 (U/V, Ker(recy)). 


The theorem states that scdp(G) = 2 if and only if, for all such pairs V C U, 
d induces an isomorphism on the p-primary components for all r. In each of 
the examples (1.6a,b,d) and in the function field case of (c), the kernel of recy is 
zero and the cokernel is uniquely divisible and hence has trivial cohomology. In 
the number field case of (c), the cohomology groups of the kernel are elementary 
2-groups, which are zero if and only if the field is totally imaginary (Artin and 
Tate 1961, IX 2). Consequently scdp(G) = 2 in examples (1.6a,b,c,d) except 
when p = 2 and K is a number field having a real prime. 

On the other hand, let K be a number field and let Gs be the Galois group 
over K of the maximal extension of K unramified outside a set of primes S. The 
statement in Tate 1962, p292 that scd (Gs) = 2 for all primes p that are units at 
all v in S (except for p = 2 when K is not totally complex) is still unproven in 
general. As was pointed out by A. Brumer, it is equivalent to the nonvanishing of 
certain p-adic regulators.’ 


5See Corollary 10.3.9, p538, of Neukirch, Jiirgen; Schmidt, Alexander; Wingberg, Kay. Coho- 
mology of number fields. Grundlehren der Mathematischen Wissenschaften 323. Springer-Verlag, 
Berlin, 2000. 
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A generalization 


We shall need a generalization of Theorem 1.8. For any set P of rational prime 
numbers, we define a P-class formation to be a system (G, C, (invy)y) as at the 
start of this section except that, instead of requiring the maps invy to be isomor- 
phisms, we require them to be injections satisfying the following two conditions: 
(a) for all open subgroups V and U of G with V a normal subgroup of U, the 
map 
invy;y: H?(U/V,C") > (U:V)!Z/Z 


is an isomorphism, and 
(b) for all open subgroups U of G and all primes £ in P, the map on ¢-primary 
components H? (U, C)(&© — (Q/Z)(£) induced by invy is an isomor- 
phism. 
Thus when P contains all prime numbers, a P-class formation is a class forma- 
tion in the sense of the first paragraph of this section, and when P is the empty 
set, a P-class formation is a class formation in the sense of Artin and Tate 1961. 
Note that, in the presence of the other conditions, (b) is equivalent to the order of 
G being divisible by £% for all £ in P. If (G, C) is a class formation and H is 
a normal closed subgroup of G, then (G/H, C7) is a P-class formation with P 
equal to the set primes £ such that 0° divides (G: H). 

If (G,C) is a P-class formation, then everything said above continues to 
hold provided that, at certain points, one restricts attention to the ¢-primary com- 
ponents for £ in P. (Recall (0.10) that ExtG(M, N) is torsion for r > 1.) In 
particular, the following theorem holds. 


THEOREM 1.13 Let (G,C) be a P-class formation, let £ be a prime in P, and 
let M bea finitely generated G-module. 
(a) The map a’ (G, M)(¢): Extg (M, C)(l) > H?" (G, M)* (0 is bijective 
for allr > 2, and «t (G, M)(€) is bijective for all torsion-free M . 
(b) The map œ! (G, M)(®) is bijective for all M if æ! (U, Z/U”Z) is bijective 
for all open subgroups U of G and all m. 
(c) The map œ?(G, M) is surjective (respectively bijective) for all finite 4- 
primary M if in addition œ? (U, Z/U” Z) is surjective (respectively bijec- 
tive) for all U and m. 


EXERCISE 1.14 Let K = Q(vd) where d is chosen so that the 2-class field 
tower of K is infinite. Let K"" be the maximal unramified extension of K, and let 
H = Gal(K*/K™). Then (Gx/H,C#) is a P-class formation with P = {2}. 
Investigate the maps œ” (Gx /H, M) in this case. 


NOTES Theorem 1.8 and its proof are taken from Tate 1966. 
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2 Local fields 


Unless stated otherwise, K will be a nonarchimedean local field, complete with 
respect to the discrete valuation ord: K* —> Z, and with finite residue field k. 
Let R be the ring of integers in K, and let K'” be a largest unramified exten- 
sion of K. Write G = Gal(K*/K) and J = Gal(K*/K'). As we noted in 
(1.6b), (G, K**) has a natural structure of a class formation. The reciprocity map 
recg: K* —> G® is known to be injective with dense image. More precisely, 
there is an exact commutative diagram 


Ose RS ee eS E 


ae ee 


0 — a G3? —n— Z —r~0 


in which all the vertical arrows are injective and 7P is the inertia subgroup of 
G®Þ, The norm groups in K* are the open subgroups of finite index. See Serre 
1962, XIII 4, XIV 6. 

In this section N^ will denote the completion of a group N relative to the 
topology defined by the subgroups of N of finite index unless N has a topol- 
ogy induced in a natural way from that on K, in which case we allow only sub- 
groups of finite index that are open relative to the topology. With this definition, 
(R*)^ = RÝ, and the reciprocity map defines an isomorphism (K*) > Gə. 
When M is a discrete G-module, the group Homg (M, K*”) inherits a topology 
from that on KS, and in the next theorem Homg(M, K**)* denotes its comple- 
tion for the topology defined by the open subgroups of finite index®. As Z/ Z is 
uniquely divisible, «°(G,Z/mZ) and a!(G,Z/mZ) are isomorphisms for all m. 
Thus most of the following theorem is an immediate consequence of Theorem 
1.8. 


THEOREM 2.1 Let M bea finitely generated G-module, and consider 
a’ (G, M): Ext, (M, K**) > H? (G, M)*. 


Then a" (G, M) is an isomorphism for allr > 1, and a°(G, M) defines an iso- 
morphism (of profinite groups) 


Homg(M, K**)* > H? (G, M)*. 


(In original.) If n is prime to the characteristic of K, then K*” is an open subgroup of 
finite index in K™. It follows that every subgroup of K* (hence of Homg(M, K*”)) of finite 
index prime to char(K) is open. In contrast, when the characteristic of K is p # 0, there are 
many subgroups of finite index in K% that are not closed. In fact (see Weil 1967, II 3, Pptn 
10), 1 +m ~ [[Zp (product of countably many copies of Zp), and a proper subgroup of | [Zp 
containing Zp cannot be closed. 
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The ^ can be omitted if M is finite. The groups ExtG(M, K**) and H" (G, M) 
are finite for all r if M is of finite order prime to char(K), and the groups 
Ext} (M, K**) and H(G, M) are finite for all finitely generated M whose tor- 
sion subgroup is of order prime to char( K). 


PROOF. We begin with the finiteness statements. For n prime to char(K), the 
cohomology sequence of the Kummer sequence 


OS (ys KS K% 0 


shows that the cohomology groups are 


H"(G,n(K*)) = un(K) K*/K*" *Z/Z 0 


In particular, they are all finite. 

Let M be a finite G-module of order prime to char(K), and choose a finite 
Galois extension L of K containing all m* roots of 1 for m dividing the order 
of M and such that Gal(K*/ZL) acts trivially on M. Then M is isomorphic as 
a Gal(K*/L)-module to a direct sum of copies of modules of the form um, and 
so the groups H*(Gal(K*/L), M) are finite for all s, and zero for s > 3. The 
Hochschild-Serre spectral sequence 


H” (Gal(L/K), H5(Gal(K*/L, M)) => H’+5(G, M) 


now shows that the groups H’(G, M) are all finite because the cohomology 
groups of a finite group with values in a finite (even finitely generated for r > 1) 
module are finite. This proves that H’(G, M) is finite for all r and all M of 
finite order prime to char(K), and Theorem 1.8 shows that all the œ” (G, M) are 
isomorphisms for finite M , and so the groups ExtG(M, K®%) are also finite. 

Let M be a finitely generated G-module whose torsion subgroup has order 
prime to char(K). In proving that H!(G, M) is finite, we may assume that M is 
torsion-free. Let L be a finite Galois extension of K such that Gal(K*/L) acts 
trivially on M. The exact sequence 


0 > H'(Gal(L/K), M) > H'(Gal(K*5/K), M) > H'(Gal(K**/L), M) 


shows that H!(G, M) is finite because the last group in the sequence is zero and 
the first is finite. Theorem 1.8 implies that æ” (G, M ) is an isomorphism for r > 1 
and all finitely generated M , and so ExtG(M , K*°*) is also finite. 

It remains to prove the assertion about w°(G, M). Note that œ? (G, Z) defines 
an isomorphism (K*)^ —> G®, and so the statement is true if G acts trivially on 
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M. Let L be a finite Galois extension of K such Gal(K*/L) acts trivially on M. 
Then Homg (M, K**) = Homg (M, L*), and Homg(M, L*) contains an open 
compact group Homg (M, OX), where Oy is the ring of integers in L. Using 
this, it is easy to prove that the maps 


0 > Homg (M1, K**) > Homg (Mx, K**) > Homg (M, K**) > 


in the top row of (1.9.1) are strict morphisms. Therefore the sequence remains 
exact when we complete the first three terms (see 0.20), and so the same argument 
as in (1.8) completes the proof. 














COROLLARY 2.2 IfM is acountable G-module whose torsion is prime to char(K), 
then 
a'(G, M): Ext} (M, K**) > H'(G,M)* 


is an isomorphism. 


PROOF. Write M as a countable union of finitely generated G-modules M; and 
note that Ext, (M, K**) = lim Extg (Mj, K**) by (0.23). 














For any finitely generated G-module M, write M? = Hom(M, K®**). It is 
again a discrete G-module, and it acquires a topology from that on K°*. 


COROLLARY 2.3 Let M be a finitely generated G-module whose torsion sub- 
group has order prime to char( K). Then cup-product defines isomorphisms 


H'(G,M”) > H?” (G, M)" 
for allr > 1, and an isomorphism (of compact groups) 

H? (G, M?)^ > H? (G, M)*. 
The groups H! (G, M) and H!(G, M?) are finite. 


PROOF. As K®°* is divisible by all primes other than char(K), Ext” (M, K5) = 
0 for all r > 0, and so Extg (M, K**) = H" (G, M?) for all r (see 0.8). 














COROLLARY 2.4 LetT be acommutative algebraic group over K whose identity 
component T° is a torus’. Assume that the order of T/T° is not divisible by the 
characteristic of K, and let X*(T) be the group of characters of T. Then cup- 
product defines a dualities between: 


7When K has characteristic zero, these are exactly the algebraic groups of multiplicative type. 
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© the compact group H?(K,T)^ (completion relative to the topology of open 
subgroups of finite index) and the discrete group H?(G, X*(T)); 
© the finite groups H! (K,T) and H! (G, X*(T)); 
© the discrete group H*(K,T) and the compact group H? (G, X*(T))’ (com- 
pletion relative to the topology of subgroups of finite index). 
In particular, H? (K,T) = 0 if and only if X*(T)° = 0 (when T is connected, 
this last condition is equivalent to T(K) being compact). 


PROOF. The G-module X*(7) is finitely generated without char(X)-torsion, 
and X*(T)? = T(K®), and so this follows from the preceding corollary (ex- 
cept for the parenthetical statement, which we leave as an exercise — cf. Serre 
1964, pII-26). 














REMARK 2.5 (a) If the characteristic of K is p # 0 and M has elements of 
order p, then Ext} (M , K°*) and H!(G, M) are usually infinite. For example 
Ext} (Z/pZ, KS“) = K*/K*? and H!(G,Z/pZ) = K/K, p(x) = x? —x, 
which are both infinite. 

(b) If n is prime to the characteristic of K and K contains a primitive n*? root 
of unity, then Z/nZ ~ un noncanonically and (Z/ nZ)? ~ un canonically. The 
pairing 

H}(K,Z/nZ) x H! (K, un) > H?(K, Un) > Z/nZ 
in (2.3) gives rise to a canonical pairing 
H? (K, pn) x H! (K, pn) > H? (G, Mn ® Hn) = Hn. 
The group H! (K, un) = K*/K*%", and the pairing can be identified with 
(Tiger SE ge RS ROOK CS is 


(see Serre 1962, XIV 3). 
If K has characteristic p Æ 0, then the pairing 


Ext¢(Z/pZ, K**) x H'(G,Z/pZ) > H?(G, K**) ~ Q/Z 
can be identified with 
> dg 
(g) = p Tre/ep Relf- T) K*/K*? x K/K > Q/Z 


(see Serre 1962, XIV 5 or III 6 below). 
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Unramified cohomology 


A G-module M is said to be unramified if M? = M. For a finitely gener- 
ated G-module, we write M? for the submodule Hom(M, R™*) of M? = 
Hom(M, K**). Note that if M is unramified, then H!(G/I, M) makes sense 
and is a subgroup of H!(G,M). Moreover, when M is finite, H!(G/I, M) is 
dual to Ext& jr (M, Z) (see 1.10). 


THEOREM 2.6 If M is a finitely generated unramified G-module whose torsion 
is prime to char(k), then the groups H!(G/I,M) and H!(G/I, M%) are the 
exact annihilators of each other in the cup-product pairing 
H! (G, M) x H!(G, M?) > H?(G, K**) ~ Q/Z. 
PROOF. From the spectral sequence (0.3) 
Extg;z (M, Ext? (Z, K™)) => Extg (M, K”) 
and the vanishing of Ext} (Z, K°*) ~ H} (1, K**), we find that 
Ext} (M, K™™) Š Ext} (M, K°™%). 
From the split-exact sequence of G-modules 
0> R™ > K™ _.7 30 
we obtain an exact sequence 
0 > Extgyr (M, R™™) > ExtG),(M, K™*) > Extg,,(M,Z) > 0, 
and so the kernel of Ext} (M, K**) > Exth /(M, Z) is ExtG jp (M, R™®™). It 


is easy to see from the various definitions (especially the definition of invg in 
1.6b) that 


1(G,M 
Exth(M,K*) O0, 1G, my" 
l ine 
1(G/I,M 
Ext} (M,Z) = = , H'(G/I, M)* 


commutes. Therefore the kernel of 


Ext} (M, K**) > H'(G/I,M)* 
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is Ext jy (M, R™*). Example (0.8) allows us to identify Ext} (M, K**) with 
H'(G, M?) and Extg/z (M, R™*) with H!(G/I, MŻ), and so the last state- 
ment says that the kernel of H!(G, MP) > H!(G/I, M)* is H!(G/I, M%). 
(When M is finite, this result can also be proved by a counting argument; see 
Serre 1964, II 5.5.) 














REMARK 2.7 A finite G-module M is unramified if and only if it extends to a 
finite étale group scheme over Spec(R). In Chapter III below, we shall see that 
flat cohomology allows us to prove a similar result to (2.6) under the much weaker 
hypothesis that M extends to a finite flat group scheme over Spec(R) (see III 1 
and III 7). 


Euler-Poincaré characteristics 


If M is a finite G-module, then the groups H” (G, M) are finite for all r and zero 
for r > 2. We define 


[H°(G, M)|[H*(G, M)| 


A GM) 


THEOREM 2.8 Let M bea finite G-module of order m relatively prime to char( K). 
Then 
x(G, M) = (R:mkR)t. 


We first dispose of a simple case. 


LEMMA 2.9 If the order of M is prime to char(k), then y(G, M) = 1. 


PROOF. Let p = char(k). The Sylow p-subgroup Ip of J is normal in /, 
and the quotient 7 /Ip is isomorphic to Z/ Zp (see Serre 1962, IV 2, Ex 2). As 
H"(Ip,M) = 0 for r > 0, the Hochschild-Serre spectral sequence for J D Ip 
shows that H'U,M) = H"(I/Ip, Mtr), and this is finite for all r and zero 
forr > 1 (cf. Serre 1962, XIII 1). The Hochschild-Serre spectral sequence for 
G > I now shows that H°(G, M) = H°(G/I, M7), that H!(G, M) fits into 
an exact sequence 


0 > H!(G/I, M?) > H! (G, M) > H?(G/I, H'(1, M)) > 0, 


and that H2(G,M) = H'(G/I,H1(1,M)). But G/I ~ Z, and the exact 
sequence 


0> H°(Z,N)>N°S' N > H'Ê,N)>0 
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(with o a generator of Z; see Serre 1962, XIII 1) shows that 
[H°(Z,N)| = [H ' Z, N)] 
for any finite Z-module. Therefore, 


[H°(G/I, MDÐI[H®(G/1, H!(1, MD] _ 


GM) = TGI, MDA GI, HUE, MY] 














Since both sides of equation in (2.8) are additive in M, the lemma allows 
us to assume that M is killed by p = char(k) and that K is of characteristic 
zero. We shall prove the theorem for all G-modules M such that M = M°Z, 
where L is some fixed finite Galois extension of K contained in K*. Let G = 
Gal(L/K). Our modules can be regarded as F »[G]-modules, and we let Rp 5 (G) 
, or simply R(G), be the Grothendieck group of the category of such modules. 
Then the left and right hand sides of the equation in (2.8) define homomorphisms 
Xe, Xr: R(G) > Qso. As Q»o is a torsion-free group, it suffices to show that xg 
and xr agree on a set of generators for Rp, (G) ®z Q. The next lemma describes 
one such set. 


LEMMA 2.10 Let G be a finite group and, for any subgroup H of G, let Indĝ 
be the homomorphism Rg, (H) ® Q > Rr, (G) 8 Q taking the class of an H- 
module to the class of the corresponding induced G-module. Then Rg, (G) ® Q 
is generated by the images of the Ind& as H runs over the set of cyclic subgroups 
of G of order prime to p. 


PROOF. Write Rp (G) for the Grothendieck group of finitely generated F[G]- 
modules, F any field. Then Serre 1967b, 12.5, Thm 26, shows that, in the case 
that F has characteristic zero, Rr (G) @Q is generated by the images of the maps 
Indg, with H cyclic. It follows from Serre 1967b, 16.1, Thm 33, that the same 
statement is then true for any field F. Finally Serre 1967b, 8.3, Pptn 26, shows 
that, in the case that F has characteristic p Æ 0, the cyclic groups of p-power 
order make no contribution. 














It suffices therefore to prove the theorem for a module M of the form Ind& N. 
Let K’ = L*, let R’ be the ring of integers in K’, and let n be the order of N. 
Then 
x(G, M) = x(Gal(K*/K'), N) 
(R:mR) = (R:nR)K"S) = (R':nR”), 
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and so it suffices to prove the theorem for N . This means that we can assume that 
G is acyclic group of order prime to p. Therefore H’(G,M) = 0 forr > 0, 
and so H” (G, M) = H"(Gal(K*/L), M)®. 

Let y’ be the homomorphism R(G) —> R(G) sending a G-module M to 
(—1)'[H' (Gal(K*/L), M)], where [*] now denotes the class of * in R(G). 


LEMMA 2.11 The following formula holds: 
x (M) = — dim(M) - [K: Qp] - [Fp[G]]. 


Before proving the lemma, we show that it implies the theorem. Let 
0: Rr, (G) — Qs be the homomorphism sending the class of a module N to 


the order of NČ. Then 0 o yx’ = x and 6((F p[G]]) = p, and so (2.11) shows that 
X(M) = 0x (M) = p 00O = 1/(R:mR). 


It therefore remains to prove (2.11). On tensoring M with a resolution of 
Z/pZ by injective Z/pZ[G]-modules, we see that cup-product defines isomor- 
phisms of G-modules 


H” (Gal(K*/L),Z/pZ) ® M —> H” (Gal(K*/L), M), 


and so 

x (M) = x'(Z/ pZ) [M]. 
Let Mo be the G-module with the same underlying abelian group as M but with 
the trivial G-action. The map 


o@®mt>o@om 
extends to an isomorphism 
F p[G] ® Mo > F [G] 8 M, 
and so 
dim(M) - [Fp[G]] = [Fp[G]] - [M]. 

The two displayed equalities show that the general case of (2.11) is a consequence 
of the special case M = Z/pZ. 

Note that 

H°(Gal(K*/L),Z/pZ)= Z/ pZ, 

H'(Gal(K*/L),Z/pZ) = H'(Gal(K*/L), pp(K°))* = (L*/L*?)*, 

H*(Gal(K*/L),Z/pZ) = (up(L))*. 
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where N* denotes Hom(N, Fp) (still regarded as a G-module; as Hom(—, F p) 
is exact, it is defined for objects in R(G)). Therefore 


xX (Z/pZ)* = [Z/ pZ] — [L*/L*?] + [up(L)]. 





Let U be the group of units RX in Rz. From the exact sequence 
0> U/U? > L*/L*? + Z/pZ— 0, 


we find that 
[Z/pZ] —[L*/L*?] = [U], 


and so 


x'(Z/pZ)* = [UP] + [up (D)], 
= —[U P] + [Up]. 


We need one last lemma. 


LEMMA 2.12 Let W and W' be finitely generated Z p[H]-modules for some 
finite group H. IFW ® Qp ~ W’ ® Qp as Q,p[H]-modules, then 


[W P] — [Wp] = [WP] — [Wh] 
inF ,[H]. 


PROOF. One reduces the question easily to the case that W > W’ D pW, and 
for such a module the lemma follow immediately from the exact sequence 


0+ Wi >W > W/W’ > WP > wP = W/W! 0 





given by the snake lemma. 











The exponential map sends an open subgroup of U onto an open subgroup of 
the ring of integers Rz of L, and so (2.12) shows that 


[UP] — [Up] = [RP] — (Rx) p] = (RY. 


The normal basis theorem shows that L ~ Q,[G] [K:Qp] (as G-modules), and so 
(2.12) implies that 
[RP] = [K : Qp] - Fp[G]]. 


As [F p[G]]* = [F p[G]], this completes the proof of (2.11). 
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Archimedean local fields 


Corollaries 2.3, 2.4 and Theorem 2.8 all have analogues for R and C. 


THEOREM 2.13 (a) Let G = Gal(C/R). For any finitely generated G-module 
M with dual M? = Hom(M,C%), cup-product defines a nondegenerate pairing 


H} (G, M?) x HF” (G, M) > H7(G,C*) > 32/2 


of finite groups for all r. 

(b) Let G = Gal(C/R). For any commutative algebraic group T over 
R whose identity component is a torus, cup-product defines dualities between 
H7 (G, X*(T)) and H?" (G, T(C)) for all r. 

(c) Let K = R or C, and let G = Gal(C/K). For any finite G-module M 


[H°(G, M)[H°(G,M?)] _ 
[GM 
PROOF. (a) Suppose first that M is finite. As G has order 2, the -primary com- 
ponents for £ odd do not contribute to the cohomology groups. We can therefore 
assume that M is 2-primary, and furthermore that it is simple. Then M = Z/2Z 
with the trivial action of G, and the theorem can be proved in this case by direct 
calculation. 

When M = Z the result can again be proved by direct calculation, and when 
M = Z{[G| all groups are zero. Since every torsion-free G-module contains a 
submodule of finite index that is a direct sum of copies of Z or Z[G], this proves 
the result for such modules, and the general case follows by combining the two 
cases. 

(b) Take M = X*(T) in (a). 

(c) The complex case is obvious because H°(G, M) = M and H°(G, MP) = 
M? both have order m, H'(G, M) = 0, and |m|y = m°’. In the real case, let o 
generate G, and note that form € M and f € MP? 


(1 —o) f)(m) = f(m)/o(f(om)) 
= f(m)-(f(om)) (because = ¢~*) 
= f(Q + o)m). 


Therefore 1—0: M? —> M? is adjoint to 1+0: M —> M, and so, in the pairing 


M? xM > C*, 
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(M?)® and Ne /rM are exact annihilators. Consequently 


[H°(G,M”)][H°(G, M)| 


= D)G = 
[M] = [((M?)°][NcjaM] = [H2(G, M)] 


’ 


and the periodicity of the cohomology of cyclic groups shows that [H AY (G,M)] = 
[H!(G, M)]. As [M] = m = |mly, this proves the formula. 














Henselian local fields 


Let K be the field of fractions of an excellent Henselian discrete valuation ring 
R with finite residue field k. (See Appendix A for definitions.) It is shown in 
the Appendix that the pair (Gx, K**) is a class formation, and that the norm 
groups are precisely the open subgroups of finite index. The following theorem 
generalizes some of the preceding results. 


THEOREM 2.14 Let M be a finitely generated G-module whose torsion sub- 
group is prime to char(K). 

(a) The map a’ (G, M): ExtG(M, K**) > H?-"(G, M)* is an isomor- 
phism for allr > 1, and œ? (G, M) defines an isomorphism (of compact groups) 
Homg(M, K**)* — H?(G,M)*. The ^ can be omitted if M is finite. The 
groups ExtG(M, K*”) and H” (G, M) are finite for all r if M is finite, and the 
groups Ext& (M, K**) and H! (G, M) are finite for all finitely generated M. 

(b) If K is countable, then for any algebraic group A over K, 


a! (G, A(K*)): Ext (A(K°), K®°™) > H! (G, A(K*))* 


is an isomorphism, except possibly on the p-primary component when char(K) = 


p#l. 

(c) Cup-product defines isomorphisms H” (G, M?) —> H"(G,M)* for all 
r > 1, and an isomorphism H®°(G, M?)* —> H?(G, M)* of compact groups. 
The groups H!(G,M”) and H'(G, M) are both finite. 


PROOF. (a) Let R be the completion of R. There is a commutative diagram 
0 ——> R* ——> K* — > Z —— 0 
, we -s 
Oe ROS 6G SO, 


All the vertical maps are injective, and the two outside vertical maps have cok- 
emels that are uniquely divisible by all primes £ # char(K). Therefore the 
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reciprocity map K* — G is injective and has a cokernel that is uniquely divisi- 
ble prime to char(K). The first two assertions now follow easily from (1.8). The 
finiteness statements follow from the fact that Gal(K*/K) = Gal(K s R ) 

(b) The group A(K®*) is countable, and therefore it is a countable union of 
finitely generated submodules. The statement can therefore be proved the same 
way as (2.2). 

(c) The proof is the same as that of (2.3). 














REMARK 2.15 (a) Part (a) of the theorem also holds for modules M with p- 


torsion, except that it is necessary to complete Ext, (M , K**). For example, 
when M = Z/ pZ, the map a! is 


K*/K*? — Hom(Gx, Z/pZ). 


Because K is excellent, the map K*/K*? —> K%*/K™*? is injective and in- 
duces an isomorphism (K*/K*?)* 3 R*/R*P. We know Gal(K/K) = 
Gal(K By. K ), and so in this case the assertion follows from the corresponding 
statement for R. 

(b) As was pointed out to the author by M. Hochster, it is easy to construct 
nonexcellent Henselian discrete valuation rings. Let k be a field of characteristic 
p, and choose an element u € k[[t]] that is transcendental over k(t). Let R be 
the discrete valuation ring k(t, u?)  k[[¢]], and consider the Henselization R” 
of R. Then the elements of R’ are separable over R (R" is a union of étale 
R-subalgebras), and so u ¢ R”, but u € (R")* = k[[e]]. 


Complete fields with quasi-finite residue fields 


EXERCISE 2.16 Let K be complete with respect to a discrete valuation, but as- 
sume that its residue field is quasi-finite rather than finite. (See Appendix A for 
definitions.) Investigate to what extent the results of this section continue to hold 
for K. References: Serre 1962, XIII, and Appendix A for the basic class field 
theory of such fields; Serre 1964, pII-24, pII-29 for statements of what is true; 
Vvedens’kii and Krupjak 1976 and Litvak 1980 for a proof of (2.3) for a finite 
module in the case the field has characteristic zero.) 


d-local fields 


A 0-local field is a finite field, and a d-local field for d > 1 is a field that is 
complete with respect to a discrete valuation and has a (d — 1)-local field as 
residue field.’ If K is d-local, we shall write K;, 0 < i < d, for the i-local 


8These are usually called local fields of dimension d. 
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field in the inductive definition of K. We write ugen for the Gx-module {¢ € 
K*| é” = 1}, wgœ(r) for lim ae and Z,(r) for lim ae If M isan €-primary 
Gr-module, we set M(r) = M @ Z,(r) and M*(r) = Hom(M, ugœ(r)). 
THEOREM 2.17 Let K be a d-local field with d > 1, and let ¢ be a prime # 
char(K1). 

(a) There is a canonical trace map 


H4*1(GxK, pgco(d)) > Qe/Ze. 
(b) For all Gx-modules M of finite order a power of £, the cup-product pairing 
H" (Gx, M*(d))xH“*"" (Gx, M) > H°*"(Gx,Q¢/Ze(d)) ~ Qe/Ze 
is a nondegenerate pairing of finite groups for all r. 


PROOF. For d = 1, this is a special case of (2.3). For d > 1, it follows by an 
easy induction argument from the next lemma. o 


LEMMA 2.18 Let K be any field complete with respect to a discrete valuation, 
and let k be the residue field of K. For any finite G g -module of order prime to 
char(k), there is a long exact sequence 


> H” (Gk, M*)> H” (Gr, M)> H™! (Gk, MC 1)r)> H+! (Gk, M4) > 
where I is the inertia group of Gx. 


PROOF. Let char(k) = p, and let Jp be a p-Sylow subgroup of J (so Ip = 1 if 
p = 1). Then I’ =p I /Ip is canonically isomorphic to | [¢z,Z¢(1) (see Serre 
1962, IV 2). The same argument that shows that H” (G, M) = MG, Mg, 0 for 
r = 0, 1, > 2 when G = Z and M is torsion (Serre 1962, XIII 1), shows in our 
case that 


MŽ, forr = 0 
H"(1,M) = H" (I',M) = $ M(—1)z, forr =1 (1) 
0, forr > 1. 


The lemma therefore follows immediately from the Hochschild-Serre spectral 





sequence for G D 1. 











Write K, R for the r** Quillen K-group of a ring R. 


COROLLARY 2.19 Let K be a 2-local field, and let m be an integer prime to 
char(Kı) and such that K contains the m*® roots of 1. Then there is a canonical 
injective homomorphism (Ky K)™ — Gal(K*>/K)™ with dense image. 
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PROOF. On taking M = Z/mZ in the theorem, we obtain an isomorphism 
H? (G, üm ® Uum) > H'(G,Z/mZ)*. 


But H!(G,Z/mZ) = Homets(G, Z/mZ), and so this gives us an injection 
H? (G, Umum) —> (G2)0™ with dense image. Now the theorem of Merkur’ ev 
and Suslin (1982) provides us with an isomorphism (K2K)°) > H?(G, um Q 
Um). 














Theorem 2.17 is a satisfactory generalization of Theorem 2.3 in the case that 
the characteristic drops from p to zero at the first step. The general case is not yet 
fully understood. 


Some exercises 


EXERCISE 2.20 (a) Let G be a profinite group, and let M be a finitely generated 
G-module. Write T = Hom(M,C*), and regard it as an algebraic torus over C. 
Let G act on T through its action on M. Show that 


Ext} (M,Z)=X,(T)°, 
Ext} (M,Z) = m0(T®), 
Extg(M, Z) = H”! (G,T) forr > 2. 


If M is torsion-free, show that ExtG (M, Z) = H" (G, X,(T)). 

(b) Let K be a local field (archimedean or nonarchimedean), and let T be a 
torus over K. Let TY be the torus such that X*(TY) = X(T). Show that the 
finite group H!(K,T) is dual to xọ(TY®) and that H! (K, TY) is canonically 
isomorphic to the group T(K)* of continuous characters of finite order of T(K). 
(In §8 we shall obtain a similar description of the group of generalized characters 
of T(K).) [Hint: To prove the first part of (a), use the spectral sequence (0.8) 


H” (G, Ext" (M, C™)) => Extg™ (M, C*) 


and the exponential sequence 0 > Z > C > C* > 0. ] 
Reference: Kottwitz 1984. 


EXERCISE 2.21 Let K be a 2-local field of characteristic zero such that Kı has 
characteristic p # 0. Assume 
(a) K has p-cohomological dimension < 3 and there is a canonical isomor- 
phism 
H*(G, pn B Mp) > Z/p"Z 


(Kato 1979, §5, Thm 1); 
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(b) if K contains a primitive pt? root of 1, then the cup-product pairing is a 
nondegenerate pairing of finite groups (ibid. §6). 
Prove then that (2.17) holds for K with £ = p. 


EXERCISE 2.22 Let K = k((t1,...,tq)) with k a finite field, and let p = char(k). 
Define v(r) = Ker(Qk 5 d=0 = kjk) where C is the Cartier operator (see 


Milne 1976). Show that there is a canonical trace map H!(Gx, v(d)) Z% / pZ, 
and show that the cup-product pairings 


H” (Gx, v(r)) x H!" (Gx, v(d —r)) > H! (Gg, v(d)) ~ Z/pZ 


are nondegenerate in the sense that their left and right kernels are zero. Letd = 2, 
and assume that there is an exact sequence 


0 > KK Š KK >v) > 0 


with the second map being dlog A dlog: K2 K — v(2) . (In fact such a sequence 
exists: the exactness at the first term is due to Suslin 1983; the exactness at the 
middle term is a theorem of Bloch (Bloch and Kato 1986); and the exactness at 
the last term has been proved by several people.) Deduce that there is a canonical 
injective homomorphism (K2 K)) > (G2) (These results can be extended 
to groups killed by powers of p rather that p itself by using the sheaves v,(r) of 
Milne 1986a.) 


NOTES The main theorems concerning local fields in the classical sense are due to Tate. 
The proofs are those of Tate except for that of (2.8), which is due to Serre (see Serre 
1964, II 5). Theorem 2.17 is taken from Deninger and Wingberg 1986. 


3 Abelian varieties over local fields 


We continue with the notations at the start of the last section. In particular, K 
is a local field, complete with respect to a discrete valuation ord, and with finite 
residue field k. When G and H are algebraic groups over a field f, we write 
Ext’, (G, H) for the group formed in the category Gpp (see §0). 

Let A be an abelian variety over K, and let A’ be the dual abelian variety. The 
Barsotti-Weil formula (Serre 1959, VII, §3) states that A’ (K5) = Ext xs (A, Gm). 


LEMMA 3.1 For any abelian variety A over a perfect field F, there is a canonical 
isomorphism 
H" (F, A‘) > Ext! (A, Gm), 


allr > 0. 
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PROOF. The group Ext: (A, Gm) is shown to be zero for r > 2 in (Oort 1966, 
Pptn 12.3), and Hom Fs (4, Gm) = 0 because all maps from a projective variety 
to an affine variety are constant. This together with the Barsotti-Weil formula 
shows that the spectral sequence (0.17) 


H” (Gal(F*/F), Ext% (4, Gm)) => Ext" (4, Gm) 





degenerates to a family of isomorphisms H” (F, At) > Ext! (A, Gm). 











In particular Ext} (A, Gm) = A (K) when K has characteristic zero, and 
the Ext group therefore acquires a topology from that on K. Recall that there is 
a canonical pairing (0.16) 


Ext (A, Gm) x H? (K, A) > H?(K,Gm), 


and an isomorphism invg: H?(K,Gm) 3 Q/Z (1.6b). Therefore there is a 
canonical map 


a” (K, A): Ext (A, Gm) > H? (K, A)*. 


THEOREM 3.2 If K has characteristic zero, then «1 (K, A) is an isomorphism of 
compact groups 
Ext (A, Gm) —> H1(K, A)* 


and a?(K, A) is an isomorphism of torsion groups of cofinite type 
Ext? (A, Gm) —> A(K)*. 
Forr £ 1,2, Ext (A, Gm) and H?™ (K, A) are both zero. 


We first need a lemma. 


LEMMA 3.3 In the situation of the theorem, A(K) contains an open subgroup of 
finite index isomorphic to R“™ A); therefore A(K) = A(K)^ (completion for 
the profinite topology), and 


[A(K)]/[A(K)n] = (R : nA., 


PROOF. The existence of the subgroup follows from the theory of the logarithm 
(see Mattuck 1955 or Tate 1967b, p168—169), and the remaining statements are 
obvious. 
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PROOF (OF 3.2) From 
0> 4, > A5A>0 
we get the rows of the following diagram 
0 —> Ext, (A, Gm)® —> Ext%(An,Gm) — Ext! (A, Gm)n —> 0 
Jra |e KAn) lohan 


0 —> (H? (K, A)n)* — H? (K, An)“ — SAO — 0 


As is explained in (0.18), Ext% (An, Gm) 3 Extg(An(K°), K*”) for all r, and 
if we take œ” (G, An) to be the map a” (G, An (K°)) of §2, then it is clear that the 
diagram commutes. As œ” (G, An) is an isomorphism of finite groups for all r, 
we see that 


a” (K, A): Ext (A, Gm)® > (H? (K, A)n)* 
is an injective map of finite groups for all r, and, in the limit, 
: r (n). 1: r (n) 2-r * 
lim ov (K, A) : lim Ext (A, Gm)" —> (H7 (K, A)tors) 
is injective. As Ext x (A, Gm) = A‘(K), the lemma shows that 
Ext} (A, Gm) = lim Extk (A, Gm)”. 


Thus we have shown that œ! (K, A) is injective. 

We next show that H’(K, A) = O forr > 2. Forr > 2, this follows from 
the fact that G has cohomological dimension 2 (see 2.1). On taking r = 0 in the 
above diagram, we get an exact commutative diagram 


0 — 0 — Homg(An, Gm) —— Ext (A, Gm) 
| | | 
li y l; 


0 —— (H?(K,A)n)* —— H?(K,AÐ)* —— 4H'(K,A)*. 


As the right hand vertical arrow is injective, the snake lemma shows that 
H?(K, A)n = 0, and therefore that H? (K, A) = 0. Because 


H" (G, A‘) ~ Ext% ! (A, Gm), 


this also shows that Ext (4, Gm) = 0 for r Æ 1,2. 
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We now prove that a!(K, A) is an isomorphism. We have already seen that it 
is an injective map A’(K) — H'(K, A)*, and it remains to show that the maps 
At(K)™ — (H!(K, A)n)* are surjective for all integers n. As these maps are 
injective, this can be accomplished by showing that the groups have the same 
order. Let M = An(K®*) and MP = At (K5). Then (2.8) shows that 


x(G, M) = (R:nR)*4 = x(G, MP), 
where d is the dimension of A, and (3.3) shows that 
[A(K)]/[A(K)n] = (R : nR)? = [4 (K)™]/[A"(K)n]. 
From the cohomology sequence of 


0—> M > A(K5 > A(K*®) 3 0 


we find that [A(K)n][H2(G, M)] 
x(G. M) = TOMA K, Al 
or 1 1 [H°(G,M”)] 


(R:nR)24 (Ri nR)@ [H1(G,A)y] | 
As H} (G, M?) ~ A'(K)n, this can be rewritten as 


[H1(G, A)n] = (R : nR)Ž [A (K)n] = [4°(K)™], 


which completes the proof that a!(K, A) is an isomorphism. 

It remains to show that w?(K, A) is an isomorphism. The diagram at the 
start of the proof shows that w?(K, A) is surjective, and we know that it can be 
identified with a map H!(K, A‘) > A(K)*. The above calculation with A and 
A! interchanged shows that [H!(K, A")n] = [A(K)™] for all n, which implies 
that œ? (K, A) is an isomorphism. 














COROLLARY 3.4 If K has characteristic zero, then there is a canonical pairing 
H" (K, A‘) x H'"(K, A) > Q/Z, 


which induces an isomorphism of compact groups A'(K) 2 H'(K, A)* (case 


r = 0) and an isomorphism of discrete groups of cofinite-type H! (K, A‘) 3 
A(K)* (caser = 1). Forr Æ 0,1, the groups H"(K, A) and H" (K, A‘) are 
zero. 
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PROOF. Lemma 3.1 allows us to replace Ext; (A, Gm) in the statement of the 
theorem with H’—!(K, A‘). 














REMARK 3.5 There is an alternative approach to defining the pairings 
H" (K, A‘) x H'™ (K, A) > H?(K, Gm) 


of (3.4). For any abelian variety A over K, write Z(A) for the group of zero cycles 
on Ags of degree zero (that is, the set of formal sums J` n; P; with P; € A(K*) 
and `n; = 0). There is a surjective map S: Z(A) —> A(K®) sending a formal 
sum to the corresponding actual sum on A, and we write Y(A) for its kernel. 
There are exact sequences 


0 > Y(A‘) > Z(A‘) SA‘ (K®) > 0, 
0 > Y(A) > Z(A) >A(K°) > 0. 
Let D be a divisor on A‘ x A, and let a and b be elements of Y(A’) and Z(A) such 
that the support of D does not meet the support of a x b. The projection D(a) of 


D - (a x b) onto A is then defined and, because a is in Y(A), it is principal, say 
D(a) = div(f). It is now possible to define 


D(a, b) = f(b) É Mear O TeK: 


Now let D be a Poincaré divisor on A’ x A, and let D* be its transpose. A 
reciprocity law (Lang 1959, VI 4, Thm 10), shows that the pairings 


(a, b) > D(a, b): Y(A‘) x Z(A) > K** 
(b,a) + D* (b,a): Y(A) x Z(A‘) > K* 


satisfy the equality D(a,b) = D’(b,a) if a € Y(A‘) and b € Y(A). They 
therefore give rise to augmented cup-product pairings (0.12) 


H"(K, A‘) x H! (K, A) > H?(K,Gm). 


It is possible to show that these pairings agree with those in (3.4) (up to sign) 
by checking that each is compatible with the pairings 


H" (K, Al) x H? (K, An) > H?(K, Gm) 


defined by the e,-pairing A’, x An —> Gm. Alternatively, one can show directly 
that the maps H’(K, A) > Ext"! (A' (K5), K°*) defined by this pair of pair- 
ings (see 0.14b) equal those defined by the Barsotti-Weil formula. (In fact the 
best way of handling these pairings is to make use of biextensions and derived 
categories, see Chapter III, especially Appendix C.) 
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REMARK 3.6 When K has characteristic p 4 0, (3.4) can still be proved by 
similarly elementary methods provided one omits the p-parts of the groups. More 
precisely, write A(K)(non-p) for lim A(K)™ where n runs over all integers not 
divisible by p, and let 


H"(K, A)(non-p) = ezp H” (K, A(O forr > 0. 
Then the pair of pairings in (3.5) defines augmented cup-products 
H” (K, A‘) x H! (K, A) > Q/Z, 
which induce an isomorphism of compact groups 
A‘ (K)(non-p) Z H'(K, A)(non-p)* (case r = 0) 
and an isomorphism of discrete groups of cofinite type 
H+! (K, A‘)(non-p) x A(K)(non-p)* (caser = 1). 


For r Æ 0, 1, the groups H” (K, A‘)(non-p) and H” (K, A)(non-p) are zero. 
Probably this can be proved by the same method as above, but I have not 
checked this. Instead I give a direct proof. 
There is a commutative diagram 


0 ——> A(K)® —— H!(K,A‘) ——> H!(K, A‘), —— 0 
| | | 


4 4 $ 


0 —> H!(K,A)* ——> H}(K,An)* ——> A(K)™* — > 0 


for all n prime to p. As the middle vertical arrow is an isomorphism (2.3), we see 
on passing to the limit that 


H'(K, A‘)(non-p) > A(K)(non- p)* 


is surjective. To show that it is injective, it suffices to show that for any n prime 
to p, H!(K, A")n > A(K)™™* is injective, and this we can do by showing that 
the two groups have the same order. There is a subgroup of finite index in A(K) 
that is uniquely divisible by all integers prime to p (namely, the kernel of the 
specialization map A(R) —> Ao(k), where A is the Néron model of A; it follows 
from Hensel’s lemma that this is uniquely divisible prime to the characteristic of 
k). Consequently [A(K)y] = [A(K)]. Now the same argument as in the proof 
of (3.2) shows that the groups in question have the same order. The rest of the 
proof is exactly as in (3.2). 

In §7 of Chapter III, we shall use flat cohomology to prove that (3.4) is valid 
even for the p-components of the groups. 
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REMARK 3.7 The duality in (3.4) extends in a rather trivial fashion to archimedean 
local fields. Let G = Gal(C/R) and let A be an abelian variety over R. Then the 
pair of pairing in (3.5) defines a pairing of finite groups 


H7(G, A (©) x HE” (G, A(C)) > HF(G,C*) ~ $Z/Z 


for all integers r. The pairing can be seen to be nondegenerate from the following 
diagram 


0 —> HF !(G, A) —> H7Z(G,A45) —> H}(G,A) —> 0 
| | | 


4 4 4 


0 — H7! (G, A)* — HZ (G, A2)* Eene H} (G, A)* ERN 


Part (a) of (2.13) shows that the middle arrow is an isomorphism, and the two 
ends of the diagram show respectively that 


H7 (G, A‘) > HE” (G, A)* 


is injective for all r and surjective for all r. 

The group A(R)° is a connected, commutative, compact real Lie group of di- 
mension dim(A), and therefore it is isomorphic to (R/Z)%™"“4). The norm map 
A(C) — A(R) is continuous and A(C) is compact and connected, and so its 
image is a closed connected subgroup of A(R). Since it contains the subgroup 
2.A(IR) of A(R), which has finite index in A(R), it must also be open, and there- 
fore it equals A(IR)°. Consequently HG; A) = m0(A(R)). The exact sequence 

















0 —> AR) > A(R)2 > m0(A) > 0 
shows that 
[z0(A)] 2°" = [AR)2], 


and so H!(R, A‘) Æ 0 if and only if [A(R)2] > 24), For example, when A 
is an elliptic curve, H'!(IR, A) Æ 0 if and only if (in the standard form) the graph 
of A in R x R intersects the x-axis in three points. 


When A is an algebraic group over a field k, we now write (A) for the 
set of connected components (for the Zariski topology) of A over kï; that is, 
To(A) = Ags /A?, regarded as a G-module. 


PROPOSITION 3.8 Let A be an abelian variety over K, and let A be its Néron 
model over R. Then 


H'(G/I, A(K™)) = H" (G/T, 20(Ao)) 
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where Ag is the closed fibre of A/R. In particular, if A has good reduction, then 
H'(G/I, A(K™)) = 0. 


PROOF. Let A° be the open subgroup scheme of A whose generic fibre is A 
and whose special fibre is the identity component of Ag. Because A is smooth 
over R, Hensel’s lemma implies that the reduction map A(R") —> Ao(k*) is 
surjective (see, for example, Milne 1980, I 4.13), and it follows that there is an 
exact sequence 


0 > A°(R™") > A(R") = m10(Ao) > 0. 


Moreover A(R") = A(K"") (because A pr R" is the Néron model of A g 
K™), and so it remains to show that H” (G/I, A°(R™)) = 0 for r = 1,2. 

An element a of H!(G/I, A°(R")) can be represented by an A°-torsor P. 
As Aj is a connected algebraic group over a finite field, Lang’s lemma (Serre 
1959, VI.4) shows that the A}-torsor P ®p k is trivial, and so P (k) is nonempty. 
Hensel’s lemma now implies that P(R) is nonempty, and soa = 0. 

Finally, for each n, H?(G/I, A°(R™/m”)) = 0 because G/J has cohomo- 
logical dimension 1, and this implies that H? (G/I, A°(R"™)) = 0 (Serre 1967a, 
I 2, Lemma 3). 














REMARK 3.9 The perceptive reader will already have observed that the proof of 
the proposition becomes much simpler if one assumes that A has good reduction. 


REMARK 3.10 (a) Let R be an excellent Henselian discrete valuation ring with 
finite residue field, and let K be the field of fractions of R. For any abelian variety 
A over K, let A(K)^ be the completion of A(X) for the topology defined by K. 
Let K be the completion of K. Then 

(i) the map A(K)* > A(R) is an isomorphism; 

(ii) the map H!(K, A) > H! (K, A) is an isomorphism. 
Therefore the augmented cup-product pairings 


H'(K, A’) x H! (K, A) > H?(K,Gm) 


induce isomorphisms A‘(K)/ — H! (K, A)* and H!(K, A‘) > A(K)*. 

To prove (i) we have to show that every element of A(R) can be approxi- 
mated arbitrarily closely by an element of A(K), but Greenberg’s approximation 
theorem (Greenberg 1966) says that every element of A(R) can be approximated 
arbitrarily closely by an element of A(R), and A(R) = A(K ). 

The injectivity of H'!(K,A) > H 1K , A) also follows from Greenberg’s 
theorem, because an element of H MK , A) is represented by a torsor P over K, 
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which extends to a flat projective scheme P over R; if P(K ) is nonempty, then 
P(R/m') is nonempty for all i, which (by Greenberg’s theorem) implies that 
P(R) is nonempty. For the surjectivity, one endows H (R , A) with its natural 
topology, and observes that H4(K, A) is dense in it (because, for any finite Ga- 
lois extension L of K, Z'(L/K, A) has a natural structure as an algebraic group 
(Milne 1980, p115), and so Greenberg’s theorem can be applied again). Proposi- 
tion 3.8 then shows that the topology on H £ (K , A) is discrete. 


EXERCISE 3.11 Investigate to what extent the results of this section continue to 
hold when K is replaced by a complete local field with quasi-finite residue field. 


NOTES The duality between H! (K, A‘) and H!(K, A) in (3.4) was the first major theo- 
rem of the subject (see Tate 1957/58); it was proved before (2.3), and so can be regarded 
as the forerunner of the rest of the results in this chapter. The proof of Theorem 3.2 is 
modelled on a proof of Tate’s of (3.4) (cf. Milne 1970/72, p276). The description of the 
pairing in (3.4) given in (3.5) is that of Tate’s original paper. Proposition 3.8 can be found 
in Tate 1962 in the case of good reduction; the stronger form given here is well known. 


4 Global fields 


Throughout this section, K will be a global field, and S will be a nonempty set 
of primes of K, containing the archimedean primes in the case the K is a number 
field. If F D K, then the set of primes of F lying over primes in S will also be 
denoted by S (or, occasionally, by Sr). We write Ks for the maximal subfield 
of K" that is ramified over K only at primes in S, and Gg for Gal(Ks/K). Also 


Rx,s =(\y¢sOv = ta € K | ordy(a) = 0 forall v ¢ S} 


denotes the ring of S-integers in K. For each prime v we choose an embedding 
(over K) of K" into K%, and consequently an extension w of v to K* and an 
identification of Gy =a Gal(K}/Ky) with the decomposition group of w in 
Gx. 

Let P denote the set of prime numbers £ such that £°° divides the degree of 
Ks over K. If K is a function field, then P contains all prime numbers because 
Ks contains Kk* where k* is the separable closure of the field of constants of 
K. If K is a number field, then P contains at least all the primes £ such that 
€Rx,s = Rg,s (that is, such that S contains all primes dividing £) because for 
such primes, Ks contains the £”th roots of 1 for all m. (It seems not to be known? 


’Haberland (1978) simply assumes that P is always the set of all prime numbers. Thus, many 
of his theorems are false, or at least, not proven. This is unfortunate, since his book has been widely 
used as a reference. 
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how large P is in the number field case; for example, if K = Q and S = {£, ov}, 
is P the set of all prime numbers?!°) 

For a finite extension F of K contained in Ks, we use the following notations: 

JF = the group of idèles of F; 

JF s = {(aw) € JF| dw = 1 for w € S} ~ [Tes Fx (restricted topologi- 
cal product relative to the subgroups O°): 

RFs = Clwes Ow = ring of Sp -integers (= integral closure of Rg,s in 
F); 

EF, s = R% s = group of Sp -units; 

Crs = Jr.s/EFr,s = group of Sp -idèle classes; 

Ufs = {(aw) € JF| aw € Ox for w € S, dw = 1 otherwise} ~ 
Hugs Ow: 
Define 

Js = lim Jf, s, Rs = lim Res, Es = lim Er s, 

Cs = lim CFs, Us = lim UF s, ? 
where the limit in each case js over all finite extensions F of K contained in Ks. 

When S contains all primes of K, we usually drop it from the notation. In 
this case Ks = K*, Gs = Gx, and P contains all prime numbers. Moreover 
Jr,s = Jr, Rf,s = F, Er.s = F*, and Crs = Cf is the idéle class group 
of F. Since everything becomes much simpler in this case, the reader is invited 
to assume S' contains all primes on a first reading. 


A duality theorem for the P -class formation (Gs, Cs) 


Let Cs(F) = Cr/UF,s; we shall show that (Gs, Cs) is a P-class formation 


with G R = Cs(F). Note that when S contains all primes, (Gs, Cs) is 


the class formation (G, C) considered in (1.6c) and Cs (F) = CF. 


LEMMA 4.1 There is an exact sequence 
0> CFs > Cr/UF,s => IdF,s > 0, 


where Id ps is the ideal class group of R r,s. In particular, if S omits only finitely 
many primes, then IdF şs = 1 and Cr,s 3 Cr/UF,s. 


PROOF. Note that F* N Up s = {1} and Jr s N (F*-Upf,s) = Er,s (intersec- 
tions inside Jp). Therefore Urs can be regarded as a subgroup of Cp and the 


10 As far as I know, this question is still unanswered. 
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injection Jp s <> JF induces an injection Cp ,s <> Cr/UFf,s. The cokernel of 
this last map is 


Jp /Jp,s-Ur,s + F* ~ (ByesZ)/Im(F*), 


which can be identified with the ideal class group of Rr,s. If S omits only 
finitely many primes, then Rx,s5 is a Dedekind domain with only finitely many 
prime ideals, and any such ring is principal. 














PROPOSITION 4.2 The pair (Gs, Cg) is a P -class formation and 
ce = Cx/UK;s. 


PROOF. As we observed in (1.6c), (G, C) is a class formation, and so (Gs, C5), 
where Hs = Gal(K*/Ks), is a P-class formation (see the discussion preced- 
ing 1.13). The next two lemmas show that there is a canonical isomorphism 
H"(Gs,C™S) > H" (Gs, Cs) for all r > 1, and since the same is true for any 
open subgroup of G s, it follows that (Gg, Cs) is also a P-class formation. 














PROPOSITION 4.3 There is a canonical exact sequence 
0 —> Us 68 > Cs = 0; 


PROOF. When S is finite, on passing to the direct limit over the isomorphisms 
CF,s 2 Cr /UF,s we obtain an isomorphism Cs 3 cis /Us, which gives the 
exact sequence. In the general case, we have to show that lim Id F,s = 0. Let L 
be the maximal unramified extension of F (in K*) in which all primes of S split, 
and let F’ be the maximal abelian subextension of L/F. Thus F’ is the maximal 
abelian unramified extension of F in which all primes of S split (that is, such that 
all primes in S are mapped to 1 by the reciprocity map). Class field theory (Tate 
1967a, 11.3) gives us a commutative diagram 


Idrs ——> Gal(L/F)® — Gal(F’/F) 
| | 

1 a 

idp.s —>> Gal(L/F^)® 


with V the transfer (that is, Verlagerung) map. The principal ideal theorem (Artin 
and Tate 1961, XIII 4) shows that V is zero. Since similar remarks hold for all 
finite extensions F of K contained in Kg, we see that lim IdF ,ş = 0 (direct 
limit over such F), and this completes the proof. 
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LEMMA 4.4 With the above notations, H'(Gs,Us) = 0 forr > 1. Therefore 
the cohomology sequence of the sequence in (4.3) gives isomorphisms Cs (K) —> 
CSS and H"(Gs,C#S) > H" (Gs, Cs),r > 1. 


PROOF. By definition, 
H” (Gs, Us) = lim, H” (Gal(F/K), UF,s) 
= lim, H” (Gal(F/K), Tlwes-Ow)- 
The cohomology of finite groups commutes with products, and so 


H"(Gal(F/K), Į] OX) = ĮI H"(Gal(F/K), JJ OX), 
wESF wiv 


véSK 
= J] A’ (Gal(Fy/Ky), [| 0%), 
véSK wiv 


where in the last product w denotes the chosen prime w lying over v. Now 
H” (Gal(Fy/Ky),O,) =0, r>1, 


because v is unramified in F (cf. Serre 1967a, Pptn 1), and this completes the 
proof because (CHs)Gs = Cx (Tate 1967a, 8.1). 














We write Ds(F) and Dp for the identity components of Cs (F) and Cr. 
When K is a function field, the idéle groups are totally disconnected, and so their 
identity components reduce to the identity element. 


LEMMA 4.5 Assume that K is a number field. Then Ds(K) = DxUx,s/Uk,s. 
It is divisible, and there is an exact sequence 


0 > Ds(K) > Cs(K) > G} > 0. 


PROOF. When S contains all primes of K, this is a standard part of class field 
theory; in fact Dx is the group of divisible elements in Cx (Artin and Tate 1961, 
VII, IX). The identity component of Cs(K) is the closure of the image of the 
identity component of Cx. As Ux,s is compact, Cg — Cs(K) is a proper 
map, and so the image of the identity component is already closed. This proves 
the first statement, and Ds(K) is divisible because it is a quotient of a divisible 
group. The image of Ux,s in G® is the subgroup fixing Ks N Kè}, which is also 
the kernel of G2> > Ge. and the existence of the exact sequence follows from 
applying the snake lemma to the diagram 


Ugs ——> Gal(K®>/Ks N K®) —— 0 


| l 


0 —— Dg —— Ck —~— Gal(K®/K) — 0. 
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THEOREM 4.6 Let M be a finitely generated Gg -module, and let £ € P. 
(a) The map 


a” (Gs, M)(®): Ext, (M, Cs)(l) > H*~" (Gs, M)* O 


is an isomorphism for allr > 1. 

(b)!! Let K be a number field, and choose a finite totally imaginary Galois 
extension L of K contained in Ks and such that Gal(Ks/L) fixes M; if P 
contains all prime numbers or if M is a finite module such that [M]Rs = Rs, 
then there is an exact sequence 


N 0 
Hom(M, Ds(L)) —$ Homg,(M,Cs) > H2(Gs, M)* > 0. 


(c) Let K be a function field; for any finitely generated Gg -module, there is 
an isomorphism 
Homg, (M, Cs) > H? (Gs, M)* 


where ^ denotes the completion relative to the topology of open subgroups of 
finite index. 


lFor (b) to be true, it is necessary to take L sufficiently large. What follows is an email from 
Bill McCallum. 

Here is the point: suppose you have a totally imaginary field K which does not satisfy Leopoldt’s 
conjecture for some prime p, i.e., there is a non-trivial kernel to the map 


E'® Zp — completion at p. 


Let S be the primes above p and infinity. Let Cs(K) and Ds(K) be as [in the book]. Then 
Dg (XK) will have an infinitely p-divisible part coming from the primes at infinity, and an extra p- 
divisible part coming from the Leopoldt kernel (given an element of the Leopoldt kernel, construct 
a sequence of idéles by taking its p”-th roots at primes above p and infinity, 1 everywhere else). 
Now, I believe that the kernel of the map 


a°(Gg,Z/pZ): Hom(Z/pZ, Cs) > H?(Gg,Z/pZ)* 


should be just the part of D s (K) coming from the infinite primes, no more. I think the statement 
would be correct if you replaced “choose a finite totally imaginary Galois extension L of K” with 
“choose a sufficiently large finite ...” 

Specifically, sufficiently large would be to adjoin enough p-power roots of unity, because the 
inverse limit of the Leopoldt kernels under norm is zero as you go up the cyclotomic tower. So the 
norms would capture just the infinite part, as required. 

I noticed that Tate says “sufficiently large” in his Congress announcement of 1962, although as 
you point out in the book he later makes the mistake of saying that Gg has strict cohomological 
dimension 2, which means that Leopoldt’s conjecture is satisfied and the hedge isn’t necessary! 

If I am right, you would have to correct the statement [in the proof of (b)]: “It follows easily 
that the sequence is exact whenever Gg acts trivially on M and L = K” I tried to verify this and 
ran into the problem that I had to assume H3(Gg,Z) = 0, which is the point of Tate’s mistake. 
You would have to replace this sentence with a more detailed argument, and the hypothesis would 
be “whenever G g acts trivially on M and L is sufficiently large.” 


4. GLOBAL FIELDS 53 


PROOF. Assume first that K is a number field. Lemma 4.5 shows that, for all 
L € P andall m, a! (Gs, Z/L™Z) is bijective and a? (Gs, Z/U”Z) is surjective. 
Thus it follows from (1.13) that part (a) of the theorem is true for number fields 
and that œ? (Gs, M)(£) is surjective for finite M. 

For (b), note first that when M = Zand L = K, the sequence becomes 
that in the lemma. It follows easily that the sequence is exact whenever Gg acts 
trivially on M and L = K. Let M and L be as in (b), and consider the diagram 
(1.9.1) in the proof of (1.8): 


Homg,(M1,Cs) —> Homy(M,Cs) — Homg,(M,Cs) > - —> 


| | | 


H?(Gs,Mı)* — H2(U,M)* —> H2(Gs,M)* >.> 


Here U = Gal(Ks/L). All vertical maps in the diagram are surjective, and so 
we get an exact sequence of kernels: 


Ker(&? (Gs, M1)) > Ker(&? (U, M)) > Ker (a? (Gs, M)) > 0. 


We have already observed that the kernel of &? (U, M) is Hom(M, Ds(L)), and 
therefore the kernel of œ? (Gs, M) is the image Nzi/K(Hom(M, Ds (L)) of this 
in Homg(M, Cs). 

When K is a function field, recg: Cg — G® is injective with dense image. 
More precisely, there is an exact sequence 


0> Cx > G? +Z/Z>0 


and the first arrow induces a topological isomorphism of {a € Cx| |a| = 1} onto 
the open subgroup Gal(K*/Kk*) of G? (Artin and Tate 1961, 8.3). From this 
we again get an exact sequence 


0+ CYS > GP > Z/Z > 0 


AS Z/ Z is uniquely divisible, part (a) of the theorem follows in this case directly 
from (1.8). Part (c) can be proved by a similar argument to that which completes 
the proof of (2.1). 














We next reinterpret (4.6) as a statement about the cohomology of an algebraic 
torus T over K. Let Ars = []j,c5 Fw be the ring of S-adéles of F, and let 
As = lim Apf,s, where the limit is again over finite extensions of K contained in 
Ks. As for any algebraic group over K, it is possible to define the set T(A r,s) 
of points of T with values in Ay,s, and we let T(As) = lim T(AFf,s). If T is 
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split by Kg, then T(As) = X(T) ®z Js. This suggests the definition T(Rs) = 
X(T) z Es. Acocharacter y € X*(T) defines compatible maps 


T(Rs)> Es, T(As) > Js, 
and hence a map T(Ag)/T(Rs) > Js/E% = Cg. We have therefore a pairing 
X*(T) x T(As)/T(Rs) > Cs, 
which induces cup-product pairings 
H” (Gs, X*(T)) x H?™ (Gs, T(As)/T(Rs)) > H?(Gs,Cs) > Q/Z. 


COROLLARY 4.7 LetT be a torus over K split by Ks, and let £ € P. Then the 
cup-product pairings defined above induce dualities between: 
the compact group H? (Gs, X*(T))^ (@-adic completion) and the discrete 


group 
H? (Gs, T(As)/T(Rs))(®); 


the finite groups H! (Gs, X*(T))(€) and H'(Gg,T(As)/T(Rs))(£); 

and, when P contains all the prime numbers, the discrete group H? (Gs, X*(T)) 
and the compact group H? (Gs, T(As)/T(Rs))^ (completion of the topology of 
open subgroups of finite index). 


PROOF. As we saw in (1.11), Extgs(X* (T), Cs) = H” (Gs, X+(T)8&Cs). On 
tensoring the exact sequence 


0—> Es > Js ~ Cg > 0 
with X,(T), we find that X(T) @ Cs = T(As)/T(Rs). Therefore 
ExtG,(X*(T), Cs) = H"(Gs,T(As)/T(Rs)), 
and part (a) of the theorem gives us isomorphisms 
H"(Gs,T(As)/T(Rs))(0) > H?” (Gs, X*(T)* ®©, >I. 


As H*(Gg, X*(T)) is obviously finite for s = 1 and is finitely generated for 
s = 0, this proves the first two assertions. In the function field case, we also have 
an isomorphism 


H*(Gs,T(As)/T(Rs))* > H*(Gs,X*(T))*. 
In the number field case, completing the exact sequence 
Hom(X.(T), Ds(L)) > H°(Gs,T(As)/T(Rs)) > H*(Gs, X*(T))* > 0 


given by (4.6b) yields the required isomorphism because the first group is divisi- 
ble. 
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Statement of the main theorem 


The rest of this section is devoted to stating and proving Tate’s theorem (Tate 
1962, Thm 3.1), which combines the dualities so far obtained for local and global 
fields. From now on, M is a finitely generated Gs-module the order of whose 
torsion subgroup is a unit in Rs. 

For v a prime of K, let Gy = Gal(K}/ Ky). In the nonarchimedean case, we 
write k(v) for the residue field at v, and gy = Gal(k(v)§/k(v)) = Gy/Iy. The 
choice of the embedding K* <> K$ determines maps Gy —> Gx — Gs, and 
using these maps we obtain localization maps H¢(Gs,M) > H'(Gy, M) for 
each Gs-module M. We write H’(K,,M) = H"(Gy, M) except in the case 
that v is archimedean, in which case we set H'(Ky,M) = H} (Gv, M). Thus 
H? (R, M) = MCR) / Noe M and H°(C, M) = 0. When v is archimedean 
and M is unramified at v, we write H] (Kv, M) for the image of H” (gy, M) in 
H"(Gy,M). Thus, H? (Ky, M) = H}? (Ks, M), Hi (Kv, M) ~ H'(gv,M), 
and, unless M has elements of infinite order, H2 (K v, M) = 0. A finitely gener- 
ated Gs-module M is unramified for all but finitely many v in S, and we define 
P35(K, M) to be the restricted topological product of the H’(K,, M) relative to 


the subgroups H7 (Kv, M). Thus 
0 = 0 
PS(K,M) =]. H° (Ko. M) 
with the product topology (it is compact if M is finite); 
1 _TT] 1 
Pd(K, M) = Diese H'(Ky,M) 


with the restricted product topology (it is always locally compact because each 
H'(Ky, M) is finite by (2.1)). If M is finite, then 


P5(K, M) = QyesH’ (Kv. M) 
(discrete topology) for r Æ 0, 1. 


LEMMA 4.8 For any finitely generated Gs-module M, the image of 
H"(Gs,M) > | | H"(Ky.M) 
veS 
is contained in P{(K, M). 
PROOF. Every y € H” (Gs, M) arises from an element y’ of H” (Gal(L/K), M) 


for some finite Galois extension L of K contained in Ks, and for all v that are 
unramified in L, the image of y in H” (K», M) lies in H (Kv, M). 
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The lemma provides us with maps $”: H’(Gs,M) > P¢(K, M) for all r. 
When necessary, we write BG (K, M) for p”. 


LEMMA 4.9 Assume that M is finite. Then the inverse image of every compact 
subset of Ps (K, M) under the map BS(K, M) is finite (in other words, the map 
is proper relative to the discrete topology on H!(Gs, M)). 


PROOF. After replacing K with a finite extension contained in Ks, we can as- 
sume that Gs acts trivially on M. Let T be a subset of S omitting only finitely 
many elements, and let 


P(T)= || A*(Ky,M)x || H}(Ko. M). 
veESnT vEeT 


Then P(T) is compact by Tikhonov’s theorem, and every compact neighbour- 
hood of 1 in P3(K , M) is contained in such a set. It suffices therefore to show 
that the inverse image of P(T) is finite. An element of this set is a homomor- 
phism f:Gs — M such that Koo ) is unramified at all primes v in T. There- 


fore Kone ) is an extension of K of degree dividing the fixed integer [M] and 
unramified outside the finite set S ~ T. It is a well known consequence of Her- 
mite’s theorem (see, for example, Serre 1964, pII-48) that there are only finitely 
many such extension fields, and therefore there are only finitely many maps f. 














Define 
5 (K, M) = Ker(B": H” (Gs, M) > P5(K, M)). 
For a finite Gs-module M, we write 
M? = Hom(M, KX) = Hom(M, Es). 
It is again a finite Gg-module, and if the order of M is a unit in Rg,s, then 
MP = Hom(M, K**) and M?? is canonically isomorphic to M. 
The results (2.3), (2.6), and (2.13) combine to show that for all r € Z, 


P¢(K, M) is the algebraic and topological dual of PaT (K,M?). Therefore 
there are continuous maps 


y” = y4(K, MP): PE(K, M?) > H? (Gs, M)* 
with y” the dual of B?~". 


THEOREM 4.10 Let M be a finite Gs-module whose order is a unit in Rgs. 
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(a) The groups W4 (K, M) and W (K, M?) are finite and there is a canoni- 
cal nondegenerate pairing 


II} (K, M) x IIŻ(K, M?) > Q/Z. 


(b) The map PÌ(K, M) is injective and ye(K,M?) is surjective; forr = 
0, 1, 2, 
Im(B5(K, M)) = Ker(y§(K, M?)). 


(c) Forr > 3, p” is a bijection 


H” (Gs, M) > I] H" (Ky, M). 


v real 


Consequently, there is an exact sequence of locally compact groups and continu- 
ous homomorphisms 


0 0 
0 —> H”(Gs,M) > PXK,M) > H?(Gs, M?) 
| 


1 1 
H1(Gs,M?)* <— PAK, M) “— H'(Gs.M) 
2 p? 2 y? 0 D) * 
H°(Gs,M) ——> P5(K,M) —> H°(Gs,M”)* —> 0. 
The groups in this sequence have the following topological properties: 


finite compact compact 
compact locally compact discrete 


discrete discrete finite 


The finiteness of IN} (K, M) is contained in (4.9); that of II (K, M?) will 
follow from the existence of the nondegenerate pairing in (a). The vertical arrows 
in the above diagram will be defined below; alternatively they can be deduced 
from the nondegenerate pairings in (a) because the cokernels of y? and y! are 
W4 (K, M?)* and Tis (K, M?)* respectively. 


EXAMPLE 4.11 (i) For any integer m > 1 and any set of primes S of density 
greater than 1/2, IIS (K, Z/mZ) = 0; consequently, IS (K, Um) = 0 under 
the same condition provided m is a unit in Rg,s. 
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(ii) If S omits only finitely many primes of K and m is a unit in Rg,s, then 
INS (K, Um) = 0 or Z/2Z; consequently, W (K, Z/mZ) = 0 or Z/2Z under 
the same conditions. 

To see (i), note that 


H! (Gs, Z/mZ)= Hom(Gs, Z/mZ) 
H!(K,,Z/mZ) = Hom(G,, Z/mZ). 


Therefore an element of IIS (K ,Z/mZ) corresponds to a cyclic extension of K 
in which all primes of S split. The Chebotarev density theorem shows that such 
an extension must be trivial when S has density greater that 1/2. 

To see (ii), note that TG (K , Um) is the kernel of 


K*/K™ > Dye g KX/K2”, 


that is, it is the set of elements of K™ that are local mt? powers modulo those that 
are global mt? powers. This set is described in Artin and Tate 1961, X.1, where 
the “special case” in which TG (K , Lm) Æ 0 is also determined. 


Proof of the main theorem 


The proof of the theorem will consist of identifying the exact sequence in the 
statement of the theorem with the Extg, (M D _)-sequence of 


0 — Es > Js > Cs > 0, 


except that, in the number field case, Homg, (M D Js) and Homg s(M D Cs) 
must be replaced by their quotients by 


NL/K Hom(M?, Il, cela) 


and NL/K Hom(M?, D_,s) for any field L as in (4.6b). 

In fact we shall consider more generally a finitely generated Gs-module M. 
In this case we write M@ for the dual of M loosely regarded as a group scheme 
over Spec(Rx,5). More precisely, when M is being regarded as a Gs-module, 
we let M? = Hom(M, Es). For v ¢ S, M is a gy-module, and we write 
M’ = Hom(M, Our); for v € S, M is a Gy-module, and we write Mi = 
Hom(M, K5*). It will always be clear from the context, which of these three we 
mean. 


LEMMA 4.12 Let M be a finitely generated G s -module such that the order of 
Mtors is a unit in Rx,s. 
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(a) The group ExtG.(M, Es) = H” (Gs, M4), allr > 0. 
(b) Forv ¢ S, H” (g,, M?) = Ext, (M, OW”); forr > 2, both groups are 
0. 


PROOF. (a) As Es is divisible by all integers that are units in Rx,s, this is a 
special case of (0.8). 

(b) As Cunx is divisible by all integers dividing the order of Mors, this is 
again a special case of (0.8). The gy-module Qunx is cohomologically trivial 
(Serre 1967a, 1.2), and so an easy generalization to profinite groups of (Serre 
1962, IX 6, Thm 11) shows that there exists a short exact sequence of g,-modules 


0> Ox > ° >I! 30 


with J° and J! injective. It is obvious from this that Ext, (M, Ounx) = 0 for 
r> 2. 














LEMMA 4.13 In addition to the hypotheses of (4.12), assume either that M is 
finite or that S omits only finitely many primes. Then 


Home, (M, Js) = Types H? (Gu. M?) 


(= PUK, M®) if K is a function field) and 
Ext] (M, Js) = P§(K,M%), r>1. 


PROOF. We consider finite subsets T of S satisfying the same hypotheses as 
S relative to M, namely, T contains all archimedean primes plus those nonar- 
chimedean primes at which M is ramified, and the order of Mors is a unit in 
R K,T- Let 


JF,SOT =] [ver Fi x] Twesxr 0%. 
Then Js = lim |, n JF sor (limit over F and T with F C Kr and splitting M), 
and so (0.10) shows that 


Since Exts commute with products in the second place (to see this, compute them 
by taking a projective resolution of the term in the first place), on applying (0.11) 
we find that 


ExtG p g (M, JF,S>T) = (TEE (M, F))x( TL Extern (M, O% ). 
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AS Oe is cohomologically trivial, (0.9) shows that for v € S ~ T, 


Ext? 


GFw/Kv 


(M, Ô% ) = Ext} (M, O2”), 
and we have already seen that 
Ext} (M, OW* = H” (gv, M°). 


On combining these statements, we find that 


3 veT vEeSxnT 


For r < 1, (0.9) shows that we can replace the group EXtG rusk, (M, Fx) 


with Extg (M, K% s), which equals H” (Gy, MŽ) by (0.8). Hence 


Extgs (M. Js) = lim, ( [LH Gy. M4) x Il A" eo.M4)), 
veT vEeS~T 
which equals Į] „eg H? (Gu, M4) when r = 0, and equals [[,-5H!(Gy,M) Ž 
P§(K,M) when r = 1. 
For r > 2, H” (gx, M4) = 0 by (4.12), and so 


GFw/Kv 


Ext@, (M, Js) = lim |, (@ Ext? (M, FS) (limit over all F C K8, F D K) 
ves 
2 (im, Ext, /x, (M, F%)) 


In the case that S contains almost all primes, lim |, Fw = Kj and so 
lim |, EXtG rusk, (M, FX) = Extg, (M, Kes): 


In the case that M is finite, we know that if £ divides the order of M, then S 
contains all primes lying over £. Therefore lim |, H?(Gal(K$/ Fw), K&*)(€) = 
lim Br(Fy)(£) = 0, and the spectral sequence (0.9) 


Extbacr, /K,) (M, Ho (Gal(K3/ Fw), K3*)) => ExtG, (M, K”) 


shows that again lim, Ext) (M, FX) = Extg, (M, K**). From (0.8) we 


G Fw /Kv 
know that Ext% (M, K3*) = H” (Gv, M?) (= H" (Ky, M®)), and so this com- 
pletes the proof of the lemma. 
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REMARK 4.14 Without the additional hypotheses, (4.13) is false. For example, 
let K = Q, S = {ov}, and let M = Z. Then Gs = {1}, and so ExtG, (Z, Js) = 


0 for r > 0, but 


P2(K, M?) = H?(Gal(C/R), C*) = 42Z/Z. 


Now assume that M is finite. On using (4.12), (4.13), and (4.6) to replace the 


terms in the sequence 


+++ > Extg (M? , Es) > Extg (M? , Js) > Extg, (M? , Cs) >, 


we obtain an exact sequence 


0—> H (Gs, M)>J fes H?(K,, M)>Homg,(M”, Cs) 
+ H'(Gs,M)—> Ps3(K,M)> H'(Gs,M?”)* 
—> H?(Gs,M)—> P3(K, M)—> H°(Gs, M”)* > H3(Gs,M)> @ H3(Gy, M)>0 


and isomorphisms 


v real 


H"(Gs,M) > @ H"(Ky,M), r>4. 


v real 


This is the required exact sequence except for the first three terms in the number 
field case and the surjectivity of PSK, M?) —> H? (Gs, M)*. But this last map 
is dual to H°(Gs, M) > PÌ(K, M), which is injective. (Note that if M # 0 in 
the number field case, then S must contain at least one nonarchimedean prime.) 
For the first three terms of the sequence in the number field case, consider the 


exact commutative diagram: 


Hom(M T], arch) > Hom(M?, Cs(L)) 


NL/K 


4 


0 +H (Gs,M) > [les H}(Gv, M) 


P$(K, M) 





NL/K 


4 


— Homg,(M?,Cs) —>Ker(£!) +0 


4 


—> H?(Gs,M)* 
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The map Hom(M?, Tlo archi) > Hom(M”, Ds(L)) is always an isomor- 
phism on torsion, and therefore it is an isomorphism in our case. The snake 
lemma now gives us an exact sequence 


0 > H°(Gs,M) > PÌ(K, M) > H?(Gs,M”)* > Ker(B!) >, 


which completes the proof of the theorem. (An alternative approach is to note 
that the first half of the sequence can be obtained as the algebraic and topological 
dual of the second half.) 


Consequences 


COROLLARY 4.15 If S is finite and M is a finite Gs -module whose order is a 
unit in Rx,s, then the groups H” (Gg, M) are finite for all r. 


PROOF. In this case the groups P¢(K, M) are finite, and so the finiteness of 
H°(Gs, M) is obvious and that of H'(Gs, M) and H?(Gg, M) follows from 
the finiteness of I$ (K, M) and I$ (K, M). 














COROLLARY 4.16 Let M be a finite G s -module whose order is a unit in Rx,s. 
Then, for any finite subset T of S omitting at least one finite prime of S, the map 


H*(Gs,M) > ® H?(Gy,M) 


veT 


is surjective. In particular, in the number field case the map 


H?(K,M) > @ H?(K,, M) 


v real 


is surjective. 


PROOF. Let vo be a finite prime of K not in T. In order to prove the corollary, 
it suffices to show that for any element a = (ay) of P3(K , M), it is possible to 
modify ay, so as to get an element in the image of 8”. Theorem 4.10 shows that, 
in the duality between P9 (K, M?) and Ps (K, M), the image of 8° is the or- 
thogonal complement of the image of 8°. Let x be the character of P9 (K,M?) 
defined by a, and let y’ be its restriction to H? (Gs, M? ). The map 


H? (Gs, M) > H? (Kv, M) 


is injective, and every character of H? (Gs, M”) extends to one of H Kog, M D), 
Choose such an extension of x’ and let a}, be the element of H 2(Kvo, M) corre- 
sponding to it by duality. When the component ayọ of a is replaced by ay, —a 


/ 
vo’ 
then a becomes orthogonal to Im B® and is therefore in the image of B?. 
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COROLLARY 4.17 For any number field K, 


H°(Gx,Z) =Z, 
H?(Gx,Z) = Hom(Cx/Dr.Q/Z), 
H?” (Gx, Z) = (Z/2Z)" for 2r > 4, where t is the number of real primes of K, 


and 
H” (Gg, Z) = 0 forr odd. 


PROOF. The assertions for r < 2 are obvious. According to (1.12), G a GK 
contains an open subgroup U of index 2 having strict cohomological dimension 


2. Therefore H’(G,Z[G/U]) = H” (U, Z) = 0 for r > 3. Let o generate G/U. 
The exact sequence 
0>Z' ZIG/U] > zeu] Zz 0 
gives rise to isomorphisms H” (G, Z) > H"*?(G,Z) forr > 3. Forr > 4, 
H'(G,Z) = H"""(G,Q/Z) 

= lim H’"'(G,+Z/Z) 

4.10,. 2 
= lim TT], ra H” !(Ky, iZ/Z) 
= I ra A” (Ky, Z). 


(We applied (4.10) with S the set of all primes of K.) If r is odd, H” (R, Z) = 0, 
and if r is even, H” (R, Z) ~ Z/2Z, and so this completes the proof. 














COROLLARY 4.18 For any prime £ that is a unit in Rs, 


H” (Gs, Es)(l) > @® H” (Gy, K% ®) 
v real 
is an isomorphism, allr > 3. In particular, when r > 3, H" (Gs, Es)(&) = 0 if 
£ orr is odd. 


PROOF. From the sequence 


0> Es > Kj > QZ>0 
véS 


(here S denotes the set of primes of Ks lying over a prime of S), we get an exact 
sequence 
H? (Gs, Es) > Br(K) > ® Br(Ky) 
vS 
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(cf. A.7). Therefore, the map H?(Gs, Es) > @ Br(Ky) is surjective. The 
Kummer sequence ba 

Ok tie Be so 
gives us the first row of the next diagram 


H?(Gs, Es) SSS: H? (Gk, ben) A H? (Gg, Es)en — 0 


| |- | 
@® Br(Ky) —— @ H3(Gy, wen) ——> @ H?(Gr, K*)gn —— 0, 


v real v real v real 


and the five-lemma proves our assertion for r = 3. One now proceeds by induc- 
tion, using the continuation of the diagram. 














REMARK 4.19 Let F be a finite extension of K contained in Kg, and let Hy = 
Gal(Ks/F). Then the following diagram is commutative: 


0 > H%Gs,M) > P8(K,M) > H?2(Gs,M”)* > H\(Gs,M) > = 


| Res [Res | com [Res 


0 > H°(Hs,M) > PÌ(F, M) — H?(Hs,M”)* —> H!(Hş, M) > --- 
This follows from the commutativity of the following diagrams: 


- — Extg, (M, Es) —> Extg (M, Js) —> Extg,(M,Cs) — --- 


| | | 


- — Ext? (M, Es) —> Ext}, (M, Js) — Ext), (M, Cs) — = 


and 
Extg, (M,Cs) ——> H?"(Gs,M”)* 


| jo 


Ext (M, Cs) ——> H?"(Hs,M?)*. 


An explicit description of the pairing between I! and I? 


Finally we shall give an explicit description of the pairing 


IIT (K, M) x (K, M?) > Q/Z. 
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Represent a € IS (K, M) anda’ € IZ (K, M?) by cocycles a € Z!(Gs,M) 
and a’ € Z?(Gs,M”). Write a, and a’, for the restrictions of œ and a’ to 
Gy. Then for each v € S, we have a 0-cochain fy and 1-cochain $, such that 
dBy = ay and dBi, = œl. The cup-product a Ua’ € Z?(Gs, Es), and as 
H? (Gs, Eg) has no nonzero elements of order dividing the [M], there is a 2- 
cochain e (for Gs) with coefficients in Eg such that a Ua’ = de. Then d(By U 
ai) = dey = d(&y U Bi) and d(By O Bi) = dy L Bi, — By U a, and so, for 
each v, (ay U Bi) — ey and (af, U By) — €x are cocycles representing the same 
class, say Cy, in H? (Gy, K5*). Set (a,a’) = $` invy (cv). It is easy to see that 
this element is independent of the choices made, and one can show that it is equal 
to the image of (a, a’) under the pairing constructed in the proof of the theorem. 


Generalization to finitely generated modules 


We note that in the course of the proof of (4.10) we have shown the following 
result. 


THEOREM 4.20 Assume that S omits only finitely many primes of K, and let M 
be a finitely generated!” module over Gg such that the order of Myo is a unit in 
RKs. 

(a) The group Ils (K, MÎ) is finite and is dual to IIS (K, M). 

(b) There is an exact sequence of continuous homomorphisms 


H! (Gs, M)* <— [I H!(K,, M?) —— H'(Gs, M?) 


l 


H?(Gs, M?) —> @H?(Gy,M%) —> H°(Gs, M)* —> 0, 
and for r > 3 there are isomorphisms 
H" (Gs, M?) > Il ral H” (Ky, MÎ). 
(c) In the function field case, the sequence in (b) can be extended by 
0 > H°(Gs,M4%)* > [T H? (Gu, M4)’ > H? (Gs, M) >... 


where ^ denotes completion with respect to the topology of open subgroups 
of finite index. 


!2Meaning finitely generated as an abelian group. 
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PROOF. To obtain (b) and (c), write down the Ext(M, —)-sequence of 
0— Es > Js > Cs > 0 


and use (4.6), (4.12), and (4.13) to replace various of the terms. Part (a) is a 
restatement of the fact that the sequence in (b) is exact at H? (Gs, M d), 














COROLLARY 4.21 Let T be a torus over K. If S omits only finitely many 
primes, then there are isomorphisms 


H” (Gs, T) > Q, „a H EKo T) 
for allr > 3. In particular H” (Gs, Gm) = 0 for all odd r > 3. 


PROOF. Take M = X*(T) in the theorem. 














I do not know to what extent Theorem 4.20 holds with M and M? inter- 
changed, but R. Kottwitz has shown that for any torus T over a number field K, 
and r = 1, 2, there is a canonical nondegenerate pairing of finite groups 


Il’ (K,T) x IIP? (K, X*(T)) > Q/Z. 


For r Æ 1,2, II’(K,7) and IN” (K, X*(T)) are zero. Here IN” (K,T) is de- 
fined to be the kernel of H” (K, T) > [],), , H” (Kv. T). See also (II 4) below. 


all v 


NOTES Theorem 4.10 is due to Tate (see Tate 1962 for an announcement with a brief 
indication of proof). Parts of the theorem were found independently by Poitou (1966, 
1967). The above proof of (4.10) generalizes that in Tate 1966, which treats only the 
case that S contains all primes of K. There is also a proof in Haberland 1978 similarly 
generalizing Poitou 1967. Corollaries 4.16 and 4.17 are also due to Tate (cf. Borel and 
Harder 1978, 1.6, and Serre 1977, 6.4). 

Proofs of parts of the results in this section can also be found in Takahashi 1969, 
Uchida 1969, Bashmakov 1972, and Langlands 1983, VII 2. 


5 Global Euler-Poincaré characteristics 


Let K be a global field, and let S be a finite nonempty set of primes including all 
archimedean primes. As in §4, we write Ks for the largest subfield of K* that is 
ramified over K only at primes in S, Gg for Gal(Ks/K), and Rg,s for the ring 
of S-integers (\,¢sOv. Let M be a finite Gs-module whose order is a unit in 
Rs. We know from (4.15) that the groups H” (Gs, M) are finite for all r, and 
we would like to define y(Gs, M) to be the alternating product of their orders. 
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However, when K is areal number field, the cohomology groups will in general 
be nonzero for an infinite number of values of r (see 4.10c), and so this is not 
possible. Instead, we abuse notation, and set 


[H°(Gs, M)][H? (Gs, M)| 


P MTG M 


THEOREM 5.1 With the above definition, !? 


H? (G,, M 
x(Gs.M) = [] Se 


v arch 


REMARK 5.2 (a) In the function field case, the theorem says simply that 
x(Gs,M) = 1. 
In the number field case, (2.13c) shows that 


[H°(Gy,M)] _ [H'(Gy.M)] 


[Mv [H°(Gy,M?)]’ 
and (2.13a) shows that [H'(Gy,M)] = [H'(Gy,M?)], which equals 


[H} (Gy, M? )] because the Herbrand quotient of a finite module is 1. There- 
fore the formula can also be written as 


[HF (Gv, M?)] 


KGs- [Trea 


v arch 


(b) Because S is finite, all groups in the complex in Theorem 4.10 are finite, and 
so the exactness of the complex implies that 


x(Gs, M) - x(Gs, M?) = JI x(Kv.M) (5.2.1) 


ves 


'3Since the notation is confusing, I should give an example. Let M = Z/2Z and let Rs = 
O kI4] so that S consists of the infinite primes and those dividing 2. The group H°(Gy, M) = 


M°v = Z/2Z (itis not the Tate cohomology). On the other hand | - |y is the normalized valuation 
(the one that goes into the product formula). Thus |[M]|y = 2 if v is real, and |[M]|y = 4 if v is 
complex. Thus, the formula says that 


1 
x(Gs,M) = z 


where s is the number of complex primes. 
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where y(Ky,M) = [H°(Ky, M)|[H!(Ky, M)|~“![H?(Ky, M)] (notations as 
in §4). According to (2.8), y(Ky,M) = |[M]|, if v is nonarchimedean, and 
obviously 

(Ky, M) = [H°(Ky, M)] = [H2(Gy, M)] 


if v is archimedean. By assumption |[M]|, = 1 if v ¢ S, and so the product 
formula shows that 


Mr, = Py EEM 


ves v arch IM ]l» 
Now (2.13c) allows us to rewrite this as 


y eee MONG Go. MPD) 
Ah H(G., MH (Gy, MPY] 


Therefore (5.2.1) is also implied by (5.1), and conversely, in the case that M ~ 
M?, (5.2.1) implies the theorem. 

(c) The theorem can sometimes be useful in computing the order of H 1(Gs, M). 
It says that 


[H ' (Gs, M)] = [H° (Gs, M)] : [H° (Gs, M)]- | | IIM]lv/[H?° (Gv, M)], 


v arch 
and we know by (4.10) that H 2 (Gs, M) fits into an exact sequence 


0 > II (K, M) > H? (Gs, M) > @ H?(K,, M) > H°(Gs,M”)* > 0. 
vE 

By duality, [I4 (K, M)] = [I} (K, M?)] and [H?(Ky, M)] = [H°(Ky, MP)], 

and so the theorem is equivalent to the statement 


[H" (Gs, M)] = 
[H®(Gs, M)] ae 


0 D 
[H(Gs,MP)] I (Ky, M nT I TT 


[I$ (K, M?)] 


The method of the proof of Theorem 5.1 is similar to that of (2.8). Let gp(M) 
be the quotient of 7(Gs, M) by the right hand side of the equation. We have 
to show that g(M) = 1. The argument in (5.2b) shows that (4.10) implies that 
y(M)y(M”) = 1, and so in order to prove the theorem for a module M, it 
suffices to show that p(M) = g(M?) 
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LEMMA 5.3 The map ọ from the category of finite Gs -modules to Qso is addi- 
tive. 


PROOF. Let 
0—> M’>M—>M"->0 


be a short exact sequence, and consider the truncated cohomology sequence 
0 > H°(Gs,M') >--- > H*(Gs,M") > H?(Gs, M'Y > 0, 


where H>(Gg, M’)’ is the kernel of the map H? (Gs, M^) > H? (Gs, M). Ac- 
cording to (4.10), for r > 3, we can replace H” (Gg, —) with 
P3(K,—) = @B A'(Gy,-). 


v archimedean 


Now [P3(K ,M)| = [P4(K , M)| because the Herbrand quotient of a finite mod- 
ule is 1, and so the sequence leads to the equality 


x(M’)- x(M") = x(M) - [P3(K, M')'], 


where Pak, M’)’' denotes the kernel of the map P3(K, M^ > P3(K, M). Be- 
cause of the periodicity of the cohomology of a finite cyclic group, [P 3 (K, M'Y] = 
[C], where 


C = Ker( @ H! (G, M) > @ H! (G,, M)). 


v real v real 


From the exact sequence 


0> @ H’(G,,M)—> @ H%(G,,M) > @ H°"(G,,M)>C>0 


v arch v arch v arch 


we see that 
-T] [H° (Gv, M^] - [H°(Gy, M")] 


[H°(Gy, M)] 


v arch 


As [M‘][M"] = [M], it is now clear that p(M')g(M") = (M). 














The lemma shows that it suffices to prove the theorem for a module M killed 
by some prime p, and the assumptions on M require that p be a unit in Rg. 
Choose a finite Galois extension L of K, L C Ks, that splits M and contains 
a primitive p'® root of 1 (primitive 4t? root in the case that p = 2). Let G be 
Gal(L/K). We need only consider modules M split by L. Note that g defines 
a homomorphism from the Grothendieck group Rp, (G) to Qsg. An argument 
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as in the proof of Theorem 2.8 (using 2.10) allows us to replace K by a larger 
field, and consequently assume that G is a cyclic group of order prime to p. Note 
that L is totally imaginary, and so H’(Gal(Ks/L), M) = 0 for r > 3 (by 4.10). 
It follows that there is a well-defined homomorphism y’: Rr, (G) > Rr, (G) 
sending the class [M] of M in Rp, (G) to 


[H°(Gal(Ks/L), M)] —[H'(Gal(Ks/L), M)] + [H?(Gal(Ks/L), M)]. 


As Hom(-, Fp) is exact, it also defines a functor *: Rp, (G) > Rr x (G). 


LEMMA 5.4 Fora finite F p[G]-module M , there are the following formulas: 
(a) (MP) =[M]*- xu) 
(b) [M]; [Fp[G]] = dimp, (M) - [Fp[G]]. 


PROOF. (a) On tensoring a resolution of yp by Hom(M, Fp), we see that the 
cup-product pairing arising from 


t, f) (x 64): up x Hom(M, Fp) > M? 
defines isomorphisms 
H” (Gal(Ks/L), up) ® Hom(M, Fp) > H” (Gal(Ks/L), M?) 


for all r (recall that Gal(Ks/L) acts trivially on M and up). This gives the 
formula. 

(b) Let Mo denote M regarded as a G-module with the trivial action. As we 
observed in §2, 0 & m +> o ®om extends to an isomorphism Fp [G] 8 Mo > 


Fp[G] ® M, and this gives (b). 














On applying both parts of the lemma, we see that 
xX (M?) - [F [G]]* = [M]* - [F p[G]]* - x’ (up) = dim(M) - [Fp[G]]* - x’ (up). 


Similarly 

X (M) - [Fp[G]]* = dim(M) - [F [G]]* - x (up). 
Let 0 be the homomorphism Rr, (G) — Qso sending the class of a module N to 
the order of N@. Then 6 o x’ = x, and so on applying 6 to the above equalities, 
we find that y(M) = y(M?). 

Let v be a real prime of K. If Ly # Ky, then p must be odd, and so 
[Mor] = [MG,], which equals [(M? )@v]. This shows that the factors of g(M) 
and y(M ) corresponding to v are equal. It is now clear that p(M) = y(M?), 
and we have already noted that this is implies that ọ(M) = 1. 
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REMARK 5.5 In the function field case there is a completely different approach 
to the theorem. Let K = Kk* (composite inside Ks), and let H = Gal(Ks/K). 
Let g(K) be the genus of K, and let s be the number of primes of K lying over 
primes in S. Then H is an extension of a group H’ having 2g(K) + s generators 
and a single well-known relation (the tame fundamental group of the curve over 
kë obtained by omitting the points of S) by a pro-p group, p = char(K). Using 
this, or a little étale cohomology, it is possible to show that H” (H, M) is finite 
for all finite H-modules M of order prime to p (cf. Milne 1980, V 2). Also, 
it follows from (4.10) that H”(H, M) = 0 forr > 2. The Hochschild-Serre 
spectral sequence for H C G gives short exact sequences 


0—> H! (H, M) > H" (Gs, M) > H"(H, M)E > 0 
in which g = G/H = Gal(k*/k) = (o) and the two end groups are defined by 
the exactness of 
0> NF 3NSNSN,>0. 
It follows from the first set of exact sequences that 
[H° (H, M)5]: [H] (H, M)g] : [H?(H, M)5] 
[H0 (H, M)g]: [H1 (H, M)8]-[H?(H, M)¢] 


and from the second that this product is equal to 1. 


x(Gs, M) = 


An extension to infinite S 


As we observed above, in the case that S' is finite, all groups in the complex 
in (4.10) are finite, and therefore the alternating product of their orders is one. 
Oesterlé (1982/83) shows that, when S is infinite, it is possible to define natural 
Haar measures on the groups in the complex, and prove that (in an appropriate 
sense) the alternating product of the measures is again one. For example, the mea- 
sure to take on P} (K, M) is the Haar measure for which the compact subgroup 
Ty H! (ev, M Tv) (product over all nonarchimedean v) has measure 1 (note that 
H!(g,,M®™) = H} (K, M) if M is unramified at v). The main result of 
Oesterlé 1982/83 can be stated as follows. 


THEOREM 5.6 Let K be a global field, let S be a (possibly infinite) set of primes 
of K, and let M be a finite Gs-module. Assume that S contains all archimedean 
primes and all primes for which [M] is not a unit. Relative to the Haar measure 
on PS (K, M) defined above, a fundamental domain for Ps (K, M) modulo the 
action of the discrete subgroup H! (Gs, M)/TIS(K, M) has finite measure 


[I (K, M)|[H°(Gs, M?)] ll 


[S (K, M)I[H®(Gs, MP) i 
[Ls (K, MP)J[H®(Gs, M)] [H" (Gv. M). 


v archimedean 
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PROOF. Suppose first that S is finite. Then the groups are all finite, and the 
measure of the fundamental domain in question is 


TIH! (Ky, M)] I$ (K, M)] 
IH (ev, MD] [H (Gs, M)] 


From (5.2c) we know that this is equal to 


[M5 (K, M)|[H°(Gs, M?P)] ll [H'(Ky, M)] Il [H°(Gy, M)] 


[WS (K, M)|[H9(Gs, M)] 44 [H (gy, MD]: [H°(Ky, MP)| [M]. 


v arch 


As 
[H (gv, MD] = [H° (gv, M’)] = [H°(Gy, M)] 


for v nonarchimedean (we set it to zero for v archimedean) and [H°(Ky, M?)] = 
[H?(Ky, M)], we see that the middle term is 


[xK mtx J] [R2(G». m). 


ves v archimedean 
In (5.2b) we showed that 
[] x.) = ] | IMI /1H} (Go. M). 
ves v arch 


This verifies the theorem in this case. For an infinite set S, one chooses a suitably 
large finite subset S’ of S and shows that the theorem for S is equivalent to the 
theorem for S’ (see Oesterlé 1982/83, §7). 














NOTES Theorem 5.1 is due to Tate (see Tate 1965/66, 2.2, for the statement together 
with hints for a proof). Detailed proofs are given in Kazarnovskii 1972 and Haberland 
1978, §3. The above proof differs from previous proofs in that it avoids any calculation 
of the cohomology of un. 

In his original approach to Theorem 4.10, Tate proved it first in the case that S is 
finite by making use of a counting argument involving (presumably) the formula (5.2.1) 
for x(Gs,M)x(Gs, M?) in order to show that III} (K, M) and 14 (K, M?) have the 
same order. He deduced it for an infinite S by passing to the limit. (See Tate 1962, p192.) 

Theorem 5.6 is taken from Oesterlé 1982/83. 


6 Abelian varieties over global fields 


Throughout this section K will be a global field, and A will be an abelian variety 
over K. The letter S will always denote a nonempty set of primes of K containing 


6. ABELIAN VARIETIES OVER GLOBAL FIELDS 73 


all archimedean primes and all primes at which A has bad reduction. We continue 
to write Ks for the largest subfield of K* containing K that is ramified only at 
primes in S, Gs for Gal(Ks/K), and Rg,s for the subring Cu¢sOv of K. The 
letter m is reserved for an integer that is a unit in Rx,s; thus |m|, = 1 for all 
v € S. For example, it is always permitted to take S to be the set of all primes of 
K, and in that case m can be any integer prime to char(K). As usual, we fix an 
embedding of K* into K} for each prime v of K. 

For an abelian group M, M^ denotes the m-adic completion lim M/m"M. 
If X is an algebraic group over K, then we often write H” (Gs, X) for the group 
H” (Gs, X(Ks)) (equal to H"(K,X) =a H” (Gg, X(K*)) in the case that 
S contains all primes of K). When X is an algebraic group over Ky, we set 
H” (Ky, X) = H" (Gy, X(K})) except when v is archimedean, in which case we 
set it equal to H7 (Gv, X(K;)). By H"(—, X(m)) we mean lim, H" (—, Xmr) 
and by H” (—, Tm X) we mean lim, H" (—, Xm”). 


The weak Mordell-Weil theorem 


The Mordell-Weil theorem says that A(K) is finitely generated. The first step in 
its proof is the weak Mordell-Weil theorem: for some integer n > 1, A(K)/nA(K) 
is finite. We prove a stronger result in (6.2) below. 


LEMMA 6.1 Let A and B be abelian varieties over K having good reduction 
outside S, and let f: A —> B be an isogeny whose degree is a unit in Rx,s. 
Write A ¢ for Ker( f). Then all points in A ¢(K*) have their coordinates in Ks, 
and there is an exact sequence 


0 —> Af (Ks) > A(Ks) a: B(Ks) > 0. 
In particular, there is an exact sequence 
0 > Am(Ks) > A(Ks) > A(Ks) > 0. 


PROOF. Let P € B(K); its inverse image f—!(P) in A is a finite subscheme of 
A. We shall show that this finite subscheme splits over Ks, which implies that P 
lies in the image of A(Ks) — B(Ks). When P is taken to be zero, f—~'(P) is 
A f, and so this shows that A ¢ is split over Ks, i.e., that A (Kgs) = A ¢(K*). 
By assumption, A and B extend to abelian schemes A and B over Spec(Rx,s). 
The map f extends to a finite flat map f: A — B which, because its degree is 
prime to the residue characteristics of Rx,s, is also étale. Our point P extends to 
a section P of B over SpecR s, and f—!(P) is a finite étale subscheme of A over 
Spec(Rs). Any such scheme splits over Rs, which implies that f—!(P) splits, 
and proves the lemma. (For more details on such things, see Milne 1986b, §20.) 
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The lemma yields exact sequences 
--: > H” (Gs, Af) > H” (Gs, A) > H" (Gs, B) > 
> H” (Gs, Am) > H” (Gs, A) > H” (Gs, A) >- 


PROPOSITION 6.2 (Weak Mordell-Weil theorem) For any integer n prime to the 
characteristic of K, A(K)/nA(K) is a finite group. 


PROOF. Given n, we can choose a finite set S of primes of K satisfying the 
conditions in the first paragraph and such that n is a unit in Rx,s. Then (6.1) 
provides us with an exact sequence 


0 > A,(Ks) > A(Ks) > A(Ks) > 0. 


The cohomology sequence of this gives an injection A(Ks)% —> H!(Gzg, An), 
and we have seen in (4.15) that this last group is finite. 














To deduce the full Mordell-Weil theorem from (6.2), one uses heights (see 
Lang 1983, V). 


The Selmer and Tate-Shafarevich groups 


The Tate-Shafarevich group A classifies the forms of A for which the Hasse prin- 
ciple fails. The Selmer group gives a computable upper bound for the rank of 
A(K). The difference between the upper bound and the actual rank is measured 
by the Tate-Shafarevich group. 


LEMMA 6.3 Let a be an element of H!(K, A). Then for all but finitely many 
primes v of K, the image of a in H!(Ky, A) is zero. 


PROOF. As H!(K, A) is torsion, na = 0 for some n, and as H'(K, An) > 
H'(K, A)n is surjective, there isa b € H! (K, An) mapping to a. For almost all 
v, An(K®) is an unramified Gy-module and b maps into H1 (Ky, An) (see 4.8). 
Therefore a maps into H!(gy, A(K‘")) for almost all v, but (3.8) shows that this 
last group is zero unless v is one of the finitely many primes at which A has bad 
reduction. 














The Tate-Shafarevich group I s (K, A) is defined to be the kernel of 


H' (Gs, A) > @yesH' (Kv, A). 
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The Selmer groups Ss(K, A)m and Ss(K, A,m) are defined by the exact se- 
quences 


0 > Ss(K, A)m > H! (Gs, Am) > Byes H! (Kv, A) 
0 > Ss(K, A,m) > H! (Gs, A(m)) > D es H (Ko. A). 


The second sequence can be obtained by replacing m with m” in the first sequence 
and passing to the direct limit. Therefore 


Ss(K, A,m) = lim, Ss (K, A)m”. 
When S contains all primes of K, we drop it from the notation. Thus, 


UI(K, A) = Ker(H!(K, A) > I] H'(Ky, A)) 
all v 


S(K, A,m) = Ker(H!(K, A(m)) > I] H'(K,, A)). 


all v 


PROPOSITION 6.4 There is an exact sequence 
0 > A(K)™ —> Ss(K, A)m > Is (K, A)m > 0. 
PROOF. Apply the snake lemma to the diagram 


0 0 


v v 


Ss(K,A)m —> Ms(K,A)m 








0 —> A(K)™ — + H'(Gs,Am) —> H!(Gs,A)m —> 0 
| 


0 —> @,H!(Ky, A) —> @, H!(K,, A) — 0 














PROPOSITION 6.5 There are exact sequences 


0 > H! (Gs, A(m)) > H' (K, A(m)) > Pgs H' (Ko, A) 
0 —> H! (Gs, A)(m) > H' (K, A)(m) > Pgs H' (Kv, A) 
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PROOF. For v ¢ S, there is a commutative diagram 


H'(Gs,A(m)) ——> H*(gy, A(K3")) 


| | 


H'(K, A(m)) ——> H!(G,, A(K3)). 


According to (3.8), H!(gy, A(K™)) = 0, and so the diagram shows that the 
image of H!(Gs, A(m)) in H! (K, A(m)) is contained in the kernel of 


H'(K, A(m)) > rgs H! (Ko. A). 


Conversely, let a lie in this kernel. We may assume that a is the image of an 
element b of H!(K, Am) (after possibly replacing m by a power). To prove that 
the first sequence is exact, it suffices to show that b (hence a) is split by a finite 
extension of K unramified outside S. After replacing K by such an extension, 
we can assume that Am(K) = Am(K®*) (because of 6.1). Then b corresponds 
to a homomorphism f: Gal(K*/K) —> Am(K), and it remains to show that the 
subfield K ¢ of K" fixed by the kernel of f is unramified outside S. This can be 
checked locally. If v ¢ S, then, by assumption, the image of b in H!(Ky, Am) 
maps to zero in H'(K,, A). It therefore arises from an element cy of A(Ky). 
The closure of K ¢ in Ky is Ky (m—!cy), which is unramified by (6.1). 

The exactness of the second exact sequence can be derived from the first. In 
the diagram 


(m) 
lim A(K) 





(m) 
—— lim A(K) 


{v {v 


0 —— H!(Gs,A(m)) H'(K, A(m)) —> Pgs H' (Kv. A) 
| 


l l 


0 —> H!(Gs, A)(m) —> H'(K, Am) —> Pgs H' (Ko, A) 


| 








0 0 
the exactness of the bottom row follows from the exactness of the rest of the 
diagram (use the snake lemma, for example). 














COROLLARY 6.6 For all S and m (as in the first paragraph), 


UI s(K, A)(m) = M(K, A)(m) 
Ss(K, A,m) = S(K, A,m). 
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PROOF. The kernel-cokernel sequence (see 0.24) of the pair of maps 


H'(K, A)(m) a Dan v A! (Ky. A)(m) 5 Dues H' (Kv, A\(m) 
is 
0 — III(K, A)(m) > H! (Gs, A)(m) > D es H' (Kv. A (mM) >, 


because (6.5) allows us to replace Ker(pr o 8) with H!(Gg, A)(m). This se- 
quence identifies H1(K, A)(m) with H1s5(K, A)(m). The second equality is proved 
by replacing H!(K, A)(m) in the proof with H!(K, A(m)). 














REMARK 6.7 Recall (4.15) that H!(Gs,Am(Ks)) is finite when S is finite. 
Therefore its subgroup S'5(K, A) is finite when S is finite, and (6.4) then shows 
that II s(K, A)» is finite. It follows now from (6.6) that III(K, A) is finite, 
and (6.4) in turn shows that S(K, A)m is finite. Consequently, S(K, A)(m) and 
I(K, A)(™m) are extensions of finite groups by divisible groups isomorphic to 
direct sums of copies of Q¢/Z,, £ dividing m. It is widely conjectured that 
I(K, A) is in fact finite. 


Definition of the pairings 
The main results in this section will concern the continuous homomorphisms 


B°:A(K)* > T] yes H’ (Kv, A)^ (compact groups) 
B':H"(Gs, A)(m) > Aes H’ (Kv, A)(m), r #0, (discrete groups). 


Write IY (K, A,m) = Ker(p"). Thus IS (K, A,m) = Ms (K, A)(m), which 
we have shown to be independent of S. We also write 


IG (K, A(m)) = lim TNS (K, Amn) 
= Ker(H’ (Gs, A(m)) > | | H” (Kv, A(m))) 


ves 


TS (K, Tm A) = limn LG (K, Amn) 
= limn Ker(H"(Gs, Amn) > | | 4’ (Ky. Am))- 


ves 


LEMMA 6.8 For any r > 2, there is a canonical isomorphism 


IG (K, A,m) > IIS (K, A(m)). 
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PROOF. For each r > 2, there is an exact commutative diagram: 
0 > HA" (Gs,A)@Qn/Zm —> H"(Gs,A(m)) —> H"(Gs,A)(m) 0 
[eran [ram [rwm 
0 > @ A™!(Ky, A) 8 Qm/Zm > D AKSAN > DEK AN) > 0. 
ve ve 


veS 


Asr—1 > 1, the groups H”! (Gs, A) and H’~!(Ky, A) are both torsion, and so 
their tensor products with Qm /Zm are both zero. The diagram therefore becomes 


H"(Gs,A(m)) ——> H"(Gs, A)(m) 
[eran [eram 
@ H"(Ky, A(m)) —> P H" (Ky, ACn) 


ves 


from which the result is obvious. 














PROPOSITION 6.9 Forr = 0, 1, 2, there are canonical pairings 
(, ): II (K, A,m) x 127" (K, A,m) > Q/Z. 
PROOF. There is a unique pairing making the diagram 
II%(K,A,m) x (K, A,m) > Q/Z 
4 te | 
MS(K,TmA) x UIs(K,A‘(m)) > Q/Z 


commute. Here the bottom pairing is induced by the e,,-pairing and the pairings 
in §4, the first vertical arrow is induced by the map 


H” (Gs, A) > lim H+! (Gs, Am) 


, and the second vertical map is the isomorphism in (6.8). This defines the pairing 
in the case r = 0, and the case r = 2 can be treated similarly. 

The definition of the pairing in the case r = 1 is more difficult. We will in 
fact define a pairing 


(, ): Ds(K, A)m x Us (K, Am > Q/Z. 


Since the Tate-Shafarevich groups are independent of S, we take S to be the set 
of all primes of K. If x is a global cohomology class, cocycle, or cochain, we 
write *, for the corresponding local object. 
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Let a € IDI(K,A)m and a’ € III(K, A‘). Choose elements b and b’ of 
H! (Gg, Am) and H! (Gx, A‘) mapping to a and a’ respectively. For each v, a 
maps to zero in H!(Ky, A), and so it is obvious from the diagram 


A(Ky) ——> HK Am) =F H}(Ky, A) 


| T 


A(Ky) —> H! (Ky, Am2) 


that we can lift by to an element by,ı € H! (Gy, Am2) that is in the image of 
A(Ky). 

Suppose first that a is divisible by m in H!(Gx, A), say a = may, and 
choose an element bı € H!(Gx, Am2) mapping to a1. Then by,; — b1,y maps to 
zero under H!(Ky, Am2) > H!(Ky, Am), and so it is the image of an element 
Cy in H!(Ky, Am). We define 


(a,a’) = Dinvy(cy Y bi) € Q/Z 


where the cup-product is induced by the em-pairing Am x At, > Gm, and inv, 


is the canonical map H?(Ky,Gm) 3 Q/Z. 

In the general case, let 6 be a cocycle representing b, and lift it to a cochain 
Bi € C!(Gx, Am2). Choose a cocycle By; € Z!(Gy, Am2) representing by 1, 
and a cocycle B’ € Z! (Gg, A‘) representing b’. The coboundary dB; of By 
takes values in Am, and dB, U p’ represents an element of H? (Gg, K**). But 
this last group is zero (by 4.18 or 4.21), and so dB, Uf’ = de for some 2-cochain 
e. Now! (By,1 — B1,v) Y Bi, — €v is a 2-cocycle, and we can define 


(a,a’) = $ invy ((B1,» a Piv) J By — £v) E€ Q/Z. 


It is not too difficult to check that the pairing is independent of the choices made. 














REMARK 6.10 (a) If B is a second abelian variety over K having good reduction 
outside S and f: A — B is an isogeny, then 


(f(a), b) = (a, f'(b)), a €UIG(K,A,m), b € IZ" (K, B’,m). 


This follows from the fact that the local pairings are functorial. 

(b) Let D be a divisor on A rational over K, and let yp: A — A’ be the 
corresponding homomorphism sending a € A(K*) to the class of Dg — D, where 
Dg is the translate D + a of D. Then (c,gp(c)) = 0 for all c € THIS (K, A,m). 
See Tate 1962, Thm 3.3. This can be proved by identifying the pairing defined 
in (6.9) with that defined in (6.11) below, which we check has this property. See 
also (II 5). 


14Poonen suggests By,1 and B1,y should be interchanged. 
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REMARK 6.11 There is a more geometric description of a pairing on the Tate- 
Shafarevich groups, which in the case of elliptic curves reduces to the original 
definition of Cassels 1962, §3. An element a of II (K, A) can be represented 
by a locally trivial principal homogeneous space X over K. Let K(X) be the 
function field of X xg K*. Then the exact sequence 


0—> K** > K*(X)* ~ 0—0 
leads to a commutative diagram 


Br(K) —> #H?(Gx,K°(X)*) —> HA?(GrR,Q) — 0 
| | | 


{ | $ 
0 — @ Br(Kkv) — @ A?(Gy, K(X) — ® A?(Gy, Q). 
all v all v all v 

The zero at top right comes from the fact that H? (Gg, K**) = 0 (see 4.21). The 
zero at lower left is a consequence of the local triviality of X. Indeed, consider 
an arbitrary smooth variety Y over a field k. The map Br(Y) — Br(k(Y)) is 
injective (Milne 1980, II 2.6). The structure map Y — Spec(k) induces a map 
Br(k) — Br(Y), and any element of Y (k) defines a section to this map, which is 
then injective. In our situation, we have a diagram 


0 ——> Br(K,) ——~  Br(Xx,) —— Br(Xxs) 
| ws 
Br(K,) —— Br(Ky(X)) —— Br(K$(X)) 


from which the claimed injectivity is obvious. 
The exact sequence 


0 > Q => Div? (X 8 K5) > Pic®(X @ K’) > 0 
yields a cohomology sequence 
H' (Gx, Div’ (X 8 K*)) > H' (Gg, Pic’ (X @ K*)) > H*(Gx,Q) >>. 


A trivialization A & K* 3x ® K" determines an isomorphism Pic? (X @ K’) ay 
Pic? (A @ K®). Because the trivialization is uniquely determined up to translation 
by an element of A(K‘) and translations by elements in A(K®*) act trivially on 
Pic? (A ® K®) (Milne 1986b, 9.2), the isomorphism is independent of the choice 
of the trivialization. A similar argument shows that it is a Gx-isomorphism. 
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Therefore the sequence gives a map H!(Gx, A‘) > H?(Gr,Q). Leta’ € 
IlI(K, A‘), and let b’ be its image in H? (Gx, Q). Then b’ lifts to an element 
of H!(Gx, K*(X)*), and the image of this in @H!(K,, K$(X)*)) lifts to an 
element (cy) € ® Br(Ky). Define (a,a’) = >> invy(cy) € Q/Z. Note that the 
cokernel of Br(K) > @®Br(Ky) is Q/Z, and so (a,a’) can also be described 
as the image of b’ under the map defined be the snake lemma. As the principal 
homogeneous space X is uniquely determined up to isomorphism by a, this shows 
that (a, a’) is well-defined. 

It is easy to prove that if III(K, A) is mapped to III(K, A‘) by means of a 
polarization defined by a K-rational divisor!>, then the pairing on III(K, A) is 
alternating. Let P € X(K*); then oP = P + a(o) where (a(o)) is a cocycle 
representing a. The map gp sends Q €e A(K*) to the class of Dg — D in 
Pic®(A), and so a’ is represented by the cocycle (a’(a)) € Z!(Gx, A‘), where 
a’ (o) is represented by the divisor Eg = Dag) — D. Now use the trivialization 
O > P+0:A@K®* > X@K° to identify Pic? (A) with Pic? (X). Then one sees 
immediately that (@/,), regarded as a crossed homomorphism into Pic? (X xs), 
lifts to a crossed homomorphism into Div? (X xs). Therefore the image of a’ in 
H?(Gx, Q) is zero, and so (a, a’) = 0. 

We leave it to the reader to check that this pairing agrees with that defined in 
(6.9). 


REMARK 6.12 When A is the Jacobian of a curve X over K, there is yet another 
description of a pairing on the Tate-Shafarevich groups. Write S for the canonical 
map Div? (X @ K5) > A(K5). 

Let a € I(K, A) be represented by a € Z! (Gg, A(K®)), and let ay = dBy 
with By € Z? (Gv, A(K8)). Write 


a=S(a), aeC!(Gx, Div?(Xxs)) 
By = S(by), by € C°(Gy, Div? (Xxs)). 


Then a, = dby + (fy) in Cl(Gy, Div?(Xxs)), where fy € C1(Gy, KS(X)*). 
Moreover da = (f), f € Z?(Gx, K*°(X)*). Let a’ be a second element of 
IlI(K, A) and define a’, b’,, fy, and f’ as for a. Define 


n= f'vua—fud €C3(Gx, K”). 


15This condition was omitted in the original. 
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Then dn = 0, and so, as H? (Gg, K**) = 0,n = de for some e € C?(Gx, K**). 
Set!® 
Yv = f U ay — bi, Y Resy(f) — Ey E&E C?(Gx, K$”) 


where u denotes the cup-product pairing induced by (A, c) + h(c). Then yy is a 
2-cocycle representing a Cy € Br(K»), and we let 


(a,a’) = X invy (cv) € Q/Z. 


One shows without serious difficulty that the choices in the construction can be 
made so that (a, a’) is defined and that it is independent of the choices. 1” 


The main theorem 


We shall need to consider the duals of the maps 6”. Recall (3.4, 3.6, and 3.7) that 
H" (Ky, A) is dual to H!~"(Ky, A‘), except possibly for the p-components in 
characteristic p. Therefore there exist maps, 


yt: Dres H! (Ko, A)(m) — A (K)* (m) (discrete groups) 
v°:Tlves H? (Kv, A)^ > H+ (Gs, A*)(m)* (compact groups) 
such that y” (A) = B!"(A‘)*. 
THEOREM 6.13 (a) The left and right kernels of the canonical pairing 
I! (K, A)(m) x IH! (K, A‘)(m) > Q/Z 


are the divisible subgroups of III! (K, A)(m)) and II! (K, A‘)(m). 
(b) The following statements are equivalent: 
(i) I! (K, A)(m) is finite; 
(ii) Im(B°) = Ker(y®) and the pairing between I (K, A,m) and 
Ing (K, A‘, m) is nondegenerate. 
(c) The map B is surjective with kernel the divisible subgroup of 
H? (Gs, A)(m), and for r > 2, $" is an isomorphism 


H" (Gs, A)(m) > @ H" (Ky, A)(m). 


v real 


'6Tn the original, the £ was omitted (cf. the proof of 6.9). As Bjorn Poonen pointed out to me, 
without it, Yy need not be a cocycle. For more on the pairing, see: 

Gonzalez-Aviles, Cristian D. Brauer groups and Tate-Shafarevich groups. J. Math. Sci. Univ. 
Tokyo 10 (2003), no. 2, 391-419. 

Poonen, Bjorn; Stoll, Michael. The Cassels-Tate pairing on polarized abelian varieties. Ann. of 
Math. (2) 150 (1999), no. 3, 1109-1149. 

The first reference includes a proof that it coincides with the pairing in (6.9). 

'7 The original claimed without proof that the pairing is always alternating, but this is not true 
— see the paper of Poonen and Stoll mentioned in an earlier footnote. 
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REMARK 6.14 (a) Much of the above theorem is summarized by the following 
statement: if III(K,A)(m) and III(K, A’)(m) are finite, then there is an exact 
sequence with continuous maps 


0 @ HK yA)" —> HGS. Am — HG. AY" 
= i. 
H1Gs, Amn) — H'Gs, Atom? 2 TL HK., 4)" 
e| 
D HK, Aim) 2+ H%Gs, A) —> H?(Gs,A)(m) 


ves 
|e 
0 <— @® A*(Ky, A)(m) 


v real 


The unnamed arrows exist because of the nondegeneracy of the pairings defined 
in (6.9). 

(b) We shall see in (6.23) and (6.24) below that if S contains almost all primes 
of K, then B° and $? are both injective. In this case, the above sequence can be 
shortened to a four-term sequence: 


0 III(K, A)(m) > H! (Gs, A)(m) > H'(Ky, A)(m) > H? (Gs, A‘')** 50. 
ves 


In particular, when S contains all primes of K and the Tate-Shafarevich groups 
are finite, then the dual of the exact sequence 


0 > II(K, A) > H!(K, A) > QD H'(K,, A) >B->0. 


ves 


is an exact sequence 


0 < IN(K, A’) — H!(K, A)* < I] H®(K,, A‘) < A (K)^ —0 


all v 


except possibly for the p-components in characteristic p # 0. Here B is defined 
to be the cokernel of the preceding map. In the second sequence, H°(Ky, A‘) = 
A'(Ky) unless v is archimedean, in which case it equals the quotient of A(Ky) 
by its identity component (see 3.7). The term A’(K)” is the profinite completion 
of At (K), which is equal to its closure in [] H°(Ky, A‘) (see 6.23b). 
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(c) If III(K, A) is finite, then so also is III(K, A‘). To see this note that there 
is an integer m and maps f: A > A‘ and g: A’ > A such that fg =m = gf. 
Therefore there are maps 


U(f): IN(K, A) > I(K, A’) 
UI (e): IU(K, A’) > IL(K, A) 


whose composites are both multiplication by m. It follows that the kernel of 
I (g) is contained in III(K, A’). When m is prime to the characteristic, we 
observed in (6.7) that III(K, A‘),» is finite, and an elementary proof of the same 
statement for m a power of char( K) can be found in Milne 1970b (see also Chap- 
ter HI). Hence the kernel of I (g) is finite, and this shows that III(A’) is finite. 


We begin the proof of (6.13) with part (c). As we saw in the proof of (6.8), 
when r > 2, there is a commutative diagram 
H"(Gs,A(m)) ——> H"(Gs, A)(m) 
| | 
pe Am) [8 Mm) 
P H"(K,y, A(m)) ——> @ H"(Ky, A)(m), 


ves ves 


As H"’(Ky, A) is zero when r > 2 and v is nonarchimedean (see 3.2), the sum at 
lower right needs to be taken only over the real primes. When r > 2, p” (A(m)) 
is an isomorphism (see 4.10c), and so B’(A) is an isomorphism. When r = 2, 
(4.10) shows that the cokernel of B?(A(m)) is 


lim Af,» (K)* = (im Abn K) = (TmA'(K))*, 


which is zero because A* (K) is finitely generated (by the Mordell-Weil theorem). 
Consider the diagram 


m 


H? (Gs, Am) —> H?(Gs,A\(m) — H?(Gs,A)(m) —> H?(Gs,Am) 
[624m [ew [ew [escam 
(45) H? (Ky, Am) > (45) H?(K,, A)(m) > (45) H?(Ky, A)(m) > Ba H3(Ky, Am). 
v real v real v real v real 


The first vertical arrow is surjective by (4.16). We have just shown that B?(A) is 
surjective, and we know that B3(Am) is an isomorphism by (4.10c). Therefore 
we have a surjective map of complexes, and so the sequence of kernels is exact, 
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from which it follows that Ker(B?(A)) is divisible by m. On repeating this argu- 
ment with m replaced by m” we find that Ker(B?(A)) is divisible by all powers 
of m. Since it obviously contains H?(Gg, A)(m)qiy, this shows that it equals 
H? (Gs, A)(m)aiv. This completes the proof of part (c). 

We next prove part (b). Let v € S, and consider the diagram 


0— > A(K)™ —-+ H!(Gs, Am) —> H}(Gs,4)m — 0 


| | | 


0 —> H°(Ky, A™ —> H}(Ky, Am) —> H}(Ky,4)m —> 0. 


On replacing m with m” and passing to the inverse limit, and then replacing 
the bottom row by the restricted product over all v in S, we obtain an exact 
commutative diagram 


0> A(K)^ —> H!(Gs,TmA) —> TmH!(Gs,A >00 
| | | 
Je” L p 

0 > [| H°(Ky, A^ >] es H! (Kv, Tn A) >J [ics Tm (Kv, A) —>0. 


veS 
The snake lemma now gives an exact sequence 
0 > I$ (K, A) > IU} (K, Tm A) > Tm IOI (K, A) > 
JIH? (Ky, A)^ 
Im(B°) 


Here we have used (4.10) to identify the cokernel of the middle vertical map with 
a subgroup of 


Ś (H! (Gs, A'(m))*. 


lim H! (Gs, Amn)" = (lim H! (Gs, Ain))* = H! (Gs, A’ (m))*. 


Consider the maps 


TI H°(Ky, A)^ 2 (H (Gs, AD (m)*) <> H? (Gs, A (m))* 


ves 


the second of which is the dual of H!(Gs, A’(m)) > H'!(Gg, A“)(m) and is 
therefore injective; consequently, Ker(e'o y?) = Ker(y®). The composite €’ oy? 
is the composite of the quotient map 


0 A 
Ihes H (Kv, 4)^ > m) 
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with e. Since Im(B°) goes to zero under €’ o y®, we see that it must also be 
mapped to zero by y®, that is, y? o 8? = 0 (without any assumptions). We also 
see that Ker(y°) = Im(£?®) if and only if € is injective, which is equivalent to 
I$ (K, TmA) > TmUI(K, A) being surjective. 

Consider on the other hand the first part 


0 —> IIS (K, A) > IM$ (K, Tm A) > Tm (K, A) 
of the above exact sequence and the isomorphism 
IIs (K, A)(m) < M5 (K, A(m)) 


in (6.8). Clearly the duality between IN $ (K, Tm A) and IN (K, A(m)) arising 
from (4.10) induces a duality between IH? (K, A) and II? (K, A) (m) if and only 
if the map II$ (K, Tm A) > Tml (K, A) is zero. 

On combining the conclusions of the last two paragraphs, we find that the 
following two statements are equivalent: 

(*) II (K, A) and IH (K, A‘) are dual and Im(B°) = Ker(y°) 

(**) IIS (K, TmA) — TmIU (K, A) is both surjective and zero. 

Clearly (**) is equivalent to 7,, H1(K, A) being zero, but 7, II (K, A) = 0 if and 
only if the m-divisible subgroup of II (K, A)(m) is zero, in which case the group 
is finite. This proves the equivalence of statements (i) and (ii) in (b). 

In preparing for the proof of (a), we shall need a series of lemmas. Since 
the statement of (a) does not involve S, we can choose it to be any set we wish 
provided it satisfies the conditions in the first paragraph of this section. We always 
take it to be finite. 


LEMMA 6.15 Leta € P es H'(Ky, Am), and consider the pairing 
E(, Ji FH! (Kv, Am)x@H | (Ky, A) > Q/Z, (av, a),)y = invy (ayva',). 


Then (a,a') = 0 for alla’ in the image of Ss(K, A‘)m > Pres H'(Kv, Ai) 
if and only if a can be written a = a, + a2 with a, and a2 in the images of 
[[H°(Ky, A) —> [[H! (Ky, Am) and H'(Gs, Am) > T[H!(Ky, Am) respec- 
tively. 

PROOF. The dual of the diagram 


@ H!(Ky, At) 
Bi 


P H! (Ky, A‘)*—H" (Gs, Am) Ss (K, A )m*—9 
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is 
Il H! (Kv, Am) 
y! 


T| H? (Ko, 4) H! (Gs, At,)* — (Ss (K, A )m)* —>0. 


Leta € [] H!(Kv, Am). If a maps to zero in (Ss(K, A")m)*, then y! (a) 
is the image of an element b in H°(Ky, A). Let a, denote the image of b 
in H'(Ky, Am); then a — ay is in the kernel of yt. But according to (4.10), 
the kernel of y! is the image of H'(Gs, Am), and so a — a, = az for some 
az € H! (Gs, Am). 














LEMMA 6.16 Let IIT’ (A) be the subgroup of III (K, A) of elements that become 
divisible by m in H! (G5, A). Then there is an exact sequence 


0 > Ill'(K, A) > IlI(K, A) > I$ (K, Am). 
PROOF. Consider 


I(K,A) ——> IMK,A) — > IR (K,Am) 


| | | 


H!(Gs,A) —> ANG A). ——> Gs AD) 


| | | 


@ H'(Ky,A) —— @ H'(Ky, A) —> @ H1(Ky, Am). 


ves ves ves 


An element a in II(K, A) maps to zero in I$ (K, A) if and only if it maps to 
zero in H? (Gs, Am), and this occurs if and only if its image in H! (Gs, A) is 
divisible by m. 














LEMMA 6.17 Leta € IlI’(K, A). Then a € mIII(K, A) if and only if (a,a’) = 
0 for alla’ € II (K, A’) m. 


PROOF. If a = mdo with do € LI(K, A), then 
(a,a’) = (mao, a’) = (ao, ma’) = 0 


for alla’ € III(K, A‘). Conversely, assume that a satisfies the second condition, 
and let a, € H'(Gs, A) be such that ma, = a; we have to show that a; can be 
modified to lie in HI(K, A). Choose a finite set S satisfying the conditions at the 
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start of this section and containing all v for which a;,, # 0. If a; is replaced 
by its sum with an element of H” (Gs, A), then it is still zero outside S (see the 
proof of 6.5). Define b1, by,1, and cy as in (6.9); thus bı € H!(Gg, A,,2) and 
maps to a1, by € H!(Ky, Am2) and maps to by, and cy € H'(Ky, Am) and 
maps to by,1 — b1,v. We shall show that there is an element bo € H'(Gsg, Am) 
such that 

bo,v = Cy = —b1 v mod A(Ky)™ 


for all v. This will complete the proof, because then a; + ao, with ag the image 
of bo in H'(Gs, A), lies in IN(K, A) and is such that m(a, — do) = ma, = a. 

According to (6.14), an element bo will exist if and only if `, (cv, bf} = 0 
for all b’ in Ss (K, A)m. But, by definition of the pairing on the Tate-Shafarevich 
groups (6.9), X`, (cv, bi) = (a,a’) where a’ is the image of b’ in HI(K, A’)m, 
and our assumption on a is that this last term is zero. 














We now complete the proof of part (a) of the theorem. Note that because the 
groups are torsion, the pairing must kill the divisible subgroups. Consider the 
diagram 
0-> IN'(K, A)/mIl1(K, A) — I(K, A)/mIU (K, A) > IŻ (K, Am) 

| | F 
0 > (IU(K, A)m/ Im IU! (K, At,))* >  (I(K, A*)m) >E (K, A6)". 
The top row comes from (6.16) and the bottom row is the dual of an obvious 


sequence 
I$ (K, Aj) > I(K, A )m > Coker > 0. 


The first vertical map is the injection given by Lemma 6.17, and the third ver- 
tical arrow is the isomorphism of (4.10). A diagram chase now shows that the 
middle vertical arrow is also injective. On passing to the limit over powers of 
m, we obtain an injection III(K, A)* — ID(K, A‘)(m)*. But I(K, A)^ = 
UI (K, A)/II(K, A)m-—aiy, and so the left kernel in the pairing 


HI(K, A)(m) x HI(K, A‘)(m) > Q/Z 
is HI(K, A)m—aiv. Therefore 
[HI(K, A)/HI(K, A)m—aiv] < [LI(K, A*)/II(K, A‘ )m-aiv]. 
Since this holds for all A, we also have 


[M(K, A") /II(K, A")m—aiv] < [HI(K, A) /I(K, A“ )m-aiv] 
= [M(K, A/K, A)m-aiv]. 
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It follows that all these orders are equal, and therefore that the right kernel is 
M(K, A )m-div- 


REMARK 6.18 If A has dimension one and m is prime, then W (K, Am) = 0 
(see 9.6), and so III’(K, A)m = UI(K, A)m (see 6.17). Therefore in this case it 
is significantly easier both to define the pairing on the Tate-Shafarevich groups 
and to prove its nondegeneracy. 


Complements in the case that S contains almost all primes 


We shall now show how a theorem of Serre (1964/71) can be used to improve 
some of these results when S omits only finitely many primes. 


PROPOSITION 6.19 Let m be an integer prime to char( K), and let G be the im- 
age of Gal(K*/K) in Tm A. Then the group H'(G, Tm A) is finite. 


PROOF. When m is prime, this is proved in Serre 1964/71, II 2, and the result for 
a composite m follows immediately. 














We give a second proof of (6.19) based on a theorem of Bogomolov and 
a lemma of Sah. Note that (6.1) shows that the action of Gg on TmA fac- 
tors through Gs. Also that, because T,, A is a Zy-module, Zm is a subring of 
End(Tm A) and Z% is a subgroup of Aut(T A). 


LEMMA 6.20 For any prime £ Æ char(K), the image of Gs in Aut(T;A) con- 
tains an open subgroup of Zy. 


PROOF. Theorem 3 of Bogomolov 1981 shows that (at least when K is a number 
field), for any prime £, the Lie algebra of the image of Gx in Aut(T¿ A) contains 
the scalars. This implies that the image of Gx is open in Zi. 














LEMMA 6.21 Let G be a profinite group and M a G-module. For any element 
o of the centre of G, H” (G, M) is annihilated by x > ox — x. 


PROOF. We first allow o to be any element of G, not necessarily a central ele- 
ment. The maps 


gogo !:G >G, mvo'!mM—>M, 


are compatible, and so define automorphisms a’: H” (G, M) > H" (G, M). Ac- 
cording to (0.15), œ” is the identity map. In the case that o central, one sees 
by looking on cochains that œ” is the map induced by the G-homomorphism 
o '!:M —> M. Consequently, o acts as the identity map on H” (G, M), as 
claimed by the lemma. 
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We now (re-)prove 6.19. It follows from (6.20) that there is an integer i and 
an element o € G such that ox = (£ — 1)x, all x € Ty A. Now (6.21) shows 
that £! H'(G,T,A) = 0. Corollary 4.15 implies that H!(G, Agn) is finite for all 
n, and so the inverse limit of the exact sequences 

=o gi ne 2 
H! (G, Agn) > H! (G, Ag+) > H! (G, Agi) 
is an exact sequence 
H!G,T,A) > H! (G, TA) > HG, Ay), 
and so H! (G, 7; A) is a subgroup of the finite group H! (G, Agi). 
PROPOSITION 6.22 If S omits only finitely many primes of K, then the map 
H! (Gs, TmA) > [yes H (Kv, Tm A) 
is injective. 


PROOF. Write IG (K , TA) for the kernel of the map in the statement of the 
proposition. Then there is an exact commutative diagram 


0 —> H(G,TmA) — H}(Gs,TmA) —> H}1(G',TmA) 


| | | 


0 — @ A'(Gy.TmA) — @ H'\(G.TmA) — @ H!(G!,TmA) 


ves ves ves 


in which G and Gy are the images of G and Gy in Aut(TmA) and G’ and Gi, 
are the kernels of G —> G and Gy —> Gy. The two right hand groups consist of 
continuous homomorphisms, and so the Chebotarev density theorem shows that 
the right hand vertical map is injective. It follows that the subgroup Is (K, Tm A) 
of H!(Gg, Tm A) is contained in H!(G, TA), and is therefore torsion. Since 
Tm H! (Gs, A) is torsion free, the sequence 


0 > A(K)* > H! (Gs, TmA) > TmH' (Gs, A) 


now shows that any element c of TS (K , Tm A) is in A(K)*. But for any nonar- 
chimedean prime v, the map A(K)* — A(Ky)” is injective on torsion points, 
and soc = 0. 














COROLLARY 6.23 Assume S omits only finitely many primes. 
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(a) There is an injection 
Tml! (K, A) > Types H? (Ko, A) /A(K)*. 
(b) There is a sequence of injective maps 
A(K)* > lim Ss(K, A)m > Toes H’ (Kv, A)^. 


In particular, W9 (K, A) = 0. The kernel of A(K) —> A(K)^ is the 
subgroup of elements with finite order prime to m. 


PROOF. Consider the diagram 


0 —> A(K)^ > H'!(Gs,TmA) 5 TaH'(Gs,A >00 


| i |: 
d 
0 >J [hes H? (Ko, A^ >] yes H! (Kv, TmA) > IlvesTnmH! (Kv, A) —>0. 


The vertical arrow marked c is injective, and that marked b has kernel Tm UI (K, A). 
Therefore part (a) follows from the snake lemma. The first map in part (b) is the 
inclusion Ker(a) —> Ker(b o a). The second is the injection Ker(d o c) @ 
Ker(d). 














COROLLARY 6.24 Let S be as in the proposition. The map 


H*(Gs, A) > @ H?(Ky, A) 


v real 
is an isomorphism; in particular, I (K, A) = 0. 
PROOF. We have a commutative diagram 


0 > H!(Gs, A) @ Qm/Zm —> H?(Gs,A(m)) —> H?(Gg,A)(m) +0 
| | | 


u 4 i 


0 > @H!(Ky, A) 9 Qn/Zm > ®H? (Kv, A(m)) > @H?(Ky, A)(m) —>0. 


Because H!(Ky, A) is torsion, its tensor product with Qm /Zm is zero. Therefore 
a nonzero element of Ils (K, A)(m) would give rise to a nonzero element of 
14 (K , A(m)), but this group is dual to TS (K ,TmA*), which the proposition 
shows to be zero. Therefore the map is injective, and it was shown to be surjective 
in (6.13c). 














92 CHAPTER I. GALOIS COHOMOLOGY 


REMARK 6.25 Note that (6.23b) solves the congruence subgroup problem for 
subgroups of A(K) of index prime to the characteristic of K: any such subgroup 
contains a subgroup defined by congruence conditions. (In fact, that was Serre’s 
purpose in proving (6.19).) 


On combining the above results with Theorem 6.13, we obtain the following 
theorem. 


THEOREM 6.26 Assume that S omits only finitely many primes of K. 
(a) The left and right kernels of the canonical pairing 


HI(K, A)(m) x HI(K, A’)(m) > Q/Z 


are the divisible subgroups of HI (K, A)(m) and I (K, A‘)(m). 
(b) The Tate-Shafarevich group II (K, A)(m) is finite if and only ifIm(B°) = 
Ker(y®), in which case there is an exact sequence 


0 III(K, A)(m) > H! (Gs, A)(m) > H'(Ky, A)(m) > A (K)^* 5 0. 


ves 


(c) The groups II, (K, A,m) are zero for r # 1, and forr > 2, p” is an 
isomorphism 
H" (Gs, A) —> QP H" (Ky, Ay(m). 


v real 


REMARK 6.27 The Tate-Shafarevich group is not known! to be finite for a sin- 
gle abelian variety over a number field. However, there are numerous exam- 
ples where it has been shown that some component I(K, A) (m) is finite. The 
first examples of abelian varieties over global fields known to have finite Tate- 
Shafarevich groups are to be found in Milne 1967 and Milne 1968. There it 
is shown that, for constant abelian varieties over a function field K, the Tate- 
Shafarevich group is finite!? and has the order predicted by the conjecture of 
Birch and Swinnerton-Dyer (see the next section for a statement of the conjec- 
ture; an abelian variety over a function field K is constant if it is obtained by base 
change from an abelian variety over the field of constants of K). See also Milne 


18Only a few months after the book was sent to the publisher, Rubin proved that the Tate- 
Shafarevich groups of some elliptic curves over Q with complex multiplication are finite, and not 
long after that Kolyvagin proved similar results for some modular elliptic curves. 

'9 Of course, this implies the finiteness of the Tate-Shafarevich group of an abelian variety that 
becomes constant over a finite extension of the ground field. 
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1975, where (among other things) it is shown that the same conjecture is true for 
the elliptic curve 
Y? = X(X —1)(X =P) 


over k(T), k finite. 


NOTES Theorem 6.13 was proved by Cassels in the case of elliptic curves (Cassels 1962, 
1964) and by Tate in the general case (announcement Tate 1962). So far as I know, no 
complete proof of it has been published before.” The survey article Bashmakov 1972 
contains proofs of parts of it, and Wake 1986 shows how to deduce (6.22), (6.23), and 
(6.24) from (6.19); both works have been helpful in the writing of this section in the 
absence of Tate’s original proofs. 7! *? 


7 An application to the conjecture of Birch and 
Swinnerton-Dyer 


The results of the preceding two sections will be applied to show that the con- 
jecture of Birch and Swinnerton-Dyer, as generalized to abelian varieties by Tate, 
is compatible with isogenies (except possibly for isogenies whose degree is di- 
visible by the characteristic of K). We begin by reviewing the statement of the 
conjecture in Tate 1965/66, §1. Throughout, A and B will be abelian varieties of 
dimension d over a global field K, and G = Gal(K*/K). 


L-series. 


Let v be a nonarchimedean prime of K, and let k(v) be the corresponding residue 
field. If A has good reduction at v, then it gives rise to an abelian variety A(v) 
over k(v). The characteristic polynomial of the Frobenius endomorphism of A(v) 
is a polynomial P,(7T) of degree 2d with coefficients in Z such that, when we 
factor it as P(T) = [];(1 — aiT), then | [; (1 — a7”) is the number of points on 
A(v) with coordinates in the finite field of degree m over k(v) (see, for example, 
Milne 1986b, §19). It can be described also in terms of VA =g¢ Qe ® Ty A. 
Let Dy D I, be the decomposition and inertia groups at v, and let Fr, be the 
Frobenius element of D,/J,. Then (6.1) shows that 7, acts trivially on T; A, and 


20Tn fact, before the publication of the original version of this book, no proof of Theorem 6.13 
was available. 

David Harari and Tamás Szamuely have shown that the global duality theorems for 
tori and abelian varieties can be combined to give a duality theorem for one-motives 
(arXiv:math.NT/0304480, April 30,2003). 

22This section should be rewritten in terms of generalized Selmer groups. 
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it is known (ibid.) that 
P(A, T) = det(1 — (Fr)T |V} A), £ # char(k). 


For any finite set S of primes of K including the archimedean primes and 
those where A has bad reduction, we define the L-series L s (s, A) by the formula 


Ls(s, A) = [Jugs Po (4, Nv) * 


where Nv = [k(v)]. Because the inverse roots a; of Py(T) have absolute value 
q\/2, the product is dominated by ¢g (s — 1/2)?4, and it therefore converges for 
R(s) > 3/2. Itis widely conjectured that L.s(s, A) can be analytically continued 
to a meromorphic function on the whole complex plane. This is known in the 
function field case, but in the number field case it has been verified only for mod- 
ular elliptic curves,” abelian varieties with potential complex multiplication, and 
some other abelian varieties. 

Let w be a nonzero global differential d-form on A. As F(A, 24) has di- 
mension 1, œ is uniquely determined up to multiplication by an element of K*. 
For each nonarchimedean prime v of K, let uy be the Haar measure on K, for 
which O, has measure 1, and for each archimedean prime, take 4y to be the usual 
Lebesgue measure on Ky. With these choices, we have u(cU) = |c|vuty(U ) for 
any c € K* and compact U C Ky. Just as a differential on a manifold and a 
measure on R define a measure on the manifold, so do w and uy define a measure 
on A(K,), and we set 


DUTE J ohn? 
A(Ky) 


(see Weil 1961). Let jz be the measure | [uy on the adéle ring Ax of K, and set 
|u| =f Ac /K H For any finite set S of primes of K including all archimedean 
primes and those nonarchimedean primes for which A has bad reduction or such 
that w does not reduce to a nonzero differential d-form on A(v), we define 


Jul? 
ToesHv(A,@) 


This function is independent of the choice of w; if w’ = cw is a second differ- 
ential d-form on A having good reduction outside S, then c must be a unit at all 
primes outside S, and so the product formula shows that 


Toestv(4, 0’) = TTyesHv(A, w). 


23Hence all elliptic curves defined over Q! 


L’y(s, A) = Ls(s, A) 
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The function L% (s, A) depends on the choice of S, but its asymptotic behaviour 
as s approaches 1 does not, because if v is a prime at which A and w have good 
reduction at v, then it is known that uy (A, œ) = [A(k(v))]/(Nv)? (ibid., 2.2.5), 
and it is easy to see that this equals Py(A, Nv). 


Heights 
The logarithmic height of a point x = (x9: ... : Xm) in P” (K) is defined by 


h(x) = log (n max txh?) 
all y VS! SM 


The product formula shows that this is independent of the representation of x. 
Let D be a very ample divisor on A. After replacing D with D + (—1)* D, we 
may assume that D is linearly equivalent to (—1)* D. Let f: A — P” be the 
embedding defined by D, and for a € A(K), let Yp (a) be the point in A* (K) 
represented by the divisor (D +a)— D. Then there is a unique bi-additive pairing 


(, ): A (K) x A(K) >R 


such that (yp(a),a) + 2h(f(a)) is bounded on A(K). The discriminant of the 
pairing is known to be nonzero. The pairing is functorial in the sense that if 
f:A— B isan isogeny, then the diagram 





AN(K) x A(K) > 


ea Lf | 
B'(K) x B(K) > 











commutes. (See Lang 1983, Chapter V.) 


Statement. 


In order to state the conjecture of Birch and Swinnerton-Dyer we need to assume 
that the following two conjectures hold for A: 
(a) the function Ls(s, A) has an analytic continuation to a neighbourhood of 
1; 
(b) the Tate-Shafarevich group IN (K, A) of A is finite. 
The conjecture then asserts: 


L5(s,A) [M,A]: |det(a;,a;)| 


ii (6-1) (4K): £ Za!) - (A(K): $ Zai) ae 
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where r is the common rank of A(K) and A‘(K), and (a\)i<i<r and (4j)1<i<r 
are families of elements of A’(K) and A(K) that are linearly independent over 
Z. 


LEMMA 7.1 Let A and B be isogenous abelian varieties over a global field K, 
and let S be a finite set of primes including all archimedean primes and all primes 
at which A or B has bad reduction. 

(a) The functions Ls(s, A) and Ls(s, B) are equal. In particular, if one func- 
tion can be continued to a neighbourhood of s = 1, then so also can the 
other. 

(b) Assume that the isogeny has degree prime to the char( K). If one of II (A) 
of III (B) is finite, then so also is the other. 


PROOF. (a) An isogeny A — B defines an isomorphism Vg A Š VB, and so 
the polynomials P(T) are the same for A and for B. 

(b) Let f: A > B be the isogeny, and let A ¢ be the kernel of f. Enlarge S 
so that deg( f ) is a unit in Rg,s. Then (6.1) gives us an exact sequence 


se TG AD Si Ged) SIGs. Bye 


According to (4.15), H! (Gs, A f ) is finite, and so the kernels of f: H'(Gs, A) > 
H !(Gs, B) and a fortiori I (f): I1(K, A) > II(K, B) are finite. Therefore 
if IN(K, B) is finite, so also is HI(K, A), and the reverse implication follows 
by the same argument from the fact there exists an isogeny g: B — A such that 


go f =deg(f). 


Before stating the main theorem of this section, it is convenient to make an- 
other definition. If f: X — Y is ahomomorphism of abelian groups with finite 
kernel and cokernel, we define 














[Ker(f)] 
[Coker(f)] | 


LEMMA 7.2 (a) If X and Y are finite, then z( f) = [X]/[Y]. 


z(f)= 


(b) Consider maps of abelian groups X af y Z; if any two of z(f), z(g), 
and z(g o f) are defined, then so also is the third, and z(g o f) = z(g)z(f). 
(c) If X° = (0 > X? s.--. > X” — 0) is a complex of finite groups, then 


Se es 


(d) If f°: X° — Y° is a map of exact sequences of finite length, and z( f”) 
is defined for all r, then z(f")~)" = 1. 
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PROOF. Part (b) is obvious from the kernel-cokernel sequence of the two maps. 
Part (d) is obvious from the snake lemma when X° and Y° are short exact se- 
quences, and the general case follows. The remaining statements are even eas- 
ier. 














THEOREM 7.3 Assume that the abelian varieties A and B are isogenous by an 
isogeny of degree prime to the char( K). If the conjecture of Birch and Swinnerton- 
Dyer is true for one of A or B, then it is true for both. 


PROOF. We assume that the conjecture is true for B and prove that it is then true 
for A. Let f: A > B bean isogeny of degree prime to the characteristic of K, and 
let f°: Bt —> A! be the dual isogeny. Choose an element wg € I(B, 241K)» and 
let w4 be its inverse image f*wg on A. Fix a finite set S of primes of K including 
all archimedean primes, all primes at which A or B has bad reduction, all primes 
whose residue characteristic divides the degree of f, and all primes at which 
wp or w4 does not reduce to a nonzero global differential form. Finally choose 
linearly independent families of elements (a;)1<j<,; of A(K) and (b) )1<i<r of 
B'(K), where r is the common rank of the groups of K-rational points on the 
four abelian varieties, and let b; = f(a;) and a; = f*(b;). Then (a‘)1<j<r 
and (b;)1<j<, are linearly independent families of elements of A‘(K) and B(K). 
The proof will proceed by comparing the corresponding terms in the conjectured 
formulas for A and for B. 
The functoriality of the height pairings shows that 


(F O), ai) = (bi, fa), 
and this can be rewritten as 


(a'ai) = (bi, bi). 


J’ 
Therefore, 
det(a’;, ai) = det (bj, bi). 
The diagram 
0 — } Za; ——> A(K) —— A(K)/} Za; —— 0 


jp fw |] 


0 —> EZbh; —> BER). BOOS is —> 0 


and its analogue for f*, we see that 


(A(K) : E Zai) (B'(K) : )°Zb') 


z(f‘(K)) = (4K) : X Za’) 


z(f(K)) = 





(B(K) : X Zb;)’ 


98 CHAPTER I. GALOIS COHOMOLOGY 


We have seen in (7.1) and (6.14c) that the finiteness of I(B) implies that of 
UI(A), H(A‘), and IN (B*), and so (6.13a) shows that the two pairings in the 
following diagram are nondegenerate, 


(A) x (4) > Q/Z 
Lf Tr | 
I(B) x I(B) > Q/Z 


Therefore, [Coker II(f)] = [Ker HI(f*)], and so we have equalities 


[Ker II(f)] 
[Ker UHI 





A = aA) = 


Finally, consider the map f(K,): A(Ky) —> B(Ky). By definition a4 = 
f*owp, and so fy(U,@4) = uy(f U, wp) for any subset U of A(K,) that is 
mapped injectively into B( Ky). Therefore, 


My(A(Ky), wa) = [Ker f(Kv)] + Uo (f(A(Kv)), œB). 


Since 
My (f(A(Ky)), œB) = [Coker(f(Ky))]} - tv(B(Kv)), œB), 
we see that 
z(f(Ky)) = [Ly (A, WA)/ [Ly (B, WB), 
and so 


L*(s,A) _ [|] v(B, op) A = 
L*(s, B) B J[uv(4, wa) MOE l 


On combining all the boxed formulas, we find that to prove the theorem it suffices 
to show that 


II z(f(%)) = [Ker IU( f^] z(f(K)) 


1l aul 3. 
ces [Ker I] 2(f7(K)) se 
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Consider the commutative diagram 


0 — H?(Gs,M) — @ H°(K,,M) 


ves 


4 


H? (Gs, M?)* 


4 


0 — Coker(f(K)) — H!(Gs,M) —> H! (Gs, A)f — 0 


Je o |e” 
me 


0 — @ Coker(f(Ky)) > @ H'(Ky,M) — Q A'(Ky, 4) ¢ — 0 


ves ves ves 


lv y Jv 


C Gub = H! (Gs, MP)* — (Coker (f'(K))* — 0 





in which the rows are extracted from the cohomology sequences of 


EE EE OES ES 
0—> M > A(K3) A B(K}) > 0 

t 
oM? -s Bt(Ks) & A'(Ks) > 0 


respectively, and middle column is part of the exact sequence in Theorem 4.10. 
The rows are exact. The duality between B(K,y) and H'(Ky, B‘) induces a du- 
ality between B(Ky)/fA(Ky) and H!(Ky, B*) ft, and the map y” is the dual of 
the composite 


H'(Gs, B’) ft > Pres H' (Kv, BY) ft > Byes (B(Kv)/fA(Kv))* . 
The map y” is the dual of the composite 
A'(K)/f'B'(K) > Rues 4 (Kv)/f' BY (Kv) > Byes (H (Ky. A) f)*. 


The two outside columns need not be exact, but it is clear from the diagram that 
they are complexes. 
The serpent lemma and a small diagram chase give us an exact sequence 


0 — Ker(g’) > Ker(g) > Ker(g”) > Ker(w’)/ Im(g’) > 0. 
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As Ker(g”) = Ker(III(/)), we obtain the formula 


Keg) Krm] _ 
[Ker g] [Ker y"/ Im ọ'] 





From the first column, we get (using (7.2c) and that Coker (y^) = (Ker III(f‘))*) 


[Coker (f(K))] 1 n 7 _ __[Kerg’] t 
Mees (Coker gK OS FO) ery Time] A T O 
From the third row, we get 
1 t 
l= LH Gs. BF) her (f1(K))]. 


- [H1(Gs,M?)| 
From the middle column we get (using that H°(Gs, M) = Ker f(K),...) 
_ _ [Ker f(K)] [H°(Ky, M)] [H7(Gs,M”)] 
[][Ker f(Ky)] [H7(Kv,M)] [Keg] ~ 


v arch 


Finally, we have the obvious equality 
[Ker f‘(K)] = [H°(Gs,M?)]. 
On multiplying these five equalities together, we find that 


[Ker UFO] z(f(K)) 
[Ker UM(A] 2(f"(K)) 


[H°(Ky, M)] 


| [ 2%) = HIE M 


ves 


-x(Gs,M”)- |] 


v arch 


Theorem 5.1 (in the form (5.2a)) shows that the product of the last two terms on 
the right of the equation is 1, and so this completes the proof of the theorem. 














REMARK 7.4 Since in the number field case the conjecture of Birch and Swinnerton- 
Dyer is not known? for a single abelian variety, it is worth pointing out that the 
above arguments apply to the m-primary components of the groups involved: if 
UI (K, A)(m) is finite and has the order predicted by the conjecture, then the same 

is true of any abelian variety isogenous to A. 


REMARK 7.5 We mention two results of a similar (but simpler) nature to (7.3). 
Let A be an abelian variety over a finite separable extension F of the global 
field K. Then A gives rise to an abelian variety A» over K by restriction of 


24 As (foot)noted earlier, this is no longer the case. 
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scalars. The conjecture of Birch and Swinnerton-Dyer holds for A over F if and 
only if it holds for A, over K (see Milne 1972, Thm 1). 

Let A be an abelian variety over a number field K, and assume that it acquires 
complex multiplication over F, and that F is the smallest extension of K for 
which this is true. Under certain hypotheses on A, it is known that the conjecture 
of Birch and Swinnerton-Dyer holds for A over K if and only if it holds for AF 
over F (ibid. Corollary to Thm 3). 


NOTES For elliptic curves, Theorem 7.3 was proved by Cassels (1965). The general case 
was proved by Tate (announcement Tate 1965/66, Theorem 2.1). The above proof was 
explained to me by Tate in 1967. 


8 Abelian class field theory, in the sense of Langlands 


Abelian class field theory for a global field K defines a reciprocity map 
recg:Cg —> Gal(K*/K)*» that classifies the finite abelian extensions of K. 
Dually, one can regard it as associating a character y o recx of Cx with each 
(abelian) character y of Gal(K*/K) of finite order; the correspondence is such 
that the L-series of y and y o recx are equal. It is this second interpretation 
that generalizes to the nonabelian situation. For any reductive group G over a 
local or global field K, Langlands has conjectured that it is possible to associate 
an automorphic representation of G with each “admissible” homomorphism of 
the Weil group Wx of K (Weil-Deligne group in the case of a local field) into 
a certain complex group “G; the L-series of the automorphic representation is 
to equal that of the Weil-group representation. In the case that G = Gm, the 
correspondence is simply that noted above. For a general reductive group, the 
conjecture is difficult even to state since it requires a knowledge of representation 
theory over adéle groups (see Borel 1979). For a torus however the statement of 
the conjecture is simple, and we shall prove it in this case. First we prove a dual- 
ity theorem (8.6), and then we explain the relation of the theorem to Langlands’s 
conjectural class field theory. In contrast to the rest of these notes, in this section 
we shall consider cohomology groups H’(G, M) in which G is not a profinite 
group. The symbol H” (G, M) will denote the group constructed without regard 
for topologies, and H% (G, M) will denote the group defined using continuous 
cochains. As usual, when G is finite, AY(G, M),r € Z, denotes the Tate group. 
For a topological group M, 

M* = Homes (M, Q/Z) = group of characters of M of finite order; 

M” = Homes(M,R/Z) = group of characters of M (the Pontryagin dual 
of M); 
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M’ = Homes(M, C/Z) = Homets(M, C>) = group of generalized charac- 
ters of M; 

Mt = Hom(M,C%) = group of generalized (not necessarily continuous) 
characters of M. When M is discrete, M’ = M t 

As usual, when K is a global field, we write Cx for the idéle class group of 
K. In order to be able to give uniform statements, we sometimes write Cx for 
K* when K is a local field. 


Weil groups 


First we need to define the Weil group of a local or global field K. This is a 
triple (Wx, 9, (rF )) comprising a topological group Wx, a continuous homo- 
morphism yg: Wx — Gal(K*/K) with dense image, and a family of isomor- 
phisms rr: Cr i W2>, one for each finite extension F C KS of K, where 
Wr = g`! (Gpr). (Here, as always, Wp? is the quotient of Wx by the closure 
W% of its commutator subgroup.) 

For any finite extension F of K, define Wr/K = Wx / Wr then, if F is 
Galois over K, there is an exact sequence 


0 —> Cr > Wr/k > Grig > 0 


whose class in H? (G p /K» Cr ) is the canonical class (that is, the element denoted 
by UGp;xg in the second paragraph of §1). The topology on Wp/x is such that 
Cr receives its usual topology and is an open subgroup of Wp/x. The full Weil 
group Wx is equal to the inverse limit lim Wr /K (as a topological group). 


EXAMPLE 8.1 (a) Let K be a nonarchimedean local field. The Weil group Wx is 
the dense subgroup of Gx consisting of elements that act as an integral multiple of 
the Frobenius automorphism on the residue field. It therefore contains the inertia 
subgroup Ix of Gx, and the quotient Wx /Ix is Z. The topology on Wx is that 
for which Zg receives the profinite topology and is an open subgroup of Wx. The 
map ¢ is the inclusion map, and rf is the unique isomorphism F * —> wp? such 
that rr followed by ¢ is the reciprocity map. 

(b) Let K be an archimedean local field. If K = C, then Wx is C%, ¢ is 
the trivial map C* — Gal(C/C), and rx is the identity map. If K is real, then 
Wg = K** u jK** (disjoint union) with the rules j? = —1 and jzj~! = Z 
(complex conjugate). The map g sends K*™ to 1 and j to the nontrivial element 
of Gx. The map rgs is the identity map, and rx is characterized by 


rK(-1) = jWr 


rK(x) = x2We forx € K,x >0. 
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(c) Let K be a function field in one variable over a finite field. The Weil 
group Wx is the dense subgroup of Gal(K*/K) of elements that act as an in- 
tegral multiple of the Frobenius automorphism on the algebraic closure of the 
field of constants. It therefore contains the geometric Galois group Ggks = 
Gal(K*/Kk*) C Gx, and the quotient of W by Gxxzs is Z. The topology on 
Wx is that for which G ggs receives the profinite topology and is an open sub- 
group of Wx. The map ¢ is the inclusion map, and r p is the unique isomorphism 
CF > wè? such that rp followed by ø is the reciprocity map. 

(d) Let K be an algebraic number field. Only in this case, which of course 
is the most important, is there no explicit description of the Weil group. It is 
constructed as the inverse limit of the extensions corresponding to the canonical 
classes UG p, g (see Artin and Tate 1961, XV, where the Weil group is constructed 
for any class formation, or Tate 1979). 


Let K be a global field. For each prime v of K, it is possible to construct a 


commutative diagram 


@ 
sily GK, 


Wk, 


l | 


Wk eG K, 
(see Tate 1979, 1.6.1). We shall assume in the following that one such diagram 
has been selected for each v. 


Some cohomology 


We regard the cohomology and homology groups as being constructed using 
the standard complexes. For example, H” (G, M) = H"(C°(G,M)) where 
C°(G, M) consists of maps [81,..., 8r] > @(g1,...,gr):G" — M. When 
G is finite, the groups H7! (G, M) and H? (G, M) are determined by the exact 
sequence 


N, 
0 —> H7! (G, M) > Mg —$ M& = H(G, M) = 0. 


LEMMA 8.2 Let G be a finite group, and let Q be an abelian group regarded as 
a G-module with trivial action. If Q is divisible, then for all G-modules M, the 
cup-product pairing 


Hi '(G,Hom(M, Q)) x H7” (G, M) > H7'(G,Q)c Q 
induces an isomorphism 


H7 ' (G, Hom(M, Q)) > Hom(H7"(G, M), Q) 
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for allr. 


PROOF. This is proved in Cartan and Eilenberg 1956, XII 6.4. 














Let (G, C) be a class formation, and let G be the quotient of G by an open 
normal subgroup H. The pairing 


(fc) f(c 8 -—): (CË @ M) xC” > mt 
and the canonical class u € H? (G, C”) define maps 
ateauu:Ht(G,(C# @ M)') > AT*?(G, MÝ). 


LEMMA 8.3 For all finitely generated torsion-free G-modules M and all r, the 
map 
-u u: H} (G, (C7 @ M)') > H7+? (G, MY) 


is an isomorphism. 
PROOF. The diagram 
H}(G,(C¥ @M)') x He’ 1(G,C# @M)) > H7'(G,C*™) c C 


Jv tus | 
H7}? (G, MÝ) x H7"? (G, M) z% H7'(G,C*) E CX 


commutes because of the associativity of cup products: 
(avu)ub=au(uub), ae H}(G,(C¥ @M)'), be Hp” 3(G,M). 


The two pairings are nondegenerate by (8.2), and the second vertical map is an 
isomorphism by virtue of the Tate-Nakayama theorem (0.2). It follows that the 
first vertical map is an isomorphism. 














Note that 


(c# @M)t Ë Hom(C¥ @ M,C) 
= Hom(C”, Hom(M, C*)) 
= Hom(C Ë, M"). 


Therefore, the isomorphism in the above lemma can also be written 


-u u: HE(G,Hom(C#, M) Š H+? (G, M*). 
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Let 
(309 [WV se 


be an exact sequence of groups corresponding to the canonical class u in 
H?(G,C#). For any W-module M, the Hochschild-Serre spectral sequence 
gives an exact sequence 


o> H'(G,M°) Ss H1W, M) È H'(C#, M) + H? (G, MC). 


The map t (the transgression) has the following explicit description: let a € 
H'(C#, M)®, and choose a 1-cocycle a representing it; extend a to a 1-cochain 
B on W; then d£ is a 2-cocycle on G, and the class it represents is t(a). 


LEMMA 8.4 IfC¥ acts trivially on M, then the transgression 
t: H°(G,Hom(C”, M)) > H?(G, M) 
is the negative of the map — u u induced by the pairing 
Hom(C#,M)x cC# > M. 


PROOF. Write W = JC H Wg (disjoint union of right cosets), and let 
WgWg = y(g,g')Weg. Then (y(g,g’)) is a 2-cocycle representing u. Let 
ae Homg(C¥, M), and define B by B(cwg) = a (c), c € Cy. Then 


dB(g.g') Ë dp(wg, we’) 
= gB(wg’) = B(Wg Wg") + B(wg) 
= 0-a(y(g,g')) +0 
= —a(y(g,g’)), 














which equals —(a@ U y)(g, g’). Therefore t(a) = —& U u. 


The duality theorem 


Let K be a local or global field (we could in fact work abstractly with any class 
formation), and let F be a finite Galois extension of K. Let M be a finitely 
generated torsion-free G p/g-module. Then 


M’ Ë Homes(M,C*) = Hom(M, C*) = Mt 


are again Gr/x-modules. We shall use the notation M’ when we wish to em- 
phasize that M’ has a topology. We frequently regard these groups as Wr/x- 
modules. 
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Write Wr/K = |_| wgCpr (disjoint union of left cosets). For any homomor- 
phism a: Cr — M, the map Cor(a@): Wr; K > MÌ such that 


(Cor(a@))(w) = ®© WeA(Wz WWe’), WWeg! = Wg mod Cr, 
gEG 


is a cocycle, and so we have a map 
Cor: H'(Cr,M*) > H'(Wp;g, MÝ), 


called the corestriction map. It is independent of the choice of coset representa- 
tives (see Serre 1962, VII 7, or Weiss 1969, p81). It is clearly continuous, and so 
maps continuous homomorphisms to continuous cocycles. 


LEMMA 8.5 The corestriction map Cor: H! (Cp, MÝ) > H!(Weix, MÏ) fac- 
tors through H! (Cp, Mt)g, G = GFJK- 


PROOF. Let a € Hom(Cr, MÏ) and h € G. Then (hæ) (w) = wpa(w, wwp) 
(this is the definition), and so 


Cor(ha)(w) = } p Wg wpa(w;, | We 


WWeg/Wp) 


where g’ is such that wwg = Wg mod Cf. The family (wg Wp) eq is also a set 
of coset representatives for Cr in Wr/xK, and w(wg'wp) = (WgWp) mod Cr. 
Therefore the class of Cor(ha) is the same as that of Cor(@), and so Cor((h — 
Do) = 0 in H! (Wp;g, MŻ). 














THEOREM 8.6 For any finitely generated torsion-free G p; g -module M , the core- 
striction map defines an isomorphism 


Homets (Cr, M)Gr;x —> Hi (Wr/x, M’). 


PROOF. Throughout the proof, we write G for Gr/x. We shall first prove that 
the corestriction map defines an isomorphism 


Hom(Cr, MÝ)g > H'(Wr x, MÝ) 


and then show (in Lemma 8.9) that it makes continuous homomorphisms corre- 
spond to continuous cocycles. 
Consider the diagram (8.6.1) 


-1 t pe he 0 t 
0— H7! (G, Hom(CF, M*)) >Hom(Cr, MÌ)e —+ Hom(Cr, MÝ)? > HL(G, Hom(CF, M‘*)) 


|- |o- | |- 


0> H! (G, MÝ) —> H! (Wr;g, M) > H!(Cr,MÙE > H? (G, MÝ). 
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The top row is the sequence defining the Tate cohomology groups of Hom(Cr, MÏ). 
The bottom row can be deduced from the Hochschild-Serre spectral sequence or 
else can be constructed in an elementary fashion. The two isomorphisms are those 
in Lemma 8.3. The third square (anti-) commutes because of (8.4). We shall prove 
in the next two lemmas that the first two squares in the diagram commute. The 
five-lemma will then show that Cor: Hom(Cr,M*)g > H! (WFJKg, M*) is an 
isomorphism. Finally Lemma 8.9 will complete the proof. 














LEMMA 8.7 The first square in (8.6.1) commutes. 


PROOF. We first show that Cor maps an element of H;'(G,Hom(Cr, M*)) 
into the subgroup H!(G, MÝ) of H! (We x, MÏ). Let œ be a homomorphism 
CF > MÏ, and let c € Cr and w € W. Then 


(Cor(@))(cw) = >D WeA(Wz CWgW, Wwe’) 
g 


= S (wga)(c) + (Cor a)(w) 
E 


= (Næ) (c) + (Cor æ)(w). 


Therefore, if Na = 0 (that is, a € H7! (G, Hom(CF, MÏŤ))), then (Cor œ) (w) 
depends only on the class of w in G, and so Cor(«œ) arises by inflation from an 
element of H!(G, MÌ). 

It remains to show that the restriction of Cor to Hy 1(G, Hom(Cr, MÏÝ)) is 
— u u. Note that 


(Cor(a))(h) = X ` g(a(wy!waw;-ig)) 
E 
= X (ga) (whWwp-1g wz") 
& 
= X (go)(u(h, h! g)). 
& 


To obtain the middle equality, we have used that 


-1 -1 
Wg WhWp-lg =C => WhWh-ig = Wel = (C)Wg => WhWh-igWg = BC 


and that g(a(c)) = (ga)(gc). 
It is difficult to give explicit descriptions of cup-products when both negative 
and positive indices are involved. We shall use the exact sequence 


0—> Ig > Z|G] ~-Z->0 
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to shift the problem. This sequence remains exact when tensored with MÌ and 
Hom(Cr, MÏ), and the boundary maps in the resulting cohomology sequences 
give the horizontal maps in the following diagram: 


d7! 
H7! (G, Hom(Cr, M*t)) —> H2(G,Hom(Cr, Mt) ® Ig) 


[-w [-wue1 
d! 
H!(G, MŻ) aS H?(G, MÏ @ Ig). 


Both boundary maps are isomorphisms, and — vu u is the unique map making 
the diagram commute. If we can show that the diagram still commutes when this 
map is replaced with Cor, we will have proved the lemma. This we do by an ugly 
cocycle calculation. 

Note first that d7! and d! have the following descriptions: 


d~! (œ) = N(« 8 1) 
= N(a Q8 1)— (Na) @ 1 
= X ga Q (g — 1) a € Hom(Cr, MÝ), No 
& 
=0 
d'(B)(g1. 82) = g1B(g2) 8 (81-1), BEZ(G.M"), g1,g82€G. 
If a € Hom(Cr, MÏ) has Na = 0, then 


(d! o Cor a)(g1,82) = D> g1-(ga)(u(g2. 83 'g)) 8 (81 — 1) 
geG 


and 


(dau u 8 1))(g1, 82) = X (ga) (u(gi, g2)) ® (8 — 1). 
g 


An element of MÝ @ I G can be written uniquely in the form )° g Mg ® (g—1). 
Therefore a general element of C ! (G, MÏ @ Ig) is of the form X Fe @(g—1) 


with Fg a map G > MÏ, and acoboundary in B?(G, Mt @ Ig) can be written 
d()* Fe 8 (8 — 1))(81.82) = X (81 Fy-1g (82)- 
g g 


Fg (8182) + Fg (81)) 8 (8 — 1) — J g1 -Fg (82) 8 (81 — 1). 
& 
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In obtaining the second expression, we have used that 


£100 Fg (g2) 8 (g — 1)) = Digi - Fe(g2) ® (g18 — 81) 
= } gi- Fe(g2) ® (g1g — 1) — igi: Fe(g2) Q (g1 — 1) 
=} g F,-1, (82) @ (g — 1) — 281+ Fe(e2) e- 1). 


Put 
Fg (82) = (ga)(u(g2, 83 ' 8); 


then 


(dX Fe Q (g — 1) — (d'a) U (u @ 1) + (d! o Cor(a)) (81, g2) = 
Y (ea) (giulg2, 83'872) u(gig2.85 gi g} -ulgi gi g) U(g1.82) |) Q(g- 1). 


When we put h = g3 1 gr! g, this becomes 
X (ga)(g1u(82, h) - u(8182, h) - u(gi, 82h) -u(gi.g2)') 8 (8 — 1), 
and each term in the sum is zero because u is a 2-cocycle. Therefore 


dY (F; Q (g — 1)) = (d7!a) U (u @ 1) — (d' o Cor(a)), 





which completes the proof of the lemma. 











LEMMA 8.8 The composite 
C R 
H' (CF, MÝ) > H'(Wrjx,M') > H' (CF, M’) 
is equal to the norm Ng. Hence the second square in (8.6.1) commutes. 


PROOF. Fora € Z!(Cr, M*) and w € WF/K, 


Cor(a@)(w) = y wga(wz wwg). 
g 














When w € Cr, this becomes Cor(a)(w) = X peg galg wg) = (Nga) (w). 


LEMMA 8.9 Leta € Hom(Cr, M”); thena € Homes(Cr, M’) if and only if 
Cor(a@) E Zl. (Wr/g. M’). 
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PROOF. Clearly a € Z!(Wpr /K» M’) is continuous if and only if its restriction 
to CF is continuous. Therefore (8.8) shows that it suffices to prove that a homo- 
morphism f:Cr — M’ is continuous if and only if Ng f is continuous. Since 
NG is continuous, there is a commutative diagram 


N 
Homes(Cr, M) — Homes(Cr,M’')% > HP(G,Homes(Cr,M’)) > 0 
N 
Hom(Cr,M’') —> Hom(Cr,M')° —> H%(G,Hom(Cr,M’)) = 0, 
from which it follows that it suffices to show that 


HL (G, Homes(Cr, M')) > HP (G,Hom(Cr, M”) 





is injective. In fact, following Labesse 1984, we shall prove much more. 











LEMMA 8.10 For allr, the map 
H} (G, Homets(Cr, M’)) > H7(G, Hom(Cr, M’) 
is an isomorphism. 


PROOF. We consider the cases separately. 
(a) K LOCAL ARCHIMEDEAN. The only nontrivial case has K = R and 
F = C. Here Cx = C%, and we shall use the exponential sequence 


0> Z —> C> C* 50. 
From it we get exact sequences 
0 > Hom(C*, M^ — Hom(C, M^) > Hom(Z, M’) > 0 
(because M’ is divisible) and 
0 > Homets(C*, M^) > Homas (C, M^) > Homets(Z, M^) > 0 


(because M’ is a connected commutative Lie group). The groups Hom(C, M’) 
and Homets(C, M’) are uniquely divisible, and so are cohomologically trivial. 
Therefore, we can replace Cp in the statement of the lemma with Z, but then it 
becomes obvious because Z is discrete. 

(b) K LOCAL NONARCHIMEDEAN. Here Cr = F*. From Serre 1967a, 1.4, 
we know that F* contains a cohomologically trivial open subgroup V; moreover 
V contains a fundamental system (V;,) of neighbourhoods of zero with each V, an 
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open subgroup, such that V/V, is cohomologically trivial. (For example, when 
F is unramified over K, it is possible to take V = OF.) Now, because M’ is 
divisible, Serre 1962, IX 6, Thm 9, shows that Hom(V, M’) and Hom(V/V,, M”) 
are also cohomologically trivial. As HoMmets(V, M) = lim Hom(V/ Vn, M”), we 
see that it also is cohomologically trivial. A similar argument to the above, using 
the sequence 

0—> V > F* > FX/V>0 


shows that it suffices to prove the lemma with Cr replaced with F*/V, but this 
group is discrete. 

(c) K GLOBAL. Here CF is the idéle class group. Define V C Cx to be 
[[ Vv where V, = O, for v a nonarchimedean prime that is unramified in F and 
Vy is a subgroup as considered in (b) for the remaining nonarchimedean primes. 
This group has similar properties to the group V in (b). It therefore suffices to 
prove the lemma with Cr replaced with Cp / V. In the function field case this is 
discrete, and in the number field case it is an extension of a finite group by R* 
(with trivial action). In the first case the lemma is obvious, and in the second the 
exponential again shows that R* is the quotient of a uniquely divisible group by 
a discrete group. 














This completes the proof of the theorem. 
COROLLARY 8.11 Let K be a global or local field, and let M be a finitely gen- 
erated torsion-free G x-module. There is a canonical isomorphism 


(C M) Š H? 


cts 


(Wx, M’) 
where C = |]J CF. 


PROOF. Let F be a finite Galois extension of K splitting M. Any continuous 
crossed homomorphism f: Wg —> M’ restricts to a continuous homomorphism 
on Wp. Because M is commutative and Hausdorff, f must be trivial on WẸ 
and so factors through Wg/Wý =at Wr/x. Consequently, the inflation map 
H}. (Wr;g, M^) > H} (Wg, M’) is bijective. 

Next note that Hom(Cr, M’) = (Cr ® MY. I claim that the canonical map 
(Cr 8 M)g > (Cr @M )@) is an isomorphism. Note that this is obviously 
so when ’ is replaced with +, because (Cp ® M)° is the maximal subgroup of 
Cr QM on which G acts trivially, and so ((Cr & M)®)' is the maximal quotient 
group on which G acts trivially, that is, it is (Cr ® M)')g. The diagram 


0 —> H™!(G, (Cr ® MV) —> (Cr ® M) —> ((Cr 8 MY) 


|> | [injective 


0 —> H(G, (Cr 8 M)t) —> (Cr @M), —> (Cr @ M)t)e 
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shows that the middle vertical arrow is injective. Now the diagram 


(Cr ® M) —> ((Cr @M)°Y 


{injective [+ 
(Cr 8 M), ——> ((Cr 8 M)°)t 
shows that (Cr & M)g > ((CF ® M)°) is injective, which proves the claim 
since the map is obviously surjective. To complete the proof of the corollary, note 


that 


Hom(Cr, M’)Grjx = (CROW Gp = (CRO@M)FIFY = (C@M)ERY, 





and so the corollary simply restates the theorem. 











REMARK 8.12 (a) After making the obvious changes, the above arguments show 
that there is a canonical isomorphism 


((C @ M)&*)" —> H} 


cts 


(Wg, M”). 
(b) Replace M in (8.11) with its linear dual. Then Hl (Wr, M”) becomes 
H}. (Wg, M & C/Z) and ((C ® M)&X)’ becomes Home, (M,C)’. On the 


other hand, (4.10) gives us an isomorphism H2..(Gx,M) > Home, (M,C)*, 
and 


H (GK, M) = H4 (Gx, M ® Q/Z) > Hå, (Wg, M ® Q/Z). 


These results and their relations can be summarized as follows: for any finitely 
generated torsion-free G-module M, there is a commutative diagram 


H}. (WK. M ® (Q/Z))— Hå, (Wg, M ® (R/Z))— H}, (Wg, M ® (C/Z)) 
Homyp, (M, C)*——— Hom, (M, C)*—— Homy,, (M, CY, 


in which the horizontal maps are defined by the inclusions 


Q/Z > R/Z => C/Z. 
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Application to tori 


Let T be a torus over a field K. The dual torus TY to T is the torus such that 
X(T“) is the linear dual X*(T) of X(T). When K is a global field, we 
say that an element of H4 (Wx, M’) is locally trivial if it restricts to zero in 
H}, (Wx,, M’) for all primes v. 


THEOREM 8.13 Let K be a local or global field, and let T be a torus over K. 
(a) When K is local, H} (Wx, TY (C)) is canonically isomorphic to the group 
of continuous generalized characters of T(K). 
(b) When K is global, there is a canonical homomorphism from 
H}. (Wg, TY (C)) onto the group of continuous generalized characters of 
T(Ax)/T(K). The kernel is finite and consists of the locally trivial classes. 


PROOF. Take M = X,(T) in the statement of (8.11). Then Hom(M, R*) = 
T“(R) for any ring R containing a splitting field for T. In particular, M’ = 
TY (C), and so H4 (Wg, M") = H} (Wg, TY (C)). 

When K is local, ((Xx(T) ® Cr)°%) = (T(F)®) = T(KY’, which proves 
(a). In the global case, on tensoring the exact sequence 


0—> FX > Jr >Cr-0 
with X(T), we obtain an exact sequence 
0—> T(F) > T(AF) > X(T) 8 Cr > 0, 
and hence an exact sequence 
0 > T(K) > T(Ax) > (X(T) ® Cr)? > H'(G,T(F)). 


The last group in this sequence is finite, and so we have a surjection with finite 
kernel ((Xx(T) Q Cr)%)' —> (T(Ax)/T(K))’. This, composed with the iso- 
morphism 
Has(Wr/K. TY (C)) — (X(T) 8 Cry? 
of the theorem, gives the map. 
There is a commutative diagram: 


HŁ (Wg. TY(©) ——> (T(Ax)/T(K)y’ 


| | 
ME We TO = TTK 


We have just seen that the lower horizontal map is an isomorphism, and the sec- 
ond vertical map is injective because it is the dual of a surjective map. Therefore, 
the kernels of the two remaining maps are equal, as claimed by the theorem. 
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Re-interpretation as class field theory 


Let T be a torus over K, let M = X,(T), and let TY be the torus such that 
X*(TY) = M. Let Gx act on TY(C) = Hom(M, C%) through its action on 
M, and define “T to be the semi-direct product TY (C) » Gx. It is complex Lie 
group with identity component “T° = TY(C). A continuous homomorphism 
ọ:Wg — FT is said to be admissible if it is compatible with the projections 
onto Gx. Two such homomorphisms ¢ and g’ are said to be equivalent if there 
exists at € LT? such that g'(w) = tey(w)t7! for all w. Write x (T) for the 
set of equivalence classes of admissible homomorphisms, and define I7x(T) to 
be T(K)’ when K is local and (T(x)/T(K))’ when K is global. 


THEOREM 8.14 There is a canonical map ®x(T) — ITx(T); when K is local, 
the map is an isomorphism, and when K is global, it is surjective with finite 
kernel. 


PROOF. Any continuous homomorphism g: Wg —> /T can be written gy = 
f xo with f and o maps from Wx into “T° and Gx respectively. One checks 
immediately that g is an admissible homomorphism if and only if f is a 1-cocycle 
and o is the map Wg — Gx given as part of the structure of Wx. Moreover, 
every l-cocycle arises in this way, and two g’s are equivalent if and only if the 
corresponding 1-cocycles are cohomologous. Thus the theorem follows immedi- 
ately from (8.13). 














L-series 


Let K be a nonarchimedean local field. For any representation p of Wx ona 
finite-dimensional complex vector space V, the L-series 


L(s, p) = (det(1 — p(Fr)N(t)S|V7)7! 


where Fr is an element of Wx mapping to 1 under the canonical map Wx — Z, 
x is a local uniformizing parameter, and / is the inertia group. For a global field 
K and representation p of T, the Artin-Hecke L-series L(s, p) is defined to be 
the product of the local L-series at the nonarchimedean primes. (It is possible also 
to define factors corresponding to the archimedean factors, but we shall ignore 
them.) For S a finite set of primes, we let Ls (s, p) be the product of the local 
factors over all primes not in S. 

Assume now that T splits over an unramified Galois extension F of K. On 
tensoring 

0-> OF > FX +Z->0 
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with X(T), we obtain an exact sequence 
0—> T(Or) ~ T(F) > X(T) — 0 


with T(Of) a maximal compact subgroup of T(F). The usual argument (Serre 
1967, 1.2) shows that H! (Gr/x,T(OFr)) = 0, and so there is an exact sequence 


CS TOMS T(K) > Gyre Sb 


Let y be a generalized character of T(K), and assume that it is trivial on T(Ox) 
(we then say that y is unramified). Such a y gives rise to a generalized character 
of X,(T)°%*/*, which we can extend to a generalized character ¥ of X(T). 
Because 


Hom(X,(T), CX) = X* (T) @ C* = TY(C) =#T?, 


we can view ¥ as an element of this last group. Let r be a representation of “T 
(as a pro-algebraic group) on a finite-dimensional complex vector space V. We 
define the L-series 


L(s, x,r) = det(1 — r (7,0) N(@) *|V) 


where o is an element of Gal(K*/K) restricting to the Frobenius automorphism 
on F. 

Now let K be a global field, and let y be a generalized character of 
T(Ax)/T(K). By restriction, we get generalized characters 7, of KX for each 
v. Let F be a finite Galois extension of K splitting T, and choose a finite set of 
primes S of K including all archimedean primes, all primes that ramify in F, and 
all primes v for which 7, is ramified. Define the automorphic L-series 


Ls(s,4.r) = | | LG. Xv. ro) 
véS 


where ry is the restriction of r to the local L-group. 


THEOREM 8.15 (a) Let K be a local field, and let T be a torus over K splitting 
over an unramified extension of K. For all g € ®(T) and all representations r of 
LT 

L(x,r og) = L(s, X%,r) 
where y is the character of T(K) corresponding to ¢ in (8.14). 


(b) Let K be a global field, and let T be a torus over K. Let g € ®(T), 
and let y be the corresponding element of II (T). Choose a set S of primes of K 
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containing all archimedean primes, all primes that ramify in a splitting field for 
T, and all primes v such that y, is ramified. Then, for all representations r of 
ST 


Ls(s,r og) = Ls(s, xr). 





PROOF. Only (a) has to be proved, and we leave this as an exercise to the reader. 











The general conjecture 


Let K be a global field, and let G be a reductive group over K. Then G is 
determined by certain linear data (a root datum), and the group “G° is defined 
by the dual data. The full L-group “G is defined to be a semi-direct product 
LGo x Gx. The set ®(G) of equivalence classes of admissible homomorphisms 
Wg — ŁG is defined analogously to the case of a torus, but the analogue of a 
generalized character of T(Ax)/7T(K) is more difficult to define. Since G(Ax) 
is neither commutative nor compact, its interesting representations are infinite 
dimensional. The correct notion is that of an irreducible automorphic represen- 
tation of G. Langlands conjectures? that it is possible to associate with each 
gy E€ (G) a (nonempty) set of irreducible automorphic representations of G. If 
x is associated with g, then the L-series of g and x are related as in (8.15b): let 
r be a complex representation of “G; corresponding to almost all primes v of K, 
it is possible to define a local L-series for x and r; for each of these primes v, the 
local L-series for a and r is equal to the corresponding factor of the Artin-Hecke 
L-series of rg. See Borel 1979. 


NOTES The results in this section were proved in Langlands 1968 and again in Labesse 
1984. While the above proof of (8.6) borrows from the proofs in both papers, it is some- 
what simpler than each. For applications of the theorems, see Kottwitz 1984, Labesse 
1984, and Shelstad 1986. 


9 Other applications 


We explain a few of the other applications that have been made of the duality 
theorems in §2 and §4. 


25For G = GLpn, Langlands’s conjecture has been proved for function fields (Drinfeld, Laf- 
forgue, et al.) and for local fields (Harris, Taylor, Henniart, et al.). 
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The Hasse principle for finite modules 


Let K be a global field, and let M be a finite module over Gx. We say that the 
Hasse principle holds for M if the map 


B’ (K, M): H'(K, M) > [|a H! (Kv. M) 


all v 
is injective. 

EXAMPLE 9.1 (a) Let F/K be a finite Galois extension of degree n such that the 
greatest common divisor r of local degrees [Fy : Ky] is strictly less than n. (For 


example, let K = Q and F = Q(V13, V 17); then n = 4 and the local degrees 
are all 1 or 2.) Consider the exact sequence 


0> M > (Z/nZ)[G] > Z/nZ > 0 


in which G = Gal(F/K) and € is the augmentation map } ` noo > Dong. From 
its cohomology sequence, we obtain an isomorphism Z/nZ — H1(G, M). Let 
c generate H!(G, M); then rc is a nonzero element of H!(K, M) mapping to 
zero in all the local cohomology groups. Therefore III'(K,M) Æ 0, and the 
Hasse principle does not hold for M. 
(b) From the duality theorem (4.10), we see that, for M as in (a), II? (K, M) Æ 

0. For a more explicit example (based on the failure of the original form of the 
Grunwald theorem) see Serre 1964, III 4.7. 


In view of these examples, the theorem below is of some interest. For a mod- 
ule M, we write K(M) for the subfield of K* fixed by Ker(Gx — Aut(M)). 
Thus K(M) is the smallest splitting field of M. A finite group G is said to be 
-solvable if it has a composition series whose factors of order divisible by £ are 
cyclic. 


THEOREM 9.2 Let M bea finite simple Gx -module such that ¿M = 0 for some 
prime £, and assume that Gal(K(M)/K) is an €-solvable group. 
(a) If S is a set of primes of K with Dirichlet density one, then the mapping 


Bs(K,M): H'(K,M) > | | H*(Ky,M) 
ves 
is injective. 
(b) If£ + char(K), then the mapping 
B?(K,M): H?(K, M) > | | H?(Ky.M) 
all v 


is injective. 
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Note that $% is not quite the same as the map in §4. However the next lemma 
shows that Ker BS(K, M)= IS (K, M). For any profinite group G and G- 
module M, define H} (K, M) to be the kernel of 


H'(G,M) > I] H'(Z,M), 
Z 
where the product is over all closed cyclic subgroups Z of G. When G = Gg, we 
also write H} (K, M) for H} (G, M). The next result explains the significance 
of this notion for the theorem. As always, for each prime v of K, we choose an 
extension w of v to K5. 


LEMMA 9.3 Let M be a finite G g-module, and let F C K® be a finite Galois 
extension of K containing K(M). Let S be a set of primes of K with Dirichlet 
density one, and let 


BS(F/K,M): H!(Grjg. M) > | | H'(Gr,/x, M) 
ves 


be the map induced by the restriction maps. Then there is a commutative diagram 


Ker(Bk(F/K,M)) Š Ker(64(K, M)) 
N N 


H; (Gal(F/K), M) = Hį(Gg,M) 
The inclusions become equalities when all the decomposition groups Gal (Fw / Ky) 
are cyclic. 


PROOF. There is an exact commutative diagram 
0— H'(Gal(F/K),M) Æ H'(K,M) >  H'(F,M) 
LS [sim [siem 


0 —> [I H'(Gal(Fy/Ky),M) = J] H'(K,,M) > JT] H'(Fp, M). 
veS ves ves 
The Chebotarev density theorem shows that Bs (F, M) is injective. The inflation 
map therefore defines an isomorphism of the kernels of the first two vertical maps, 
which gives us the isomorphism on the top row. The isomorphism on the bottom 
row can be proved by a similar argument. The Chebotarev density theorem shows 
that all cyclic subgroups of Gal(F'/K) are of the form Gal(F, /K,) for some 
primes w|v with v € S, and so clearly H} (Gal(F/K), M) C Ker(B!(F/K, M)). 
The reverse inclusion holds if all the decomposition groups are cyclic. 
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We say that the Hasse principle holds for a finite group G (and the prime £) 
if H} (G, M) = 0 for all finite simple G-modules M (with £M = 0). Note that 
the Hasse principle obviously holds for G if all of its Sylow subgroups are cyclic. 


LEMMA 9.4 Let 
1 => G' > G > G” 1 


be an exact sequence of finite groups. If the Hasse principle holds for G’ and G” 
relative to the prime £, then it holds for G and £; conversely, if the Hasse principal 
holds for G and £, then it holds for G” and £. 


PROOF. Let M bea simple G-module such that ¿M = 0. As G” is normal in G, 
MČ is stable under G, and so either M G’ — Oor M? = M. In the first case, 
there is a commutative diagram 


Res 


H'(G,M) —“> H(G’, M) 


| | 


Q H#'(zZ,M) > JJ H(Z NG’, M) 


in which the upper restriction map has kernel H!(G”, M G") = 0. When regarded 
as a G’-module, M is semisimple because, for any nonzero simple G’-module N 
of M, M is a sum of simple modules gN, g € G. Therefore, if the Hasse 
principle holds for G’ and £, then the right hand vertical arrow is an injection. 
Consequently, the first vertical arrow is also an injection, and this shows that the 
Hasse principle holds for G and £. 

In the case that MS’ = M, we consider the diagram 


ere H'(G",M) — > H'(G,M) ——> H'(G',M) 
| | | 


$ $ i 


0 — || H4'(ZG'/G',M) —> || H!(Z, M) — J] H!(Z Nn G, M). 


The right hand vertical arrow is an injection because G’ acts trivially on M 
and the groups Z N G’ generate G’. The left hand vertical arrow has kernel 
H}(G",M) because the groups ZG’/G’ run through all cyclic subgroups of 
G”, and so we see that if the Hasse principle holds for G” and £ then it holds also 
for G and £. 

We use the same diagram to prove the converse part of the lemma. A sim- 
ple G”-module can be regarded as a simple G-module such that M G = M. 
Therefore, the diagram shows that H}(G”, M) = 0 if H} (G, M) = 0. 
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PROPOSITION 9.5 (a) The Hasse principle holds for a finite group (and the prime 
£) when it holds for all the composition factors of the group (and £). 

(b) If G is €-solvable, then the Hasse principle holds for G and £. 

(c) A solvable group satisfies the Hasse principle. 


PROOF. Part (a) follows by induction from the lemma. Part (c) follows from 
(a) and the obvious fact that the Hasse principle holds for a cyclic group. Part 
(b) follows from (a) and (c) and the additional fact that the higher cohomology 
groups of a module killed by £ relative to a group of order prime to £ are all zero. 














We now prove Theorem 9.2. Lemma 9.3 shows that 
Ker Bs(K, M) = Ker Bs(K(M)/K,M) C H; (Geum. M), 


and (9.5b) shows that this last group is zero, which proves part (a) of the theorem. 
From (4.10) we know that Ker(B?(K, M)) is dual to Ker(B!(K, M”)). Clearly 
M? is simple if M is, and the extension K(M”) is ¢-solvable if K(M) is be- 
cause it is contained in K(M)(j1g). Therefore part (b) of the theorem follows 
from part (a). 


COROLLARY 9.6 IfM ~ Z/£Z x Z/€Z (as an abelian group) for some prime £ 
not equal to the characteristic of K, then II? (K, M) = 0. 


PROOF. If M is simple (or semisimple) as a Gx-module, this follows directly 
from the theorem. The remaining case can be proved directly. 














NOTES The groups H7(G, M) were introduced by Tate (see Serre 1964/71). Theorem 
9.2 and its proof are taken from Jannsen 1982. For an elementary proof of (9.6), see 
Cassels 1962, §5. 


The Hasse principle for algebraic groups 


In this subsection, G will be a connected (not necessarily commutative) linear 
algebraic group over a number field K. We say that G satisfies the Hasse principle 


H'(K,G) > | | H'(Ky,G) 
all v 


if is injective. It is known (Kneser 1966, 1969; Harder 1965/66) that if G is semi- 
simple and simply-connected without” factors of type Eg, then H!(Ky,G) = 0 


for all nonarchimedean v, and H'(K,G) = Ile ea H! (Kv, G). 


26Tn 1989, Chernousov removed this condition. 
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THEOREM 9.7 Let G be a simply connected semisimple group, and let g: G > 
G’ be a separable isogeny. Let M be the kernel of y(K*): G(K*) —> G'(K°), 
and assume that III? (K, M) = 0. If the Hasse principle holds for G, then it also 
holds for G”. 


We first prove a lemma. 


LEMMA 9.8 Let M bea finite module Gx whose order is not divisible by char(K), 
and assume S omits only finitely many primes of K. 
(a) The cokernel of H'(K,M) > Togs! (Ko, M) is canonically isomor- 
phic to the dual of (Ker Bi (K,M”))/(Ker B1(K,M?)). 
(b) Ifeach v ¢ S has acyclic decomposition group in K(M), then 


H' (Gg, M) > @ Al (Ky, M) 
véS 


is surjective. In particular 


H'(K,M) > QD Al(Ky, M) 


v real 


is surjective. 


PROOF. (a) From (4.10) we know there is an exact sequence 
1 1 
H'(K,M?) an Pi(K, M?) x I] H'(K,,M”) ~> H1(K,M)*. 
véS 
Therefore the kernel-cokernel sequence (0.24) of the pair of maps 
H! (K, M?) > Pi(K, M?) x I] H!(K,, M?) > P&(K,M?) 
véS 
is an exact sequence 
0-> Ker B1(K, M?) > Ker B}(K,M?) > [| H'(Ky,M?) —> H1(K,M)*. 
véS 


The exactness at the third term says that Ker(B§) / Ker(B') = Ker(y), but this 
last group is the dual of the cokernel of H!(K,M) > Toes! (Ko. M). 

(b) Let F be a finite Galois extension of K containing K(M D), Accord- 
ing to the Chebotarev density theorem, for each prime v ¢ S having a cyclic 
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decomposition group in Gal(F/K), there is a prime v’ € S having the same 
decomposition group. Therefore if an element c of H!(Gr /K:M D) maps to 
zero in H'(Gr,,/K, , M?) for all v in S, then it maps to zero for all v. Hence 
Ker B§(F/K, M) = Ker B'(F/K, M), and Lemma 9.3 shows that this implies 
that Ker Bs, M) = Ker B!(K, M). Now (a) implies (b). 














PROOF (OF THEOREM 9.7) Consider the diagram of pointed sets: 


H'(K,M) —> #H'(K,G) —> 4H'(K,G’) > H?(K,M) > 
| | injective | [injective 
IT] H!(K,, M) > [| H! (K,G) > [| H! (K., G^) > J] H? (K, M) >. 
all v all v all v all v 


(See Serre 1961, VII, Annexe.) Ifc € H1(K,G') maps to zero in H! (K,, G^) 
for all v, then it lifts to an element b € H 1(K ,G). As we observed above, 
H'(Ky,G) = 0 for all nonarchimedean v. For each archimedean prime v, the 
image by of b in H!(Ky, G) lifts to an element a, of H!(Ky, M). According to 
(9.8), there is an element a € H'!(K,M) mapping to ay for all archimedean v. 
Now b — a’, where a’ is the image of a in H! (K, G), maps to c in H!(K,G’) 
and to 0 in H!(Ky, G) for all v. The last condition shows that b — a’ (hence c) is 
zero. This shows that the kernel of H!(K,G’) > [| H!(Ky,G) is zero, and a 
standard twisting argument (cf. Kneser 1969, I 1.4) now allows one to show that 
the map is injective. 














COROLLARY 9.9 Let G be a semisimple algebraic group over K without factors 
of type Eg. Then the Hasse principle holds for G under each of the following 
hypotheses: 

(a) G has trivial centre; 

(b) G is almost absolutely simple; 

(c) G is split by a finite Galois extension F of K such that all Sylow subgroups 

of Gal(F'/K) are cyclic; 
(d) G is an inner form of a group satisfying (a), (b), or (c). 


PROOF. A group with trivial centre is a product of groups of the form Rr/KG 
with G an absolutely simple group over F, and so (a) follows from (b). An 
absolutely almost simple group is an inner form of a quasi-split almost simple 
group, and such a group is split by a extension whose Galois group is a subgroup 
of the group of automorphisms of its Dynkin diagram. But this automorphism 
group is either trivial or is Z/2Z or S3. Therefore (b) follows from (c) and (d). 
Let G be split by an extension F as in (c), and let M be the kernel of G(K*) > 


9. OTHER APPLICATIONS 123 


G(K®*) where G is the universal covering group of G. Then M is a sum of 
Gal(F,/F) modules of the form um, and so Gal(F,/F) acts trivially on M?. 
Therefore 


II! (K, M?) = Ker B'(F/K, M?) c H}(Gal(F/K),M”) = 0, 


and so II? (K, M) = 0. Finally (d) is obvious from the fact that the Gal(K*/K)- 
module M is unchanged when G is replaced by an inner form. 














NOTES Theorem 9.7 is proved in Harder 1967/68, Theorem 4.3.2, and in Kneser 1969, 
pp77-78. Part (a) of Corollary 9.9 is proved in Langlands 1983, VII 6.7’ All of the results 
in this subsection are contained in Sansuc 1981. 


Forms of an algebraic group 


The next result shows that (under certain conditions) a family of local forms of 
an algebraic group arises from a global form. 


THEOREM 9.10 Let K be an algebraic number field, S a finite set of primes of 
K, and G an absolutely almost simple algebraic group over K that is either simply 
connected or has trivial centre. Then the canonical map 


H'(K, Aut(G)) > [] es H! (Kv, Aut(G)) 
is surjective. 


PROOF (SKETCH) Let G be the universal covering group of G, and let M = 
Ker(G(K*) —> G(K®)). Consider the diagram 


-— H!(K,Õ — H!(K,GQ) — H?4(K,M) —>-- 


| | | 


-—> @ H}(Ky,G) > @ H!(K,.G) — @ A?(Ky,M) > --- 


ves ves ves 


Corollary 4.16 shows that the final vertical map is surjective. We have already 
noted that the first vertical map is surjective when G has no factors of type 
Eg, but in fact this condition is unnecessary. Next one shows that the map 
H'!(K,G) — H?(K,M) is surjective, and a diagram chase then shows that 
H}'(K,G) > Does H'(Ky,G) is surjective. One shows that it suffices to 


27See also Satz 4.3.2 of: Harder, Giinter, Bericht tiber neuere Resultate der Galoiskohomologie 
halbeinfacher Gruppen. Jber. Deutsch. Math.-Verein. 70 1967/1968 Heft 4, Abt. 1, 182-216. 
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prove the theorem for a split G, in which case Aut(G) is the semi-direct product 
G x Aut(D) of G with the automorphism group of the Dynkin diagram of G. 
The proof of the theorem then is completed by showing that H!(K, Aut(D)) > 
@ H!(Ky, Aut(D)) is surjective. 














For the details, see Borel and Harder 1978, where the theorem is used to prove 
the existence of discrete cocompact subgroups in the groups of rational points of 
reductive groups over nonarchimedean local fields of characteristic zero.7® 


The Tamagawa numbers of tori 


We refer the reader to Weil 1961 for the definition of the Tamagawa number 1(G) 
of a linear algebraic group G over a global field. 


THEOREM 9.11 For any torus T over a global field K 


1(G) = uate TY) 
[H (K, T)] 


where IN! (K, T) is the kernel of H! (K,T) > [any 
dual torus defined by the relation X* (T) = X(T“). 


H'(Ky,T) and TY is the 


PROOF. Let 


p [MI (K, T)] 
(T) = t(T) HK, TO] 


The proof has three main steps: 

(i) ọ is an additive function on the category of tori over K; 

Gi) ¢(Gm) = 1; 

(iii) for any finite separable extension F of K, g(Resr/xK T) = (T). 

Once these fact have been established the proof is completed as follows. The 
functor T +» X(T) defines an equivalence between the category of tori over 


28Tn the same paper (Theorem 1.7), Borel and Harder prove that, for a connected semisimple 
group G over a number field K, the canonical map 


1 1 
H'(K,G) > eg H' (Kv. G) 


is surjective for any finite set S of primes. However, as Prasad and Rapinchuk have noted, their 
proof only uses that S omits at least one nonarchimedean prime. Thus, they in fact prove that 


1 1 
H' (K,G) > Bis H' (Kv, G) 


is surjective for any nonarchimedean vo. 
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K and the category Repz(Gx) of continuous representations of Gx on free Z- 
modules of finite rank, and so we can regard ọ as being defined on the latter 
category. Then (i) says that g induces a homomorphism Ko(Repz(Gx)) > 
Qs. A theorem (Swan 1960) shows that [X] — [X’] is a torsion element of 
Ko(Repz(Gx)) if X ®Q = X’ & Q, and, as Qs» is torsion-free, y is zero on 
torsion elements of Kg(Repz(Gx)). Therefore g takes equal values on isogenous 
tori. Artin’s theorem on characters (Serre 1967b, 9.2) implies that for any torus 
T, there exists and integer m and finite separable extensions F; and E; of K 
such that T” x |] Res r, /x Gm is isogenous to |] Resz,/K Gm. Now (ii) and 
(ili) show that p(T)” = 1, and therefore g(T) = 1. 

Statements (ii) and (iii) are easily proved (they follow almost directly from 
the definitions), and so the main point of the proof is (i). This is proved by an 
argument, not dissimilar to that used to prove Theorem 7.3, involving the duality 
theorems. See Ono 1961, 1963, and also Oesterlé 1984, which corrects errors in 
Ono’s treatment of the function field case. 














The central embedding problem 


Let S be a finite set of primes of a global field K, and let Gs be the Galois group 
over K of the maximal extension of K unramified outside S. Let 


1~ Me E-G-1 


be an extension of finite groups with M in the centre of E, and let g:Gs —> G 
be a surjective homomorphism. The embedding problem for E and ¢ is the prob- 
lem of finding a surjective homomorphism ®: Gs —> E lifting g. Concretely 
this means the following: the homomorphism ¢ realizes G as the Galois group 
of an extension F of K that is unramified outside S, and the embedding problem 
asks for a field F’ that is Galois over K with Galois group Æ, is also unramified 
outside S, contains F, and is such that the map E —> G induced by the inclusion 
of F into F’ is that in the sequence. For each v in S, let G, be the image of 
Gal(K$/K) in G, and let E, be the inverse image of G, in E. Then the (lo- 
cal) embedding problem asks for a homomorphism Gal(K}/K,) —> E, lifting 
Gal(K$/Ky) > Gy. 

Let A be the class of the extension in H? (G, M). If the embedding prob- 
lem has a solution, then A clearly is sent to zero by the map H?(G, M) > 
H?(Gs, M) defined by g. The converse is also true if A Æ 0 and M is a simple 
G-module. Thus Theorem 9.2 has the following consequence. 


PROPOSITION 9.12 Let 


1~> Me E>-G-1 
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be a nonsplit central extension of finite groups, and let 9: GK —> G be a sur- 
jective homomorphism. If M is a simple G-module and G is solvable, then the 
embedding problem for E and ọ has a solution if and only if the corresponding 
local problem has a solution for all v. 


PROOF. The necessity of the condition is obvious. For the sufficiency, note that 
when the local problem has a solution, the image of A in H?(Ky, M) is zero for 
all v. According to (9.2), this implies that A is zero. 














Unfortunately, the proposition does not lead to a proof of Shafarevich’s the- 
orem (Shafarevich 1954): for any number field K and finite solvable group G, 
there exists an extension F of K with Galois group G. 

For other applications of the duality theorems to the embedding problem, see 
for example Haberland 1978, Neumann 1977, and Klingen 1983. 


Abelian varieties defined over their fields of moduli 


Let A be a polarized abelian variety defined over Q. The obstruction to A having 
a model over its field of moduli is a class A in H?(G, Aut(A)). In the case that 
Aut(A) is abelian, the duality theorems can sometimes be helpful in studying this 
element. 


Abelian varieties and Z ,-extensions 


The duality theorems (and their generalizations to flat cohomology) have been 
used in the study of the behaviour of the points on an abelian variety as one 
progresses up a Z p-tower of number fields. See for example Manin 1971, Mazur 
1972, Harris 1979°, and Rubin 1985. 


Appendix A: Class field theory for function fields 


Most of the accounts of class field theory either omit the case of a function field 
or make it appear harder than the number field case. In fact it is easier, at least for 
those knowing a little algebraic geometry. In this appendix we derive the main 
results of class field theory (except for the existence theorem) for a function field 
over a finite field. As a preliminary, we derive class field theory for a Henselian 
local field with quasi-finite residue field. We also investigate to what extent the 
global results hold for a function field over a quasi-finite field. 


2°See also: Harris, Michael, Correction to “ p-adic representations arising from descent on 
abelian varieties” [Compositio Math. 39 (1979), 177-245]. Compositio Math. 121 (2000), no. 1, 
105-108. 
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Local class field theory 


A field k is quasi-finite if it is perfect and if the Galois group G(k*/k) is iso- 
morphic to the profinite completion Z of Z. The main examples of quasi-finite 
fields are the finite fields and the power series fields kg((t)) with kg an alge- 
braically closed field of characteristic zero, but there are others. For example, any 
algebraic extension k’ of a quasi-finite field k whose degree [k’: k] is divisible 
by only a finite power of each prime number is quasifinite. Also, given an alge- 
braically closed field K, one can always find a quasi-finite field k having K as its 
algebraic closure (Serre 1962, XIII 2, Ex 3). 

Whenever a quasi-finite field k is given, we shall always assume that there is 
also given as part of its structure a generator og of Gal(k*/k), or equivalently, 
a fixed isomorphism gz: Æ (Gz) — Q/Z where &(G;,) is the character group 
Homets(Gz, Q/Z) of Gg. The relation between o and øx is that gg (X) = x(c) 
for all y € &(G;). A finite extension £ of a quasi-finite field k is again quasi- 
finite with generator og = sh When k is finite, we always take og to be the 
Frobenius automorphism a +> af, q = [k]. 

Note that the Brauer group of a quasi-finite field is zero, because Gz has 
cohomological dimension one and k*™ is divisible. Let R be a discrete valuation 
ring with residue field k = R/m. Write Ff for the reduction of an element of R 
or R[X] modulo m. We say that R is Henselian if it satisfies the conclusion of 
Hensel’s lemma: whenever f is a monic polynomial with coefficients in R such 
that f factors as f = goho with go and ho monic and relatively prime, then f 
itself factors as f = gh with g and h monic and such that g = go and h = ho. 
Hensel’s lemma says that complete discrete valuation rings are Henselian, but not 
all Henselian rings are complete. For example, let v be a prime in a global field 
K, and let Oy be the ring of elements of K that are integral at v. Choose an 
extension w of v to KS, let K*° be the decomposition field of w in K5, and let 
OF be the ring elements of K“® that are integral with respect to w. Alternatively, 
choose an embedding of K® into KS, and let OË = K5 N Oy. Then OF isa 
Henselian local ring, called the Henselization of O,. See, for example, Milne 
1980, I 4. 

Now let R be a Henselian discrete valuation ring with quasi-finite residue 
field k, and write K for its field of fractions. Many results usually stated only 
for complete discrete valuation rings hold in fact for Henselian discrete valua- 
tion rings (often the proof uses only that the ring satisfies Hensel’s lemma). For 
example, the valuation v on K has a unique extension to a valuation (which we 
shall also write v) on K*. As usual we write K'” for the maximal unramified 
subextension of K5 over K, and R™ for the integral closure of R in K"”. 
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PROPOSITION A.1 There is a canonical isomorphism inv x: Br(K) > Q/Z. 


We first show that Br(K"") = 0. Let D be a skew field of degree n? over 
K"", Because R"” is also a Henselian discrete valuation ring, the valuation on 
K™ has a unique extension to each commutative subfield of D, and therefore it 
has a unique extension to D. The usual argument in the commutative case shows 
that, for this extension, n? = ef. Let œ in D have value 1/e; then K™ [a], being 
a commutative subfield of D, has degree at most n, and so e < n. On the other 
hand f = 1 because the residue field of R is algebraically closed, and it follows 
that n = 1. 

The exact sequence 


0 —> H?(Gal(K™/K), K™”) > Br(K) > Br(K™) 
now shows that Br(K) = H?(Gal(K"/K), K""*). 


LEMMA A.2 The map H?(Gal(K""/K), K™®*) og H?(Gal(K"/K), Z) is an 
isomorphism. 


PROOF. As 


0 = RX > ge ad Z, + 0 


is split as a sequence of Gal(K""/ K)-modules, the map in question is surjective. 
Let c lie in its kernel, and let y be a cocycle representing c. Associated with c 
there is a central simple algebra B over K (Herstein 1968, 4.4), and if y is chosen 
to take values in R*, then the same construction that gives B gives an Azumaya 
algebra Bo over R that is an order in B. The reduction Bo ®r k of Bo is a 
central simple algebra over k, and therefore is isomorphic to a matrix algebra. An 
elementary argument (Milne 1980, IV 1.6) shows then that Bo is also isomorphic 
to a matrix algebra, and this implies that c = 0. 














We define inv x to be the unique map making 


invK 


H?2(Gal(K™/K), Z) = Br(K) ——> Q/Z 
xfa ~] 


H'(Gal(K""/K), Q/Z) 2 (Gz) 








commute. It is an isomorphism. If F is a finite separable extension of K, then the 
integral closure Rp of R in F is again a Henselian discrete valuation ring with 
quasi-finite residue field, and one checks easily from the definitions that 


invp(Res(a)) = [F : Kļ]invg (a), ae bBr(K). 
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Therefore (Gx, K**) is a class formation in the sense of §1. 
We identify the cup-product pairing 
H? (Gg, K**) x H?(Gx,Z) > H?(Gx, K”) 


with a pairing 
(, ): K* x &(Gx) > Br(K). 


THEOREM A.3 (Local reciprocity law). There is a continuous homomorphism 
(—, K): K* — Gal(K*”/K) 


such that 
(a) for each finite abelian extension F C K° of K, (—, K) induces an isomor- 
phism 
(—, F/K): K*/Nrjx F* > Gal(F/K); 


(b) for any y € &(G) anda € K*, y(a, K) = invx (a, x). 


PROOF. As is explained in §1, this theorem is a formal consequence of the fact 
that (Gg, K**) is a class formation. 














COROLLARY A.4 Let F; and F, be extensions of K such that Fı O Fo = K, 
and let F = FF». If all three fields are finite abelian extensions of K, then 
NF* = NFXO NFS and (NFS)(NFZ) = K™. 


PROOF. According the theorem, a € NF* if and only if (a, K) acts trivially 
on F; this is equivalent to (a, K) acting trivially on Fy and Fy, or to it lying in 
NFS N NF. The second equality can be proved similarly. 














REMARK A.5 When F/K is unramified, o lifts to a unique (Frobenius) element 
õ in Gal(F/K), and (—, K): K* —> Gal(F/K) sends an element a of K* to 
gia), In particular, (a, F/K) = 1 if a € R*. When F/K is ramified, the 
description of (a, F/ K) is much more difficult (see Serre 1967a, 3.4). 


We say that a subgroup N of K* is a norm group if there exists a finite 
abelian extension F of K such that N = Np x F”. (The name is justified by the 
following result: if F/K is any finite separable extension of K, then Nejx F* = 
Nz/KL™ where L is the maximal abelian subextension of F; see Serre 1962, XI 
4.) 
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REMARK A.6 The reciprocity map defines an isomorphism lim K*/N => G% 


(inverse limit over the norm groups in K*), and so to understand G?? fully it is 
necessary to determine the norm groups. This is what the existence theorem does. 

CASE 1: K is complete and k is finite. This is the classical case. Here the 
norm groups of K* are precisely the open subgroups of finite index. Every sub- 
group of finite index prime to char(K) is open. The image of the reciprocity map 
is the subgroup of G®? of elements that act as an integral power of the Frobenius 
automorphism on k*. The reciprocity map is injective, and it defines an isomor- 
phism of the topological group R* onto the inertia subgroup of GP. See Serre 
1962, XIV 6. 

CASE 2: K is Henselian with finite residue field. We assume that R is excel- 
lent. This is equivalent to the completion K of K being separable over K. From 
the description of it given above, it is clear that the Henselization of the local ring 
at a prime in a global field is excellent. Under this assumption: 

(i) every finite separable extension of K is of the form F for a finite separable 
extension F of K with [F : K] = [F R]; 

(ii) K is algebraically closed in K, and hence K is linearly disjoint from Kg 
over K. 

To prove (i), write F=K [a], and let F = K[f] with £ a root of a polynomial 
in K[X] that is close to the minimal polynomial of a over K (cf. Lang 1970, II 
2). To prove (ii), note that if K is not algebraically closed in K, then there is an 
element a of K that is integral over R but which does not lie in R. Let f(X) 
be the minimal polynomial of a over K. As g is integral over R, it lies in R, 
and so f has a root in R. An approximation theorem (Greenberg 1966) now says 
that f has a root in R, but f was chosen to be irreducible over K. Thus K is 
algebraically closed in K, and combined with the separability of K over K, this 
implies that K is linearly disjoint from K* (Lang 1958, II 1, Thm 2). 

On combining these two assertions, we find that F t> F defines a degree- 
preserving bijection from the set of finite separable extensions F of K to the set 
of similar extensions of R. Moreover, NF* = N F* N K™ for each F because 
NF* is dense in N F* and Greenberg’s theorem implies that N F* is open in K*. 
It follows that the norm groups of K* are again precisely the open subgroups of 
finite index. 

CASE 3: K is complete with quasi-finite residue field. In this case every 
subgroup of K of finite index prime to char(k) is a norm group, but not every 
open subgroup of index a power of the characteristic of k is. In Whaples 1952- 
54, various characterizations of the norm groups are given using the pro-algebraic 
structure on K™. 

CASE 4: K is Henselian with quasi-finite residue field. We leave this case to 
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the reader to investigate. 


Global class field theory 


Let X be a complete smooth curve over a quasi-finite field (k,o), and let K = 
k(X). The set of closed points of X will be denoted by? X? (thus X? omits 
only the generic point of X). To each point v of X°, there corresponds a val- 
uation (also written v) of K, and we write K, for the completion of K with 
respect to v and R, for the ring of integers in Ky. The residue field k(v) is a 
quasi-finite field of degree deg(v) over k with o“°8) as the chosen generator of 
Gal(k(v)s/k(v)). Write ay for the image of an element a of Br(K) in Br(Ky), 
and define inv: Br(K) > Q/Z to be a œ> J`, inv, (ay) where inv, is invx,. 
Let X =af X Qg kë be X regarded as curve over k5, and let K = k8(X) be its 
function field. We write Jacy be the Jacobian variety of X. 


THEOREM A.7 There is an exact sequence 
0 > H! (Gr, Jacx (k*)) > Br(K) > @ Br(Ky) = Q/Z > 0. 
vex 
PROOF. We use the exact sequence of G;-modules 


0 > k* >K > Div(X) > Pic(X) > 0 


where Div(X) = @,„eyo Z is the group of (Weil) divisors on X. From the 
cohomology sequence of its truncation 


Ok >K = O30 
we obtain an isomorphism H(G, K) 5 H? (Gk, Q). Note that 
H? (Gg, K) = Ker(Br(K) > Br(K)), 
and recall that Tsen’s theorem (Shatz 1972, Theorem 24) states that Br(K) = 0, 
— xX 
and so H? (Gg, Q) = H? (Gk, K ) = Br(K). 
The cohomology sequence of the remaining segment 
0> Q > Div(X) > Pic(X) > 0 


30Tt has been suggested to me that, since many authors write X; (resp. X ') for the set of 
(schematic) points of dimension (resp. codimension) i, Xo would be a better notation for the set of 
closed points. 
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of the sequence is 


H! (Gz, Div(X)) > H! (Gx, Pic(X)) > H? (Gz, Q) 
—> H? (Gg, Div(X)) > H? (Gg, Pic(X)) > 0. 


But H” (Gx, Div(X)) = @ exo H” (Gx, Dv), where Dy =at Quy Z is the 


Gx-module induced by the trivial Gx(y)-module Z, and so 


wy 


H’ (Gg, Div(®)) = „e xo H” (Gal(k8/k(v)),Z). 


In particular, H ! (Gg, Div(X)) = 0 and H? (Gg, Div(X)) = Rexo 2 (Gko)). 
Almost by definition of Jacy, there is an exact sequence 


0 > Jacy (k*) > Pic(X) > Z > 0. 


As Jacy (k*) is divisible (Milne 1986b, 8.2) and k has cohomological dimension 
one, H? (Gg, Jacy (k*)) = 0, and so H? (Gg, Pic(X)) = H? (Gg, Z) = 2 (Gg). 
These results allow us to identify the next sequence with the required one: 


- > H! (Gg, Pic(X)) > H? (Gg, Q) > H? (Gg, Div(X)) —> H?(Gg,Pic(X)) > 0 


| | | | | 


0 > H!(Gg, Jacy) > Br(K) > @E(Gxq)) 2s 5 (Gx) =+ 0, 





The map X can be identified with inv g: Q, Br(Ky) > Q/Z. 











We define the group of idèles Jg of K to be the subgroup of [[,<yoK? 
comprising those elements a = (ay) such that a, € RX for all but finitely many 
v. The quotient of Jg by K* (embedded diagonally) is the idéle class group of 
Cx of K. We set J = lim JF and C = lim CF (limit over all finite extension F 
of K, F C K5’). 


COROLLARY A.8 If H!(Gw,Jacy(k®)) = 0 for all finite extensions k’ of k, 
then it is possible to define on (Gx, C) a natural structure of a class formation. 


PROOF. An argument similar to that in (4.13) shows that 
H” (Gg, J) = rexo H” (Gv, Ky"), r= 1, 


where for each v in X? a choice w of an extension of v to K® has been made in 
order to identify K with a subfield of KẸ and Gy =af Gg, with a decomposition 
group in G. Consider the diagram 


APPENDIX A: CLASS FIELD THEORY FOR FUNCTION FIELDS 133 


invK 


0 —>  Br(K) => Q@yexo Br(Ky) — Q/Z >0 


| | 


0 > H1(Gx,C) > H?(Gx, K*) >@yex0 H2(Gy, KS) => H2(Gx,C) 30 


whose top row is the sequence in (A.7) and whose bottom row is the cohomology 
sequence of 
0> K*>J>C >00. 


The zero at lower left comes from Hilbert’s theorem 90, and the zero at lower right 
comes from the fact that Gx has cohomological dimension < cd(k) + 1 = 2. 
This diagram shows that H! (Gg, C) = 0 and that there is a unique isomorphism 


invg: H?(Gx,C) > Q/Z making 


invK 


H?(Gg,C) —> Q/Z 


| | 


invy 


H?(Gy, K5*) —> Q/Z 


commute for all v. The same assertions are true for any finite separable extension 
F of K, and it obvious that the maps inv p satisfy the conditions (1.1). 














COROLLARY A.9 If k is algebraic over a finite field, then (Gx,C) is a class 
formation. 


PROOF. Lang’s lemma shows that H!(G;,.A) = 0 for any connected algebraic 
group A if k is finite. If k is algebraic over a finite field, then any element of 
H'(G,, A) is represented by a principal homogeneous space, which is defined 
over a finite field and is consequently trivial by what we have just observed. 














In (A.14) below, we shall see examples of fields K /k for which the conditions 
of (A.8) fail. We now investigate how much of class field theory continues to hold 
in such cases. 

Fix an extension of each v to K5, and hence embeddings iv: Gy —> Gx. 
Define 

(—, K): Jg > Gal(K*/K) 


by 
(a, K) = JI iy(dy, Ky), a= (a). 


vex? 


134 CHAPTER I. GALOIS COHOMOLOGY 


For any finite abelian extension F of K, this induces a mapping 
(—, F/K): Jk/NejxJr > Gal(F/K) 


such that (a, F/K) = ] | iv (av, Fw/Kv) where Fy denotes the completion of F 
at the chosen prime lying over v. It follows from (A.5) above, and the fact that 
only finitely many primes of K ramify in F, that this last product is finite (and 
that the previous product converges). 


LEMMA A.10 For alla in K*, (a, K) = 0. 


PROOF. Consider the diagram: 


inv 


JK x 2 (G) —> @ Br(K,) —> Q/Z 


| | 


H?’ (Gg, J) x H?(Gx,Z)— H*(Gx,J) 


| | | 


H? (Gg, K®™) Xx H?(Gx,Z) > H*(Gx, K”) 


The two lower pairings are defined by cup-product, and the top pairing sends 
(a, x) to invx ®© (av, x1Gv)) = x((a, K)), a = (av) (here (, ) is as in A.3). 
It is obvious from the various definitions that the maps are compatible with the 
pairings. Ifa € K*, then the diagram shows that x(a, K) lies in the image of 
Br(K) in Q/Z, but Br(K) is the kernel of invx, and so y(a, K) = 0 for all x. 
This implies that (a, K) = 0. 














The lemma shows that there exist maps 


(—, K):Cg > Gal(K?”/K) 
(—, F/K):Cx/NCr — Gal(F/K), F/K finite abelian. 


We shall say that the reciprocity law holds for K /k if, for all finite abelian exten- 
sions F/K, this last map is an isomorphism. 

Unfortunately the reciprocity law does not always hold because there can 
exist abelian extensions F/K in which all primes of K split, that is, such that 
Fy = Ky for all primes v. This suggests the following definition: let F be a 
finite abelian extension of K, and let K’ be the maximal subfield of F containing 
K and such that all primes of K split in K’; the reduced Galois group G p /K of 
F over K is the subgroup Gal(F/K’) of Gal(F/K). 
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PROPOSITION A.11 For any finite abelian extension F of K, the map (—, F/ K) 
induces an isomorphism Cx /NCr > G r/K. 


PROOF. For each prime v, the image of Gal(Fy / Ky) is contained in G p /K, and 
so the image of J in Gal(F/K) is also contained in G f/x. 

It clearly suffices to prove the surjectivity of (~, F/K) in the case that F/ K’ 
is cyclic of prime order. Then there exists a prime v such that Fy # Ky, and 
Kx > Gal(Fw/Kv) © Gr /K is surjective by local class field theory. 

To prove the injectivity, we count. If Fy and F> are finite abelian extensions 
of F such that Fı O Fo = K and Fi F> = F, then it follows from (A.4) that 
NCr, ONCr, = NCF and (NCf,)(NCF,) = NCF. As Gr, /K NGF /K =] 
and GF,/K°GF,/K = GF/K, it suffices to prove that Ck /NCp and G f/x have 
the same order for F/K cyclic of prime power order. 

Let F/K be cyclic of prime power, and consider the diagram 


Br(F/K) — @ Br(Fw/Ky) =S  Q/Z 
vex 
K*/NF* ——> Jk/NJF —— Cx/NCr — 0. 
The top row is part of the sequence in (A.7), and the bottom row is part of the 
Tate cohomology sequence of 


0- FX > Jr—-Cr- 0. 


The first two vertical arrows are the isomorphisms given by the periodicity of the 
cohomology of cyclic groups. The order of the image of inv x is the maximum of 
the orders of the Br( Fy / Ky), and the order of Br( Fy /Ky) is [Fw : Ky]. Thus 
the order of the image equals the order of G(L/K). From the diagram, we see 
that it is also the order of Cg/ NCF. 














For any curve Y over a quasi-finite field, we define the Brauer group Br(Y) 
of Y to be the kernel of Br(F) > Meyo Br(Fy), where F is the function field 
of Y. This definition will be justified in A.15 below. Note that Theorem A.7 
shows that Br(Y) = H!(Gx, Jacy (k°)). 


PROPOSITION A.12 The following statements are equivalent: 
(a) the reciprocity law holds for K/ k; 
(b) for all finite cyclic extensions F/K, the sequence 


Br(F/K) > @,ex0 Br(Fw/Ky) > [F: K] 'Z/Z > 0 


is exact; 
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(c) for all finite cyclic extensions F/K, H'(Gal(F/K),Br(Y)) = 0, where 
Br(Y) is the Brauer group of the projective smooth curve with function 
field F. 


PROOF. It follows from (A.11) that the reciprocity law holds for K/k if and 
only if Gr /K = Gr/x for all finite abelian extensions F/K, and it suffices to 
check this for cyclic extensions. But, as we saw in the above proof, for such 
an extension the order of G(F/K) is the order of the cokernel of Br(F/K) > 
@ Br( Fy / Ky). The equivalence of (a) and (b) is now clear. 

Consider the exact commutative diagram 


BO? Br(K) > @BriKw) >Q/Z>0 
| | | | 
L 2 | |” 
0 —>(Br(F)/ Br(Y))GalG/K) >(® Br(Fy))ClFu/Kv) >Q/Z 


where n = [F : K]. From the Hochschild-Serre spectral sequences, we get exact 
sequences 


0 > Br(F/K) > Br(K) > Br(F)C24/®) > 43 (Gal(F/K), F”) 
0 > Br(Fy /Ky) > Br(Ky) > Br(Fy)o"e/5») > 3 (Gal( Fy /Ky), FX), 


and from the periodicity of the cohomology of cyclic groups, we see that 


H3(Gal(F/K), F*) = H'(Gal(F/K), F*) = 0, 
H?(Gal(Fw/Ky), FX) = H}(Gal(Fw/Ky), FX) = 0. 


Thus the preceding diagram gives an exact sequence of kernels and cokernels, 
Br(F/K) > @ Br(Fw /Ky) > n~!Z/Z —> Coker(a) > 0. 
But, as Br(K) > Br(F)G#/4) is surjective, 
Coker(œ) = Coker (eo ied /K) _, (Br(F)/ Bry jS% A) , 


which equals H!(Gal(F/K), Br(Y )) because H!(Gal(F/K), Br(F)) = 0 (look 
at the Hochschild-Serre spectral sequence). Thus (b) is equivalent to (c). 














We say that the Hasse principle holds for K/k if the map K*/NF* —> 
@ KX/NF% is injective for all finite cyclic field extensions F of K. 


PROPOSITION A.13 The following are equivalent: 
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(a) the Hasse principle holds for K; 
(b) H* (Gx, Jacy (k*)) = 0; 
(c) Br(X) = 0. 
In particular, the Hasse principle holds for K /k if k is algebraic over a finite field. 


PROOF. As KX/NF* ~ Br(F/K) for F/K finite and cyclic, we see that that 
the Hasse principle holds for K/k if and only if Br(F/K) > @ Br(Fy,/ Ky) is 
injective for all F/K finite and cyclic. As Br(K) = 0, Br(K) = UJBr(F/K) 
where the union runs over all finite cyclic extensions. Thus the Hasse principle 
holds for K if and only if Br(K) — @ Br(K,) is injective, but the kernel of this 
map is Br(X) = H'!(Gx, Jacy (k°)). 














REMARK A.14 Let ko be an algebraically closed field of characteristic zero, and 
let k be the quasi-finite field kg((t)). In this case there exist elliptic curves E over 
k with H'(k, E) Æ 0, and there exist function fields K over k with finite exten- 
sions F linearly disjoint from k* such that every prime of K splits completely in 
F (see Rim and Whaples 1966). In lectures in 1966, Rim asked (rather pessimisti- 
cally) whether the following conditions on a quasi-finite field k are equivalent: 

(a) k is algebraic over a finite field; 

(b) H!(G;, A) = 0 for all connected commutative algebraic group varieties 

over k; 

(c) the reciprocity law holds for all K/k; 

(d) the Hasse principle holds for all K/k. 
We have seen that (a) = > (b) = > (c),(d), but (b) does not imply (a). In fact 
Jardan has shown (1972, 1974) that if k is finitely generated over Q, then for 
almost all o € Gal(k*/k), the fixed field k(o) of o is quasi-finite and has the 
property that every absolutely irreducible variety over it has a rational point; thus 
(b) holds for k(a). 


REMARK A.15 We use étale cohomology to show that the group Ker(Br(K) > 
® Br(Ky)) is indeed the Brauer group of X. Let m: X — Spec(k) be the struc- 
ture morphism, and consider the exact sequence of sheaves 


0 > Gm > gxGm > Divy > 0 


on Xe (see Milne 1980, II 3.9; here g is the inclusion of the generic point into X 
and Div y is the sheaf of Weil divisors). On applying the right derived functors of 
x, we get a long exact sequence of sheaves on Spec(k)e, which we can regard 
as Gx-modules. The sequence is 


0>k* > K > Div(X) > Pic(X) > 0, 
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which is exactly the sequence considered in the proof of Theorem A.7. Here it 
tells us that m4Gm = k°*, R!n4Gm = Pic(X), and R’24Gm = 0 forr > 2. 
Therefore the Leray spectral sequence for x reduces to a long exact sequence 


--- —> H” (Gg, k5*) > H” (Xe, Gm) > H”! (Gg, Pic(X)) >. 


From this we can read off that H? (Xet, Gm) = H! (Gp, Pic(X)), which proves 
what we want because H? (Xet, Gm) is equal to the Brauer group of X. 


EXERCISE A.16 Investigate to what extent the results in the second section re- 
main true when the fields K, are replaced by the Henselizations of K at its primes. 


NOTES Class field theory for complete fields with quasi-local residue fields was first 
developed in Whaples 1952/54 (see also Serre 1962). The same theory for function fields 
over quasi-finite fields was investigated in Rim and Whaples 1966. 


Chapter II 


Etale Cohomology 


In §1 we prove a duality theorem for Z-constructible sheaves on the spectrum 
of a Henselian discrete valuation ring with finite residue field. The result is ob- 
tained by combining the duality theorems for modules over the Galois groups of 
the finite residue field and the field of fractions. After making some preliminary 
calculations in §2, we prove in §3 a generalization of the duality theorem of Artin 
and Verdier to Z-constructible sheaves on the spectrum of the ring of integers in a 
number field or on curves over finite fields. In the following section, the theorems 
are extended to certain nonconstructible sheaves and to tori; also the relation be- 
tween the duality theorems in this and the preceding chapter is examined. Section 
5 treats duality theorems for abelian schemes, §6 considers singular schemes, and 
in §7 the duality theorems are extended to schemes of dimension greater than one. 

In this chapter, the reader is assumed to be familiar with the more elementary 
parts of étale cohomology, for example, with Chapters II and III of Milne 1980. 
All schemes are endowed with the étale topology. 


0 Preliminaries 


We begin by reviewing parts of Milne 1980. Recall that S(Xe«) denotes the cate- 
gory of sheaves of abelian groups on Xe (small étale site). 


Cohomology with support on a closed subscheme 


(Milne 1980, p73-78, p91-95) 
Consider a diagram 
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in which i and j are closed and open immersions respectively, and X is the 
disjoint union of i(Z) and j(U). There are the following functors between the 
categories of sheaves: 


i* J! 


<_ << 
S(Za)  S(Xe) 45 S(Ua). 
£ Ji 


Each functor is left adjoint to the one listed below it; for example, Hom z (i * F, F^) ~ 
Homy (F, iF’). The functors i*, ix, jų, and j* are exact, and i! and j are left 
exact. The functors ix, i', jx, and j* map injective sheaves to injective sheaves. 
For any sheaf F on X, there is a canonical exact sequence 


0 — jj*F > F > ixi“ F > 0. (1) 


PROPOSITION 0.1 (a) For any sheaves F on U and F’ on X, the restriction 
map 
Ext (jiF, F’) > Exty (F, j* F^) 


is an isomorphism forr > 0; in particular, 
Exty(jıZ, F) ~ H” (U, F'|U), r>=0. 
(b) For any sheaves F on X and F’ on U, there is a spectral sequence 
Ext) (F, R jF’) => Exty *(F|U, F’). 
(c) For any sheaves F on X and F’ on Z, there is a canonical isomorphism 
Ext} (F, ix F’) —> Ext, (i*F, F’), r> o0. 
(d) For any sheaf F on X, there is a canonical isomorphism 
H3(X, F) ~ Ext) (ixZ, F), r = 0; 
consequently, for any sheaf F on Z, 
H}3(X,ixF) ~ H"(Z,F), r>0. 
(e) For any sheaves F on Z and F’ on X, there is a spectral sequence 


Ext, (F, R5i'F) => Ext” (iF, F’). 
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(f) For any sheaf F on X, there is a long exact sequence 


.-- > HE(X, F) > H" (X, F) > HU, F) > +. 


PROOF. (a) If F’ — I° is an injective resolution of F’, then j* F’ > j*I° is 
an injective resolution of j * F’, because j* is exact and preserves injectives. On 
passing to the cohomology groups in 


Homy (jF, I°) ~ Homy (F, j*I°), 


we obtain isomorphisms Ext% (j) F, F) ~ Exty (F, j* F^). 

(b) As jx is left exact and preserves injectives, and Homy(F,—) o jx & 
Homy (jı F,—), this is the spectral sequence of a composite of functors (Milne 
1980, Appendix B, Theorem 1). 

(c) The proof is the same as that of (a): as ią is exact and preserves injec- 
tives, on forming the derived functors of Homy (F, ix(—)) ~ Homz(i* F,—), 
we obtain canonical isomorphisms Ext% (F, ix(—)) > Ext’, (i* F, —). 

(d) From the exact sequence (see (1)) 


0 > Homy(ixZ, F) > Homy(Z, F) > Homy (j1Z, F) 
we see that 
Homy (ixZ, F) ~ Ker (X, F) > T (U, F)) a T'z(X, F). 
Hence Homy(ixZ,—) ~ Iz(X,-—), and on passing to the derived functors we 
obtain the required canonical isomorphism. The second statement can be obtained 
by combining the first with (c). 
(e) As i! is left exact and preserves injectives, and Homz(F,-—) o iin 


Homy (ix F, —), this is the spectral sequence of a composite of functors. 
(£) Form the Ext x (—, F )-sequence of 


00> fjZoZai.Z > 0 


(see (1)) and apply (a) and (d). 














The exact sequence in (0.1f) is referred to as the cohomology sequence of the 
pair X D U. 
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Extensions of sheaves 


We generalize Theorem 0.3 of Chapter I to the étale topology. 

If Y is a Galois covering of a scheme X with Galois group G, then for 
any G-module M, there is a unique locally constant sheaf Fm on X such that 
r(Y, Fy) = M (as a G-module) (Milne 1980, II 1.2). In the next theorem we 
use the same letter for M and Fy. 

For any étale map f:U — X, let Zy = f\Z. Then every sheaf on Xet is 
a quotient of a direct sum of sheaves of the form Zy (cf. the second proof of 
III 1.1, Milne 1980), and such a sheaf is flat. Therefore, flat resolutions exist in 
S(Xe). The condition 7 or“(M ,N) = 0 forr > 0 in the next theorem means 
that, for any flat resolution F° > N of N, M ®z F° —> M &z N is a resolution 
of M 8z N. 


THEOREM 0.2 Let Y be a finite Galois covering of X with Galois group G, 
and let N and P be sheaves on Xe. Then, for any G-module M such that 
Tor“(M, N) = 0 forr > 0, there is a spectral sequence 


Ext (M, Ext} (N, P)) => Ext% "(M @z N, P). 
In particular, there is a spectral sequence 
H” (G, Ext$(N, P)) => Ext% (N, P). 


The second spectral sequence is obtained from the first by taking M = Z. 
After a few preliminaries, the first will be shown to be the spectral sequence of a 
composite of functors. 


LEMMA 0.3 For any sheaves N and P on X and G-module M, there is a canon- 
ical isomorphism 


Homg (M, Homy (N, P)) ~ Homy(M &z N, P). 


PROOF. Almost by definition of tensor products, there is a canonical isomor- 
phism 
Homy (M, Homy (N, P)) ~ Homy (M 8z N, P). 


Because M becomes the constant sheaf on Y, 


Homy (M, Homy (N, P)) ~ Hom(M, Homy (N, P)) 


(homomorphisms of abelian groups). On taking G-invariants, we get the required 
isomorphism. 
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LEMMA 0.4 If J is an injective sheaf on X and F is a flat sheaf on X, then 
Homy (F, I) is an injective G-module. 


PROOF. We have to check that the functor Homg(—, Homy (F, /)):S(Xer) > 
Ab is exact, but Lemma 0.3 expresses it as the composite of two exact functors 
— &z F and Homy(-, I). 














LEMMA 0.5 Let N and I be sheaves on X with I injective, and let M be a G- 
module. If Tor2(M, N) = 0 forr > 0, then ExtG(M, Homy (N, /)) = 0 for 
r>0. 


PROOF. By assumption, a flat resolution F° — N of N gives a resolution 
M &z F° —> M 8z N of M &z N, and it follows from the injectivity of 
I that Homy(M @z N,I) ~ Homy(M ®z F°®,/) is then a resolution of 
Homy(M @ N, I). In particular, on taking M = Z[G], we get a resolution 


Homy (Z[G] 8z N, I) > Homy (Z[G] 8z F°,/) (2) 
of Hom (Z[G] z N, I). But 
Hom y(Z[G] 8z F, I) ~ Homg(Z[G], Homy (F, 1)) ~ Homy (F, I) 
for any sheaf F, and so (2) can be regarded as a resolution 
Homy (N, I) > Homy(F°, I) 


of the G-module Homy (N, I). In fact (0.4), this is an injective resolution of 
Homy (N, /), which we use to compute Extg (M, Homy (N, /)). From (0.3) we 
know that 


Homg(M, Homy (F°, I)) ~ Homxy(M 8z F®, 1), 


and we have already noted that this last complex is exact except at the first step. 
Consequently Extg (M, Homy (N, /)) = 0 for r > 0. 














We now prove Theorem 0.2. Lemma 0.3 shows that 
Homy(M 8z N,-) 


is the composite of the functors Homy (N, —) and Homg (M, —), and Lemma 0.5 
shows that the first of these sends injective objects J to objects that are acyclic for 
the second functor. We therefore obtain the spectral sequence as that associated 
with a composite of functors (Milne 1980, Appendix B, Theorem 1). 
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COROLLARY 0.6 Let M and N be sheaves on X, and let Y be a finite Galois 
covering of X. Then 


Ext} (M, N) ~ Ext) (nxn*M, N). 
PROOF. On applying Theorem 0.2 with M = Z[G], we find that 
Homg(Z[G], Ext} (M, N)) ~ Exty(Z[G] @z M,N), 
but the first group is Ext} (M, N), and, in the second, Z[G] & M = m42* M. 














Pairings 
For any sheaves M, N, and P on X, there are canonical pairings 
Ext (N, P) x Ext% (M, N) > Ext" (M, P), 


which can be defined in the same way as the pairings in (I §0). Also, if X is 
quasi-projective over an affine scheme (as all our schemes will be), then we can 
identify the cohomology groups with the Čech groups (Milne 1980, MI 2.17) and 
use the standard formulas (ibid. V 1.19) to define cup-product pairings 


H”(X,M) x H5(X, N) > H'*5(X,M 8 N). 
Recall also (ibid. II 1.22) that there is a spectral sequence 
H” (X, Ext (M, N)) => Ext¥t*(M, N) 


whose edge morphisms are maps H’(X,Homxy(M,N)) > Ext)(M,N). As 
we noted in the proof of Lemma 0.3, a pairing M x N — P corresponds to a 
map M > Homy(N, P). 


PROPOSITION 0.7 Let M x N — P bea pairing of sheaves on X , and consider 
the composed map 


H” (X, M) > H"(X,Homx(N, P)) > Ext% (M, N). 


Then the diagram 


H”(X,M) x H°(X,N) > H'**(X,P) cup-product pairing 
4 | | 

Exty(N,P) x H*(X,N) > H'*S(X, P) Ext pairing 

commutes. 





PROOF. See Milne 1980, V 1.20. 
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The Cech complex 


Let F be a sheaf on Xe. For any U étale over X, let C°(V/U, F) be the Cech 
complex corresponding to a covering (V — U), and define C°(F)(U) to be 
lim C°(V/U, F) (direct limit over the étale coverings (V — U)). Then C°(F) 
is a complex of presheaves on X, and we let C°(U, F) = I'(U,C°(F)) be the 
complex of its sections over U. In the next proposition, we write H” (F) for the 
presheaf U + A'(U, F). 


PROPOSITION 0.8 Assume that X is quasi-projective over an affine scheme. 

(a) For any sheaf F on X, H’(C°(F)) ~ H'(F) and H"(C°(X, F)) > 
A'(X, F). 

(b) For any morphism f:Y — X, there is a canonical map f*C°(F) > 
C°( f*F), which is a quasi-isomorphism if f is étale. 

(c) For any pair of sheaves F and F’, there is a canonical pairing C°(F) x 
C°(F’) + C°(F ® F’) inducing the cup-product on cohomology. 

(d) Let X be the spectrum of a field K, and let F be the sheaf on X corre- 
sponding to the G -module M. Then C°(X, F) is the standard resolution 
of M (defined using inhomogeneous cochains). 


PROOF. (a) By definition, H” (C°(V/U, F)) = H’(V/ U, F), and therefore 
A'(C*(F)(U)) = lim A'(C°(V/U, F)) = lim H (V/U, F) = H" (U, F). 


Under our assumptions, the Čech groups agree with derived-functor groups, and 
so this says that 
H TUCE HU, F) ST, E, 


which proves both the equalities. 
(b) For any étale map V — X, there is a canonical map 


T(V, F) > T (Vy), f*(F)). 


In particular, when U is étale over X and (V — U) is an étale covering of U, 
then there is a canonical map '(V", F) > T Voy J*(F)) (here V” denotes 
V xu V xy ...), all r. On passing to the limit over V, we obtain a map 


r (U,C (F)) > r (Ug), C (f*F)) 


for all r, and these maps give a map of complexes C° (F) > fxC*(f*F). By 
adjointness, we get a map f*C°(F) > C°(f*F). The last part of the statement 
is obvious because, when f is étale, 


(PCE) ~ H” (F)|U ~ H” (F|U) ~ H” (C°(f*F)). 
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(c) For each U — X, the standard formulas define a pairing of complexes 
T (U,C°(F)) x T(U,C° (F) > T (U,C? (F ® F’)), 


and these pairings are compatible with the restriction maps. 

(d) If U is a finite Galois covering of X with Galois group G, then it is 
shown in Milne 1980, III 2.6, that C°(U/X, F) is the standard complex for the 
G-module F(U). The result follows by passing to the limit. 














Constructible sheaves 


Let X be a scheme of Krull dimension one. A sheaf F on such a scheme is 
constructible if there is a dense open subset U of X such that 
(a) for some finite étale covering U’ —> U, the restriction of F to U” is the 
constant sheaf defined by a finite group; 
(b) for all x ¢ U, the stalk Fẹ of F is finite. 
It is said to be Z-constructible if its restriction to some such U’ is the constant 
sheaf defined by a finitely generated group and the stalks Fy are finitely gen- 
erated. Note that a constructible sheaf is Z-constructible and a Z-constructible 
sheaf is constructible if and only if it is torsion. 
The constructible sheaves form an abelian subcategory of S(Xet) and if 


0—- F’ > F > F” 50 


is exact, then F is constructible if and only if F’ and F “ are constructible. For 
a morphism z locally of finite type, 2* carries constructible sheaves to con- 
structible sheaves, and when v is finite, x has the same property. Similar state- 
ments hold for Z-constructible sheaves. 


PROPOSITION 0.9 If X is quasi-compact, then every sheaf on X is a filtered di- 
rect limit of Z-constructible sheaves. Moreover, every torsion sheaf is a filtered 
direct limit of constructible sheaves. 


PROOF. Let F be a sheaf on X, and consider all pairs (g¢:U — X,s) with g 
étale, U affine, and s a section of F over U. For each such pair, we have a 
map Z — F|U sending 1 to s. This induces a map gx% — F and gZ is 
Z-constructible (because g is finite over a dense open subset of X). Therefore 
the image of g,Z in F is Z-constructible, and it is clear that the union of all 
subsheaves of this form is F. When F is torsion, then each of the subsheaves, 
being torsion and Z-constructible, is constructible. 
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Mapping cones 


For a complex A°, A®{1] denotes the complex with (A°[1])" = A’*! and the 
differential d” = —d a Let u: A? —> B° bea map of complexes. The mapping 
cone C° (u) corresponding to u is the complex A°[1] $ B® with the differential 
d" = —d’*! + u"t! + d}. Thus C’(u) = A’*! @ B”, and the differential 
is (a,b) +» (—da,ua + db). There is an obvious injection i: B? —> C°*(u) 
and an obvious projection p: C°(u)[—1] —> A°, and the distinguished triangle 
corresponding to u is 


c*uy-1] A S BS cea). 


By definition, every distinguished triangle is isomorphic to one of this form. 
A short exact sequence 


0 ATSB? C0 
gives rise to a distinguished triangle 
CS“ eee 
in which w is defined as follows: let g:C°(u) — C° be v on B® and zero 


on A°[1]; then q is a quasi-isomorphism, and so we can define w to be (—p) o 
q~‘[-1]. A distinguished triangle of complexes of sheaves on Xet 


e-1 3 aS Bc", 
gives rise to a long exact sequence of hypercohomology groups 
+» > H” (X, A°) > H” (X, B°) > H” (X, C°) > H’'T1(X, A*) >- 
PROPOSITION 0.10 (a) A morphism of exact sequences of complexes 
0 —— A* —> B° —— C° — 0 
E E 
0 — D? —— E* —— F° — 0 
defines a distinguished triangle 


C*@[-1] > C*@) > C°) > C (0). 
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(b) Assume that the rows of the diagram 


c°[-1] — A° — B° > C° 


pio o a 


Fe — D! — E’ — F’ 


are distinguished triangles and that the diagram commutes; then the diagram can 
be completed to a morphism of distinguished triangles. 
(c) For any maps 
AL [s BP —> cC 


of complexes, there is a distinguished triangle 
C*(v)[-1] > C° (u) > C° (v o u) > C° (v). 


PROOF. The statements are all easy to verify. (Note that (b) and (c) are special 
cases of the axioms (TR2) and (TR3) (Hartshorne 1966, I 1) for a triangulated 
category; also that the distinguished triangle in (c) is the analogue for complexes 
of the kernel-cokernel sequence (I 0.24) of a pair of maps.) 














1 Local results 


Except when stated otherwise, X will be the spectrum of an excellent Henselian 
discrete valuation ring R with field of fractions K and residue field k. For ex- 
ample, R could be a complete discrete valuation ring or the Henselization of the 
local ring at a prime in a global field. We shall use the following notations: 


KS 
| I = Gal(K*/K™) 
ks — Rw — k™ G = Gal(K*/K) 
| | | g = Gal(k*/k) = G/I 
k — R =- K 
Speck = x 2 X sE u = Spec K 


Preliminary calculations 


We compute the cohomology groups of Z and Gm. 
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PROPOSITION 1.1 (a) Let F bea sheaf on u; then H" (X, jF) = 0 forallr > 0, 
and consequently there is a canonical isomorphism 


H"(u, F) > H™*1(X, jF), allr > 0. 


(b) For any sheaf F on X, the map H’(X, F) > H"(x,i* F) is an isomor- 
phism allr > 0. 


PROOF. (a) The cohomology sequence of the pair X D u (see 0.1f) 
©- > A(X, jF) > H" (X, jF) > A’ (u, jF lu) > + 


shows that the first part of the statement implies the second. 
Let M be the stalk Fy of F at u regarded as a G-module. The functor F => 
i* jx F can be identified with 


M ++ M!:Modg —> Modg. 


The equality Hom,g (N, M T1) = Homg(N, M) for N a g-module shows that 
i* ją has an exact left adjoint, namely, “regard the g-module as a G-module”, 
and so i* jx preserves injectives. Consider the exact sequence (1) 


If F is injective, this is an injective resolution of j} F because ją and ią preserve 
injectives. As H°(X, jF) > H°(X,ixi* jx F) is the isomorphism M¢ = 
(M‘)8, the cohomology sequence of the sequence shows that H°(X, jF) = 0 
for all F and that H"(X, F) = 0 for all r > O if F is injective. In particular, we 
see that if F is injective, then j; F is acyclic for I (X, —). 

Let F — I° be an injective resolution of F. Then jF — j,J° is an acyclic 
resolution of j, F, and so H” (X, jF) ~ H" (r (X, ji1°)). But H”(T(X, jI) = 
(R’ f)(F) where f is the functor F œ> P(X, jF) = 0, and so H” (X, jF) =0 
for all r. 

(b) The cohomology sequence of 


0—> jj*F => F > ii F > 0 





yields the required isomorphisms. 











COROLLARY 1.2 For allr, H"(X,Z) = H"(g,Z); in particular, when k is 
finite, 


HH’ (X,Z) Z 0 Q/Z 0 
r = 0 1 2 > 3. 


150 CHAPTER II. ETALE COHOMOLOGY 





PROOF. This follows immediately from part (b) of the proposition. 











LEMMA 1.3 Ifk is algebraically closed, then H” (K, Gm) = 0 for allr > 1. 


PROOF. The assumption that R is excellent entails that K is separable! over K, 
and we have seen in (I A.6) that K is algebraically closed in K. Therefore K is 
a regular extension of K, and so we can apply Shatz 1972, Theorem 27, p116, 
to obtain that K is a C field. It follows that K has cohomological dimension at 
most 1, and so H” (K, Gm) = 0 for r > 2 (Serre 1964, II.3). 














LEMMA 1.4 Ifk is perfect, then R” jxGm = 0 for allr > 0; therefore 
Ext) (F, j+Gm) > Ext}, (F |u, Gm) 

for all sheaves F on X and allr. 

PROOF. The stalks of R” jG), are (see Milne 1980, IN 1.15) 


(R’ jxGm)x x H” (Kun, Gm) = 0, r>0 (by 1.3) 
(R’ jxGm)x = H” (Ks, Gm) =0, r>0. 





This proves the first assertion, and the second follows from (0.1b). 











PROPOSITION 1.5 Assume that k is finite. 
(a) Forallr > 0, H” (X, Gm) = 0. 
(b) We have 
H! (X,Gm) = 0 Z 0 Q/Z 0 
r = 012 3 ->33 


PROOF. (a) As R” jxGm = 0 forr > 0, H"(X, jxGm) > H"(K, Gm) all r. 
Moreover, H” (K, Gm) = 0 for r 4 0,2 and H?(K, Gm) ~ H?(k,Z) ~ Q/Z 
(cf. Lemma 1.3 or I A.1). On the other hand, H” (X, ixZ) ~ H" (x, Z) for all r 
(0.3c), and so the exact sequence 


d 
0 —> Gm > jsm > iZ —> 0 


1A field K is separable over a subfield k if either the characteristic is 0 or the characteristic is 


1 
p # 0 and K is linearly disjoint from k ? over k (Jacobson 1964, p166). It is a regular extension 
of k if it is separable over k and k is algebraically closed in K (Zariski and Samuel 1960, p229). 
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gives rise to an exact sequence 


0 > H(X, Gm) > KX B Z > H\(X,Gm) > 0> 0> 
H(X, Gm) > H?(K, Gm) > H? (k, Z) > 0 > H3(X,Gm) > 0 >- , 


which yields the result. 
(b) Consider the cohomology sequence of the pair X D u (see 0.1f), 


0 >H? (X, Gm) > H°(X,Gm) —> H°(K,Gm) > H} (X, Gm) > H! (X, Gm) >- 


| | | 


RX SSX 0. 
From the part we have displayed, it is clear that H? (X, Gm) = Oand H} (X, Gm) ~ 
Z. The remainder of the sequence gives isomorphisms H” (K, Gm) ~ HE1 (X, Gm) 
for r > 1, from which the values of H? (X, Gm), r > 2, can be read off. 














COROLLARY 1.6 Assume thatk is finite. Ifn is prime to char(k), then H! (X, un) ~ 
Z/nZ forr = 2,3, and HÝ? (X, un) = 0 otherwise. 


PROOF. Asn is prime to char(k), the sequence 


0 —> un > Gm > Gm > 0 





is exact, and the result follows immediately from (1.5). 











REMARK 1.7 (a) Part (a) of (1.5) can also be obtained as a consequence of 
the following more general result (Milne 1980, MI 3.11(a)): if G is a smooth 
commutative group scheme over the spectrum of a Henselian local ring, then 
A'(X,G) ~ H” (x, Go) for r > 1, where x is the closed point of X, and Go is 
the closed fibre of G/X. 

Alternatively, (1.1b) shows that H” (X, Gm) ~ H"(x,i*Gm). Obviously 
i*Gm corresponds to the g-module R"™®*, and it is not difficult to show that 
H” (g, R™®X) = 0 for r > 0 (cf. I A.2). 

(b) There is an alternative way of computing the groups H? (X, Gm). When- 
ever k is perfect, (1.4) shows that H” (X, jxGm) —> H” (u, Gm) is an isomor- 
phism for all r, and it follows immediately that HY (X, jxGm) = 0 for all r. 
Therefore the exact sequence 


d 
0 —> Gm > Cy > iZ —> 0 
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leads to isomorphisms HY (X, ix Z) 3H T+1(X, Gm), and we have seen in (0.1d) 
that H"(X,ixZ) ~ H" (x, Z). Therefore H! (X, Gm) ~ H’~!(x, Z) for all r. 

This argument works whenever k is perfect. For example, when k is alge- 
braically closed, it shows that H? (X, Gm) = 0, Z, 0, ... for r = 0, 1, 2, ... from 
which it follows that, if n is prime to char(k), then H? (X, un) = 0, 0, Z/nZ, 0, 
.. forr = 0, 1, 2, ... . These values of H” (X, un) are those predicted by the 
purity conjecture (Artin, Grothendieck, and Verdier 1972/73, XIX). 

Since R”i!Gp is the sheaf on z associated with the presheaf z’ + H DX’, Gm) 
(here X’ — X is the étale covering of X corresponding to z’ —> z), we see that 
if k is any perfect field, then R!i'Gm ~ Z and R’i'Gm = 0 for r Æ 1, and 
consequently that if (n,char(k)) = 1, then R?i! un ~ Z/nZ and R"i'un = 0 for 
r # 2. For this last statement concerning Hp it is not even necessary to assume 
that k is perfect. 


The duality theorem 
We now assume that the residue field k is finite. There are two natural candi- 
dates for a trace map H3(X,Gm) —> Q/Z. The first is that in (1.5), namely, 
the composite of the inverse of H? (u, Gm) 3 H3(X,Gm) with H? (u, Gm) = 
H? (Gx, Kx) = Q/Z. The second is that in (1.7b), namely, the compos- 
ite of the inverse of H? (x,Z) = H?(X,Z) > H(X, Gm) with H?(x,Z) = 
H?(Gx,Z) = Q/Z. From the definition of inv x (see I 1.6) it is clear that the 
two methods lead to the same map. 

Recall (0.1d) that for any sheaf F on X, HI (X, F) ~ Ext (i.Z, F), and so 
there is a canonical pairing 


Ext (F, Gm) x HTT (X, F) > H3(X,Gmn). 
On combining the pairing with the trace map, we obtain a map 
a’ (X, F): Ext (F, Gm) > HT (X, F)*. 


Before we can state the theorem, we need to endow Hom x (F, Gm) with a 
topology. We shall see below that the restriction map 


Homy(F, Gm) > Hom, (Flu, Gm) ~ Homg (Fy, K*”) 


is injective. The last group inherits a topology from that on Kx, and we give 
Hom y (F, Gm) the subspace topology. When F is Z-constructible, all subgroups 
of Hom y (F, Gm) of finite index prime to char(K) are open. 
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THEOREM 1.8 (a) Let F be a Z-constructible sheaf on X, without p-torsion 
if K has characteristic p # 0. 
i) The map w°(X, F) defines an isomorphism 


Homy (F, Gm)^ > H3(X, F)* 


(completion for the topology of open subgroups of finite index). 
ii) The group Ext) (F , Gm) is finitely generated, and œ! (X, F) defines 
an isomorphism 


Ext} (F, Gm)^ > H? (X, F)* 


(completion for the topology of subgroups of finite index). 
iii) Forr > 2, the groups Ext’, (F, Gm) are torsion of cofinite-type, and 
a’ (X, F) is an isomorphism. 
(b) Let F be a constructible sheaf on X , and assume that K is complete or that 
pF = F for p = chark. Then the pairing 


Ext) (F, Gm) x HÌ (X, F) > H3(X, Gm) ~ Q/Z. 
is nondegenerate; if pF = F, then all the groups are finite. 


We first consider a sheaf of the form iF, F a Z-constructible sheaf on x. 
Recall (0.1d), that for such a sheaf Hf (X, ix F) ~ H"(x, F), all r. 


LEMMA 1.9 For any sheaf F on x, there is a canonical isomorphism 
Ext | (F, Z) > Ext% (ix F, Gm), allr > 1. 


PROOF. From the exact sequence 
0> Gn > jxGm > ixZ > 0 
we obtain an exact sequence 
+++ > Exty (ix F, Gm) > Ext (ix F, jxGm) > Ext (ix F, iZ) >. 


But Ext (ix F, jxGm) ~ Ext; (ix F |u, Gm) in view of (0.1b) and (1.4), and the 
second group is zero because ix F|u = 0. Also Ext% (ix F, ixZ) ~ Ext} (F, Z) 
by (0.1c), and so the sequence gives the required isomorphisms. 














It is obvious from the various definitions that the diagram 


Ext% (i+ F,Gm) x H3"(X,isF) > H3(X,Gm) ~ Q/Z 


{= | t= 
Ext’ '(F,Z) x H?(x,F) > H?(x,Z) ~ QZ 
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commutes. The lower pairing can be identified with the pairing in (I 1.10). We 
deduce: Ext! (ix F, Gm) is finitely generated and œ! (X, ix F) defines an isomor- 
phism Ext! (ix F, Gm)^ > H 2(X,ixF)* (completion for the profinite topol- 
ogy); &?(X, iF) is an isomorphism of finite groups; a3(X, ix F) is an isomor- 
phism of torsion groups of cofinite-type; for all other values of r, the groups are 
zero. When F is constructible, it corresponds to a finite g-module, and so all the 
groups are finite (and discrete). This completes the proof of the theorem for a 
sheaf of the form i, F. 

We next consider a sheaf of the form jF, with F a Z-constructible sheaf on 
u without p-torsion. Consider the diagram 


Ext% (jıF,Gm) x H(X, jF) > H3(X,Gm) 


ļ> f> t~ 
Ext? (F,Gm) x H*"u,F) > H?’(u,Gm) > Q/Z 


1? 


Q/Z 


in which the first isomorphism is restriction from X to u (see 0.1a), and the two 
remaining isomorphisms are boundary maps in the cohomology sequence of the 
pair X D u (see (1.1) and (1.5)). It is again clear from the various definitions that 
the diagram commutes. The lower pairing can be identified with that in (I 2.1). 
We deduce: 
© Homxy(jıF, Gm) is finitely generated and a°(X, j, F) defines an isomor- 
phism 
Homy (j1F.Gm)* > H3(X, jiF)* 


(completion for the topology of open subgroups of finite index); 
© a!(X, j,F) is an isomorphism of finite groups; 
© «?(X,ixF) is an isomorphism of torsion groups of cofinite type; 
© for all other values of r, the groups are zero. 
When F is constructible, it corresponds to a finite G-module, and all the groups 
are finite (and discrete). 
This completes the proof of the theorem when F ~ ixi*F or F ~ jy j*F 
and F is without p-torsion. For a general Z-constructible sheaf F without p- 
torsion, we use the exact sequence 


0 — j(F|U) > F > i,si* F > 0, 
and apply the five-lemma to the diagram 


» > Exty(ixi* F, Gm) > Ext (F,Gm) > Exty(i(F|U),Gn) > - 
| | | | | 
1 4 ta F 


- > H(X, ixi*F)* > H(X, F)* > H(X, j(F|U)* —> - 
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This leads immediately to a proof of (a) of the theorem for r > 2. For r < 2, one 
only has to replace the first four terms in the top row of the diagram with their 
completions: 


0 >Hom(F,Gm)* > Hom(ji(F |U), Gm)^ > Ext} (ixi* F, Gm)^ ++ 


0 —> H(X,F)* —> HBX A(FIU))* > HÈ(X,isi*F)* >- 
Note that the top row is exact by virtue of (I 0.20a). 


The remaining case, where K is complete and F is constructible with p tor- 
sion, can be treated similarly. 


COROLLARY 1.10 Let p = char k. 
(a) Let F be a locally constant constructible sheaf on X such that pF = F, 
and let FP? = Hom(F,Gm). Then there is a canonical nondegenerate 
pairing of finite groups 


H" (X, FP) x H3 (X, F) > H3(X,Gm) ~ Q/Z. 


(b) Let F be a constructible sheaf on u such that pF = F, and let F? = 
Hom,(F, Gm). The pairing F? x F —> Gm extends to a pairing ją F? x 
jxF — Gn, and the resulting pairing 


H" (X, j FP) x H3 (X, jF) > H3(X,Gm) ~ Q/Z 
is nondegenerate. 
PROOF. (a) We shall use the spectral sequence (Milne 1980, III. 1.22) 
H" (X, Ext) (F, Gm)) => Ext (F, Gm) 


to show that the term Ext, (F, Gm) in the theorem can be replaced with H” (X, F D), 
According to Milne 1980, MI 1.31, the stalk of Exry (F, Gm) at ¥ is Ext" (Fe, RZ) 
(Ext as abelian groups). This group is zero for s > 0 because RY®* is divis- 
ible by all primes dividing the order of Fy. The stalk of Ext) (F, Gm) at u 
is Ext (Fy, Kx), which is zero for s > 0 by the same argument. Therefore 
Exty (F, Gm) is zero for s > 0, and the spectral sequence collapses to give iso- 
morphisms H"(X, FP?) ~ Ext, (F, Gm). 

(b) On applying js to the isomorphism F? 3 Hom, (F, Gm), we obtain an 
isomorphism j F? > jxHomy(F,Gm). But 


jxHomy(F,Gm) > jxHom(j* jxF, Gm) > Homy (jxF, jxGm) 
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(see Milne 1980, II 3.21), and from the Ext sequence of 
0> Gn > jxGm > ixZ > 0 


and the vanishing of Homy(j«F,ixZ) ~ Hom,(i*/jF,Z) we find that 
Homy(jxF, jxGm) ~ Homy(jxF,Gm). Thus jF? ~ Homy(j+F,Gm) 
and the existence of the pairing jx FP x ją F — Gy is obvious. 

Next we shall show that Ext) (jxF,Gm) = 0 forr > 0. Let M = Fr. 
If M/ = M, then j,F is locally constant, and we showed in the proof of part 
(a) of the corollary that the higher Ext’s vanish for such sheaves. If M/ = 
0, then jF = jF, and Ext (jF, Gm) ~ jxExt (F, Gm). The stalk of 
juExt! (F,Gm) at x is H"(K™,M?). Because M has order prime to p, 
H'(I,M?) ~ H'(I/Ip,M®), where Jp is the p-Sylow subgroup of I. But 
H’(I/Ip,M”) is zero for r > 1, and H'(I/Ip, M?) is dual to H?(I/Ip, M), 
which equals M7 (cf. the proof of I 2.18). By assumption, this is zero. Because 
I is normal in Gx, every Gx-module has a composition series whose quotients 
Q are such that either Q7 = Q or Q7 = 0. Our arguments therefore show that 
Exty (jx F,Gm) = 0 forr > 0. 

The spectral sequence 


H" (X, Ext) (jaF,Gm)) => Ext’ Us F, Gm) 


therefore reduces to a family of isomorphisms H” (X, jx F?) 3 Ext (jx F, Gm), 
and the corollary follows from the theorem. 














REMARK 1.11 (a) Part (a) of the theorem is true without the condition that F has 
no p torsion, p = char K, provided one endows Ext) (F , Gm) with a topology 
deduced from that on K and defines Ext) (F , Gm)^ to be the completion with 
respect to the topology of open subgroups of finite index. Note that a!(X,ixZ) 
is the natural inclusion Z <> Z, and that a! (X, j1Z/pZ) for p = char K is 
an isomorphism of infinite compact groups K*/K*? — (K/gK)* when K is 
complete. The first example shows that it is necessary to complete Exty (F, Gm) 
in order to obtain an isomorphism, and the second shows that it is necessary to 
endow Ext} (F , Gm) with a topology coming from K because not all subgroups 
of finite index in K*/K*%P are open. 

(b) By using derived categories, it is possible to restate (1.8) in the form of 
(1.10) for any constructible sheaf F such that pF = F. Simply set F? = 
RHom(F, Gm) (an object in the derived category of the category of constructible 
sheaves on X), and note that H” (X, F?) = Ext) (F, Gm). (The point of the 
proof of (1.10) is to show that H” (RHom(F, Gm)) = 0 for r > 0 when F is 
locally constant.) 
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Singular schemes 


We now let X = Spec R with R the Henselization of an excellent integral local 
ring of dimension 1 with finite residue field k. Then R is again excellent, but it 
need not be reduced. Let u = {u1, ..., Um} be the set of points of X of dimension 
0. Then O x,u; is a field K;, and the normalization Rof Risa product of excellent 
Henselian discrete valuation rings R; such that R; has field of fractions K; (see 
Raynaud 1970, IX). We have a diagram 


Egat d 
{X1,-..,Xm}—> X ——_ u 
| lw 
j 
x —— X 
with X = Spec R and x and x; the closed points of X and Spec R; respectively. 
For A in the total ring of fractions of R, define 


ord(h) = JIk (x): k(x)] - ord; (h) 


where ord; is the valuation on K;. One can define a similar map for any U étale 
over X, and so obtain a homomorphism ord: jxGm — ixZ. Define G be the 
complex of sheaves jxGm — ixZon X. 


LEMMA 1.12 (a) Forallr > 0, R” jxGm = 0; therefore 
Ext) (F, jxGm) > Ext], (F |u, Gm) 


for all sheaves F on X and allr. 
(b) For all r, there is a canonical isomorphism H'~1!(x,Z) > H"(X,G). 


PROOF. (a) The map v is finite, and therefore z, is exact. As jx = Tx Ji this 
shows that R” jxGm œ nx R” jxGm, which is zero by (1.4). 
(b) From (a) and (0.1) we see that 


HY (X, jxGm) X Ext (ixZ, jxGm) X Ext, (i+Z|u, Gm) = 0, 
all r. The exact sequence 


iH OO) > H! (X, jsGm) > H! (X, ixZ) > 





now leads immediately to the isomorphism. 











We define the trace map H3 (X, Gm) = Q/Z to be the composite of the 
inverse of H2(x,Z) > H3(X,Gm) and invz: H2(g,Z) > Q/Z. 
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THEOREM 1.13 For any constructible sheaf F on X, 
Ext (F, Gm) x He" (X, F) > H3(X,Gm) ~ Q/Z, 
is a nondegenerate pairing of finite groups. 


As in the case that X is regular, it suffices to prove this for sheaves of the 
form i, F and jF. 


LEMMA 1.14 For all r, Ext); (ix F, jxGm) = 0; therefore the boundary maps 
Ext, (F, Z) > Ext; (is F, Gm) are isomorphisms. 


PROOF. The proof is the same as that of (1.9). 














The theorem for ix F now follows from the diagram: 


Exty(isF,G) x H2"(X,isF) > HZ(X,G) ~ Q/Z 
{= t= Te 
Ext’1(F,Z) x H?(x,F) —> H?(x,Z) ~ Q/Z. 


We next consider a sheaf of the form jF. 

LEMMA 1.15 Forallr, H"(X, jF) = 0; therefore the maps 
H"! (u, F) > HE(X, jF) 

are isomorphisms. 

PROOF. Consider the diagram 


| 


0S OF e UP Ss a E e À; 


Because (mx j\F x = = 0, the map of Tx JF into i,i* jx F is zero, and therefore 
the image of zx jF is contained in jF. The resulting map 7x jF —> j\F in- 
duces isomorphisms on the stalks and therefore is itself an isomorphism. The first 
assertion now follows from (1.1), and the second is an immediate consequence of 
the first. 














The theorem for j; F now follows from the diagram: 


1? 


Exty(F,G) x H3, hF) >  H?X,O) Q/Z 
t= t= t ps 
P; Ext), (F,Gm) x Q; H? (ui, Fi) > Q; Hli Gm) > (Q/Z)". 
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Higher dimensional schemes 


We obtain a partial generalization of (1.8) to d-local fields. Recall from (I 2) that 
a 0-local field is a finite field, and that a d-local field is a field that is complete 
with respect to a discrete valuation and has a (d — 1)-local field as residue field. If 
p is either 1 or a prime and M is an abelian group or sheaf, we write M(non—p) 
for lim Mm where the limit is over all integers prime to p. We also write [oo(r) 


for the sheaf lim uS” on Xea (limit over all integers m). 


THEOREM 1.16 Let K be a d-local field with d > 2, and let p = char(Kj) 
where K; is the 1-local field in the inductive definition of K. Let X be Spec R 
with R the discrete valuation ring in K, and let x and u be the closed and open 
points Speck and Spec K of X. 

(a) There is a canonical isomorphism 


HE*?(X, f1o(d))(non—p) > Q/Z(non—p). 
(b) For any constructible sheaf F on X such that pF = F, 
Ext% (F, [oo(d)) x Hf +?" (X, F) > HE+?(X, Wo0(d)) > Q/Z 
is a nondegenerate pairing of finite groups, all r. 


PROOF. (a) Let i and j be the inclusions of x and u respectively into X. As 


we observed in (1.7), R'i'um œ~ Z/mZ forr = 2 and is zero otherwise. 
On tensoring both sides with por, we find that R"i' u81 Sa poet for 


r = 2 and is zero otherwise. Next, on passing to the direct limit, we find that 
R™i'[Uo0(d)(non—p) ~ uoæld — 1)(non—p) for r = 2 and is zero otherwise. 
Now the spectral sequence 


H" (x, R5i'uœo(d)) => HI+(X, Wo0(d)) 


shows that H@+?(X, o0(d))(non—p) ~ H4(x, uoœld — 1))(non—p), which 
equals (Q/Z)(non-p) by (I 2.17). 

We give a second derivation of this trace map. Note that (1.1) implies that 
H+! (u, tgo(d)) > H4+2(X, jrpioo(d)). Moreover H4+2(X, jiptoo(d)) > 
H a +2(X, utoo(d)) is an isomorphism because k has cohomological dimension d 
(this is implied by (I 2.17) applied to k). Therefore we have a trace map 


H!*?(X, po(d))(non-p) ~ H+! (u, oo(d))(non-p) ~ (Q/Z)(non-p). 


The inductive approach we adopted to define the trace map in (I 2.17) shows that 
the two definitions give the same trace map are equal. 

(b) As in the previous cases, it suffices to prove this for sheaves of the form 
iF and j\ F. 
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LEMMA 1.17 For allr, there are canonical isomorphisms 
Ext”-?(F, pold — 1)) > Ext Gx F, oo (d)). 


PROOF. Because R”i'uo(d) = 0 forr A 2 and R?i'uo(d) ~ uoæld — 1), 
the spectral sequence, 


Ext” (F, R%i'poo(d)) => Extyh (ix F, poo(d)), 











collapses to give the required isomorphisms. 





The theorem for ix F now follows from the diagram, 


Ext% (ixF, Moo(d)) x Hé+?-"(X,ieF) > H2+?(X, ueo(d)) > Q/Z 
te | t~ 
Ext” ?(F, pold —1)) x H4t?-"(x,F) —> H4 (x, to(d —1)) > Q/Z 


and (I 2.17) applied to k. 
Let F be a sheaf on u. The theorem for j; F follows from the diagram, 


? 


Ext} (jıF, poo(d)) x HIT?" (X, jF) > HE*?(X, uœld)) ~ Q/Z 
Ext? (F, uœo(d)) x HI!" (u,F) —> H+! es @)) 


1? 


Q/Z 


and (1.2.17) applied to K. This completes the proof of Theorem 1.16. 
For any ring A we write K, A for the r™ Quillen K-group of A, and for 
any scheme X, we write K, for the sheaf on Xet associated with the presheaf 


U > K,I'(U, Ov). 


THEOREM 1.18 Let K and p be as in (1.16). 
(a) There is a canonical isomorphism 


HE*?(X,Kaq—1)(non—p) > (Q/Z)(non—p). 
(b) For any constructible sheaf F on X such that pF = F, 
Ext), (F, K2d—1) x HIY?" (X, F) > HE+?(X, Kog-1) > Q/Z 


is a nondegenerate pairing of finite groups. 
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The main part of the proof is contained in the next lemma. Recall (Browder 
1977) that for any ring A, there are K-groups with coefficients K, (4, Z/mZ) 
fitting into exact sequences 


0—> K,(A)™ —> K,(A,Z/mZ) > K;p-1(A)m > 0. 


Also that for any ring A and integer m that is invertible in A, there is a canon- 
ical map lm — K2(A,Z/mZ). Using the product structure on the groups 
K,(A, Z/mZ), we obtain a canonical map um(r) > Kr (A, Z/mZ) > Koy—1(A). 


LEMMA 1.19 Let X be any scheme. If m is invertible on X, then there is an 
exact sequence 


0 > um(d) > Koq-1 5 Kyq-1 > 0 


of sheaves on Xet. 


PROOF. This is fairly direct consequence of the following two theorems. 

(a) Let k be an algebraically closed field; then K2,k is uniquely divisible for 
all r, and K2;—1k is divisible with torsion subgroup equal to 4oo(r) (Suslin 
1983b, 1984). 

(b) If R is a Henselian local ring with residue field k and m is invertible in 
R, then K,(R,Z/mZ) 3 K,(k, Z/mZ) for all r (Gabber 1983; see also 
Suslin 1984). 

For any field extension L/k of degree p”, there are maps 


fa: K (k) > K,(L), f*:K,(L) > K,(k) 


such that f *o fx = p” = fso f*. Therefore K;(k)(non—p) —> K,(L)(non-p) 
is an isomorphism. This remark, together with (a) and a direct limit argument, im- 
plies that for a separably closed field k with char(k) = p, (K2rk)(non—p) is 
uniquely divisible for all r and (K2;~1k)(non—p) is divisible with torsion sub- 
group equal to {4¢9(7)(non—p). In terms of K-groups with coefficients, this says 
that Ko,(k,Z/mZ) ~ Kor-1(k)m Z Um(r) and Kər—1 (k, Z/mZ) = 0 for all 
m prime to p. 
Let R be a strictly Henselian local ring. From the diagram 


0 —> Ko,(R)%™ —-+ Ko;(R,Z/mZ) ——> Kor-1(R)m —— 0 


! l l 


0 —> KrK —> Kalk, Z/mM) Š> Koil(k)m —> 0 
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we see that K2;-1(R)m 5 Kor—1(k)m, and therefore that the map ym(r) > 
K2r—1(R)m is an isomorphism. As K2;-1(R,Z/mZ) ~ K2-~1(k, Z/mZ) = 0, 
we know that K2;—1 (RY™ = 0, and therefore that the sequence 





0 —> um(r) > Kar-1 (R) > K2--1(R) > 0. 


is exact. This implies the lemma because the exactness of a sequence of sheaves 
can be checked on the stalks. 














LEMMA 1.20 Let X be the spectrum of a Henselian discrete valuation ring with 
closed point x; then for any sheaf F on X, H} (X, F) is torsion forr > 2. 


PROOF. Let u be the open point of X, and consider the exact sequence 
+> H! (u, F) > H? (X, F) > H?(X, F) >: 


From (1.1) we know that H” (X, F) ext H” (x,i* F) (excellence is not used in 
the proof of (1.1)), and H” (x,i* F) and H” (u, F |u) are both torsion for r > 0 
because they are Galois cohomology groups. The lemma follows. 














We now complete the proof of Theorem 1.18. The exact sequence in the 
lemma leads to an exact sequence (ignoring p-torsion) 


0 —> Hot! (X, Kog-1)@Q/Z > H*?(X, Woo(d)) > HE*?(X, Kog-1) > 0, 
which shows that 
H2*?(X, jtg0)(non—p) > H2*?(X, K2q—1)(non—p) 


is an isomorphism because the first term in the sequence is zero. Similarly, 


Ext (F, Hoo) > Ext (F, K2q-1) 
for all r, and so (1.16) implies (1.18). 


REMARK 1.21 The corollary is a satisfactory generalization of (1.8) in the case 
that Kı has characteristic zero. The general case, where the characteristic jumps 
from p to zero at some later stage, is not yet understood. For a discussion of what 
the best result should be, see §7 below. 


NOTES Part (b) of Theorem 1.8 is usually referred to as the local form of the duality 
theorem of Artin and Verdier, although Artin and Verdier 1964 only discusses global 
results. In Deninger 1986c it is shown that the result extends to singular schemes when 
Gm is replaced by G. The extension to higher dimensional schemes in Theorems 1.16 
and 1.18 is taken from Deninger and Wingberg 1986. The key lemma 1.19 has probably 
been proved by several people. 
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2 Global results: preliminary calculations 


Throughout this section, K will be a global field. When K is a number field, 
X denotes the spectrum of the ring of integers in K, and when K is a function 
field, k denotes the field of constants of K and X denotes the unique connected 
smooth complete curve over k having K as its function field. The inclusion of 
the generic point into X is denoted by g: Spec K —> X, and we sometimes write 
n for Spec K. For any open subset U of X, U® is the set of closed points of 
U, often regarded as the set of primes of K corresponding to points of U. The 
residue field at a nonarchimedean prime v is denoted by k(v). The field K, is 
the completion of K at v if v is archimedean, and it is the field of fractions of 
the Henselization OF of Oy otherwise. For a sheaf F on X or an open subset 
of X, we sometimes write F, for the sheaf on Spec K, obtained by pulling back 
relative to the obvious map 


fu: Spec Ky —> Spec K > X. 
Note that when v is nonarchimedean, there is a commutative diagram 
Spec Ky ——> Spec K 
SpeccO* —> X. 


For an archimedean prime v of K and a sheaf F on Spec(K,), we set H” (Ky, F) > 
H7 (Gv, M) (notation as in I §0) where M is the Gy-module corresponding to F 
and Gy = Gal(Ky,s/Ky). Therefore H”(K, F) is zero for all r € Z when v is 
complex, and H” (K„, F) is isomorphic to H? (Gy, M) or H!(G,, M) accord- 
ing as r is even or odd when v is real. We let gy = Gal(k(v)s/k(v)). 


The cohomology of G,, 


PROPOSITION 2.1 Let U be an open subset of X, and let S denote the set of all 
primes of K (including the archimedean primes) not corresponding to a point of 
U. Then 


H®°(U,Gm) = T (U, Oy)”, 
H! (U, Gm) = Pic(U), 


there is an exact sequence 


0 > H?(U, Gm) > E Br(Ky) => Q/Z > H? (U, Gm) > 0. 


veS 
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and 
H” (U, Gm) = GD A" (Kv, Gm), 7 > 4. 


v real 


PROOF. Let g:7 — U be the inclusion of the generic point of U. There is an 
exact sequence (Milne 1980, II 3.9) 


0 > Gm > g«xGmjn > Divy > 0 (3) 


with Divy = D, eyoly«Z the sheaf of Weil divisors on U. The same argument 
as in (1.4) shows that RS g4Gm = 0 for s > 0, and so the Leray spectral sequence 
for g degenerates to a family of isomorphisms 


H" (U, gxGm) > H"(K,Gm), r20. 
Clearly, 
H" (U, Divy) = Q,eyo H" (v, isZ) = Qeyo H” (k(v), Z), 


and we know from (I A.2) that 


1? 


H" (k(v),Z) Z 0 Br(Ky) 0 
r = 01 2 23 


The cohomology sequence of (3) therefore gives exact sequences 


0 —> H’(U,Gm) > K* > @ Z> H!(U,Gm) > 0, 
veU? 
0 > H? (U, Gm) > Br(K) > @ Br(Ky) > H? (U, Gm) —> H? (K, Gm) > 0, 


veU? 


H' (U, Gm) > H" (K, Gm), r > 4. 


The first sequence shows that H? (U, Gm) and H ! (U, Gm) have the values claimed 
in the statement of the proposition. Global class field theory (Tate 1967a, and 
Chapter I, A.7) provides an exact sequence 


0 > Br(K) > @,y y Br(Ko) > Q/Z > 0. 


all v 


From this and the second of the above sequences, we see that the kernel-cokernel 
sequence of the pair of maps 


Br(K) > Qa» Br(Kv) > Pueyo Br(Ky) 


is the required exact sequence 
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0 > H2(U,Gm) > Dyes Br(Ky) 2% Q/Z > H3(U, Gm) > H2(K,Gm) >0, 
To complete the proof in the number field case, we use that H’(K,Gm) > 
Dy rea” (Kv,Gm) for r > 3 (see I 4.21), and that H3(R,Gm) = 0. In the 
function field case, we know that K has cohomological dimension < 2, which 
implies that H” (K, Gm) = 0 for r > 3. 














REMARK 2.2 (a) If S contains at least one nonarchimedean prime, then the map 
D invy: Dyes Br(Ky) > Q/Z 
is surjective, and so in this case there is an exact sequence 
0—> H’ (U, Gm) > Byes Br(Kv) > Q/Z = 0, 
and 


Dy reall (Ky, Gm), reven, r>4 
0, rodd, r>3 
H'(U,Gm) =0, r>3, Ka function field. 


H” (U, Gm) > K a number field, 


(Recall that, for v real, H? (Ky, —) = HL (Gy, —).) 
(b) If K has no real primes, then H?(X, Gm) = 0, H3(X, Gm) = Q/Z, and 
A" (X,Gm) = 0 forr > 4. 


Cohomology with compact support 


We shall define cohomology groups with compact support HE (U, F), r € Z, that 
take into account the real primes. They will fit into an exact sequence 


-> HI (U, F) > H" (U, F) > ®ygy H” (Kv, Fy) > HIY (U, F) > 

(4) 

(sum over all primes of K, including any archimedean primes, not corresponding 

to a point of U). In particular, H? (U, F) > @, veg H7! (Ko, Fo) forr < 0. 

The group H¢ (U, F) differs from H” (X, jF) by a group killed by 2, and equals 

it except in the case that K is a number field with a real embedding. The reader 
who is prepared to ignore the prime 2 can skip this subsection. 

Let F be a sheaf on U, and write C*(F) for the canonical Čech complex 

of F defined in §0. Thus F (U,C°(F)) = C°(U, F), and H”(C°(U, F)) = 
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H'(U, F). For each prime v, there is a canonical map f*C°(F) > C°(Fy) 
and therefore also a map C°(U, F) —> C°(Ky, Fy). As we noted in (0.8), 
C°(Ky, Fy) can be identified with the standard (inhomogeneous) resolution 
C°(M,) of the Gy-module My associated with F,. When v is real, we write 
S*(M,) (or S*(Ky, Fy)) for a standard complete resolution of My, and oth- 
erwise we set S*°(M,) ~ C°(M,). In either case there is a canonical map 
C°(M,) > S°(M,). On combining this with the previous maps, we obtain a 
canonical morphism of complexes 


u: C°(U, F) > gy S° (My) 


(sum over all primes of K not in U). We define? H,(U, F) to be the translate 
C*(u)[—1] of the mapping cone of u, and we set HY (U, F) = H” (He(U, F)). 


PROPOSITION 2.3 (a) For any sheaf F on an open subscheme U C X, there is 
an exact sequence 


+> HE (U, F) > H" (U, F) > @ygy H” (Kv, Fo) > HEY (U, F) >. 
(b) A short exact sequence 
0> F’>F>F">0 
of sheaves on U, gives rise to a long exact sequence of cohomology groups 
--- > HI (U, F') > HI (U, F) > ADU, F”) > ---. 
(c) For any closed immersion i: Z —> U and sheaf F on Z, 
Hi (U, iF) ~ H” (Z, F). 
(d) For any open immersion j: V — U and sheaf F on V, 
HŽ (U, jF) ~ HE (V, F). 
Therefore, for any sheaf F on U, there is an exact sequence 
-= > HEV, F|V) > HE (U, F) > Qyevsu H" it F) > + 


(e) For any finite map 7: U’ —> U and sheaf F on U’, there is a canonical 
isomorphism H¢{ (U, ną F) > H{(U', F). 


2In the original, this was written He. 
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PROOF. (a) This is obvious from the definition of H,(U, F) and the properties of 
mapping cones (see §0). 
(b) From the morphism 


0 — > C°(U,F’) — > C°(U,F) —> C*(U,F") — 0 
| p [e 
0 — PSK, Fy) — PS (K, Fy) —> QS*(Ky, Fy’) — 0 
of short exact sequences of complexes, we obtain a distinguished triangle 
He(U, F")[-1] > He (U, F') > He(U, F) > He(U, F”). 


(see 0.10a). This yields the long exact sequence. 

(c) Since the stalk of i, F at the generic point is zero, H” (Ky, (ix F)y) 
0 for all v. Therefore HĮ(U,ixF) => H"(U,i«F), and the second group is 
isomorphic to H” (Z, F). 

Before proving (d), we need a lemma. 


LEMMA 2.4 Under the hypotheses of (d), there is a long exact sequence 
++ — H” (U, jF) > H” (V, F) > Qeu yv H (Ko, F) > 
PROOF. The cohomology sequence of the pair U D V is 
"+ > Hgy (U, jF) > H” (U, jF) => H” (V, F) >+. 


By excision (Milne 1980, III.1.28), Hg_y (U, jF) ~ Preu yv H (Uv, jF) 
where U, = Spec OR, and according to (1.1), HE (Uy, jF) ~ H1 (K,, F). 
The lemma is now obvious. 














PROOF (OF (2.3) CONTINUED) On carrying out the proof of the lemma on the 
level of complexes, we find that the mapping cone of 


C° (U, iF) > C° (V, j} F|V) = C°V, F) 
is quasi-isomorphic to yey y C°(Kv, Fy). The cokernel of 
Deu S (Ko, Fy) > Drev S? (Kv, Fy) 


is also cy pC °(Ko, F), and so the mapping cone of He (U, ji F) > H-(V, F) 
is quasi-isomorphic to the mapping cone of a map 


Deuy yC? (Ko, F) me Dey yC? (Ko, F). 
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The map is the identity, and therefore He(U, jF) — He(V, F) is a quasi- 
isomorphism. This completes the proof of the first part of (d), and to deduce 
the second part one only has to replace HY (U, jF) with HZ (V, F) in the coho- 
mology sequence of (see (1)) 


0—> jj*F => F > i*i F > 0. 


Finally, (e) of the proposition follows easily from the existence of isomor- 
phisms H” (U, nx F) > H” (U', F) and H” (Ky, nF) > H"(Ki, F). 














PROPOSITION 2.5 (a) For any sheaves F and F’ on U C X, there is a canonical 
pairing 
(, ):Extī, (F, F’) x HE(U, F) > HĮ™ (U, F’). 


(b) For any pairing F x F’ —> F” of sheaves on U C X, there is a natural 
cup-product pairing 


H? (U, F) x HÈ(U, F’) > HITS (U, F”). 


(c) The following diagram commutes: 


H"(U,Hom(F, F’)) x H&(U,F) > HIt5(U,F’) (cup-product) 
i | | 
Exty (F, F”) x H&(U,F) > HI*S(U, F’ (Ext pairing). 


PROOF. (a) For example, represent an element of Exti,(F, F’) by an r-fold ex- 
tension, and take H? (U, F) —> HI*S(U, F’) to be the corresponding r-fold 
boundary map. 

(b) The cup-product pairing on the Cech complexes (Milne 1980, V.1.19) 


C*(U, F) x C°(U, F > C°(U, F") 


combined with the cup-product pairing on the standard complexes (Cartan and 
Eilenberg 1956, XII) 


S°(Ky, Fy) x S°(Ky, F;) = S*(Ky, Fy) 
gives a natural pairing 


He (U, F) x He(U, F) > He(U, F’). 





(c) Combine (I 0.14) with (0.7). 
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The cohomology of G,, with compact support 


PROPOSITION 2.6 Let U be an open subscheme of X. Then HAG, Gm) = 0, 
H3(U, Gm) = Q/Z, and H? (U, Gm) = 0, r > 3. 


PROOF. Part (a) of (2.3) gives exact sequences 


0 —> H2(U,Gm) > H?(U,Gm) > ® Br(Ky) > 
vU 


HÈ (U, Gm) > H? (U, Gm) > 0 


0 > HË (U,Gm) > H” (U, Gm) > @ H?” (Kv, Gm) > 


v real 


H ™ (U, Gm) > H®+! (U, Gm) > 0, 


(2r > 4). When U # X, these sequences and (2.2a) immediately give the 
proposition, but (2.3d) and the next lemma show that H (U, Gm) does not depend 
on U ifr > 2. 














LEMMA 2.7 For any closed immersion i: Z —> U whose image i(Z) # U, 
A’(Z,i*Gm) = Oallr > 1. 


PROOF. It suffices to prove this with Z equal to a single point v of U. Then i *Gm 
corresponds to the gy-module OV”, and so H"(Z,i*Gm) ~ H"(gy, OW”). 


The sequence 
ord 


0 ath omx ny Ks iy Z > 0 
is split as a sequence of gy-modules, and so H” (gy, O}"*) is a direct summand of 
H” (gy, K®™*). Therefore Hilbert’s theorem 90 shows that H!(gy,O%*) = 0, 
and we know from (I A.2) that H? (gy, O%*) = 0. As gy has strict cohomolog- 
ical dimension 2, this completes the proof. 














REMARK 2.8 (a) Let K be a number field, and let R be the ring of integers in K. 
Then there is an exact sequence 


0 > H} (X, Gm) > R* > @, rea KX / KX? > H}(X, Gm) > Pic(R) > 0, 


v rea 


where Pic(R) is the ideal class group of R. In particular, 


HP (X, Gm) ~ {a € R* | sign(ay) > 0 all real v} 


= groups of totally positive units in K. 
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Let Id(R) be the group of fractional ideals in R. Then 


HL (X, Gm) ~ Id(R)/{(a) | a € K*, sign(ay) > 0 all real v} 


~ group of ideal classes of K in the narrow sense 


(see Narkiewicz 1974, III, §2, §3). 
The cohomology sequence with compact support of 


0 > Gn > g*xGm > QByexoivxZ > 0 


HX, &*Gm) => P, nonarch. 4 md A(x, Gm) a Hi (X, 8*Gm). 


The exact sequence given by (2.3a) 
0 x x x2 1 
0 —> H; (X, 8%Gm) > K* > Quy rea Ky / Ko > He (X, g+Gm) > 0 


shows that H°(X,g1Gm) is the group of totally positive elements of K* and 
HY (X, &xGm) = 0. 

(b) Unfortunately H(X, Gm) is not equal to the group of isometry classes 
of Hermitian invertible sheaves on X (the “compactified Picard group of R” in 
the sense of Arakelov theory; see Szpiro 1985, §1). I do not know if there is a 
reasonable definition of the étale cohomology groups of an Arakelov variety. Our 
definition of the cohomology groups with compact support has been chosen so as 
to lead to good duality theorems. 


Cohomology of locally constant sheaves 


Let U be an affine open subset of X, and let S be the set of primes of K not 
corresponding to a point of U. Since to be affine in the function field case simply 
means that U # X, S will satisfy the conditions in the first paragraph of I 4. 
With the notations of (I 4), Gs = 2,(U,7), and the functor F +> Fy defines an 
equivalence between the category of locally constant Z-constructible sheaves on 
U and the category of finitely generated discrete Gs-modules. We write U for 
the normalization of U in Kg; thus U = Spec Rg where, as in (1 4), Rg is the 
integral closure of Rg,s in Ks. 


PROPOSITION 2.9 Let F be a locally constant Z-constructible sheaf on an open 
affine subscheme U of X, and let M = Fy. Then H’(U, F) is a torsion group 
for allr > 1, and H" (U, F)(€) = H” (Gs, M)(&) for all r if £ is invertible on U 
or £ = char(K). 
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PROOF. The Hochschild-Serre spectral sequence for U /U is 
H” (Gs, H*(Ŭ, F\U)) =>» H't (U, F). 


As H°(U, F) = M, we have to show that H°(U, F|U) is torsion for s > 0 

and that H°(U, F|U)(€) = 0 if £ is invertible on U or equals char(K). By 

assumption F |U is constant, and so there are three cases to consider: F IU = 

Z/¢Z with £ invertible on U, F|U = Z/pZ with p = char(K), and F|U = Z. 
The first cohomology group can be disposed off immediately, because 


H'(U, F) ~ Hom(mı (Ŭ, 7), F(Ŭ)), 


and 11(U,7) is Zero. 
Now let F|U = Z/€Z with £ a prime that is invertible in Rs. Then Z/Z =~ 
je on U, and the remark just made shows that the cohomology sequence of 


£ 
0 > ue > Gm > Gm > 0 


is 
0 > Pic(t) $ Pic(Ŭ) > H2(0,Z/€Z) > Br(Ŭ); > 0. 


The Picard group of U is the direct limit of the Picard groups of the finite étale 
coverings U’ of U and so is torsion. The sequence shows that Pic(U)(£) = 0, 
and so H2(U,Z/£Z) injects into Br(U). Let L C Kg be a finite extension of K 
containing the £th roots of 1, and consider the exact sequence (see 2.2a) 


0 > Br(Rz,s) > ues, Br(Lw) > Q/Z > 0. 


Let L’ be a finite extension of L; it is clear from the sequence and local class field 
theory that an element a of Br(Rz,5)¢ maps to zero in Br(Rz,,s5) if £ divides 
the local degree of L'/L at all w in Sz. Let H be the Hilbert class field of L. 
Then the prime ideal corresponding to w becomes principal in H with generator 
Cw say. The field L’ generated over H by the elements cY S w € SL, splits 
a. As L’ is contained in Kg, this argument shows that lim Br(L)¢ = 0, and 
therefore that Br(U)(¢) = 0. Hence H2(U,Z/€Z) = 0. Finally, (2.2) shows 
that H’(UL_,Gm) = 0 for r > 2, where UL = Spec RL,ş, because L has no 
real primes, and so H’(U,Gm)(€) = 0 for all r > 2. 

In the case F = Z/pZ, p = char(K), we replace the Kummer sequence 
with the Artin-Schreier sequence: 


0> Z/pZ > 0g 3 0g > 0, pla) =a? —a. 
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As H* (Üa, O) ~ H” (Uzar, O), which is zero for r > 1, we see that 
H’(U,Z/pZ) = 0 forr > 2. 

Finally consider Z. The next lemma shows that H” (U, Z) is torsion for r > 
0, and so from the cohomology sequence of 


£ 
0>Z>Z>ZHZ>0 





and the results in the preceding three paragraphs, we can deduce that 
H” (U, Z)(£) = 0 for r > 0 if £ = char(K) or £ is invertible on U. 














LEMMA 2.10 Let Y be a normal Noetherian scheme Y , and let F be a constant 
sheaf on Y . For any r > 0, the cohomology group H” (Y, F) is torsion, and so it 
is zero if F is uniquely divisible. 


PROOF. We may assume that Y is connected. Let g:n — Y be its generic 
point. Then gąg*F ~ F and the stalks of R’ g.(g*F), being Galois coho- 
mology groups, are torsion (see Milne 1980, II 3.7, II 1.15). Therefore, if F is 
constant and uniquely divisible, then R” g.(g* F) = 0 for r > 0, and the Leray 
spectral sequence shows that H” (Y, F) ~ H” (n, g* F) = 0 for r > 0. Now let 
F be constant. In proving H” (Y, F) is torsion, we may assume F to be torsion 
free. For such a sheaf, the cohomology sequence of 


0- F>FQQ-(F ®Q)/F-0 


shows that H’—!(Y, (F & Q)/F) maps onto H” (Y, F) for r > 1 because F @Q 
is uniquely divisible. This completes the proof as (F ® Q)/F is torsion. 














COROLLARY 2.11 Let U be an open subscheme of X, and let S denote the set 
of primes of K not corresponding to a point of U. 
(a) Forallr < 0, HE (U, Z) © @y reat” | (Kv, Z); in particular, HË (U, Z) = 
0 ifr is even and < 0. 
(b) There is an exact sequence 


0> H}(U, Z) > Z> Byes H? (Ko, Z) > H} (X, Z) > 0. 


If S contains at least one nonarchimedean prime, then H, 2 (U, Z) = 0. 
(c) There is an exact sequence 


0 > H2,Z) > H?U,Z) > QyesH? (Kv. Z) > 
H3(U,Z) > H3(U,Z) = 0. 


2. GLOBAL RESULTS: PRELIMINARY CALCULATIONS 173 


For all primes £ that are invertible on U or equal the characteristic of K, 
there is an exact sequence 


0> H2(U,Z)(0) > H?’ (Gs, Z(O > Byes 7? (Kv. DO) > 
H3(U,Z)(0) > H?(Gs,Z)() > 0. 


(d) Forallr > 4, HE (U, Z) = 0. 
PROOF. All the statements follow from the exact sequence 
++ H{ (U, Z) > H" (U, Z) > Qes H (Kv, Z) >. 
For r < 0, H” (U, Z) = 0, and so the sequence gives isomorphisms 
es H"! (K,, Z) > HI (U, Z). 


Forr Æ 0,1,2, Pres H” (Kv, Z) = Dy ea A” (Kv, Z). Since H”(R, Z) = 0 
for odd r, these calculations prove (a). 

As H?(U, Z) = Z and H! (U, Z) = Homes (71 (U, n), Z) = 0, we have an 
exact sequence 


0 — HÌ (U, Z) > Z > QyesH (Kv, Z) > H} (U, Z) > 0. 


When S contains a nonarchimedean prime, the middle map is injective, and so 
this proves (b). 
The first part of (c) is obvious from the fact that 


H}(Ky,Z) = 0 = H?(Ky,Z) 


for all v, and the proposition allows us to replace H” (U, Z)(€) with H” (Gs, Z)(£) 
for the particular £. 

For (d), we begin by showing that H/(U, Z)(£) = 0 for r > 4 when £ is a 
prime that is invertible on U. Consider the diagram 


H'™(Gs,Q/Z) aad By real H'™!(Ky, Q/Z) 
| | 


y l 


H” (Gs, Z) eat Di eat A" (Ky, Z). 


The vertical arrows (boundary maps) are isomorphisms for r > 2 because Q is 
uniquely divisible, and Theorem I 4.10c shows that the top arrow is an isomor- 
phism on the ¢-primary components for r > 4 if £ is invertible on U. Therefore 


the maps 
H” (Gs, Z) (£) Ed pD, ral H” (Ky, Z) (£) 
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are isomorphisms for r > 4 and all £ that are invertible on U. As H 3(R, Z) = 0, 
this proves that H7(U,Z)(€) = 0 for r > 4 and such £. Since H{(U, F) = 
Hi (U[1/¢], F) for any r > 4, this completes the proof except for the p-primary 
component in characteristic p. We may assume that U is affine. The cohomology 
sequence of 


0S Z/pZ > Oy > Oy > 0 


shows that H” (U, Z/ pZ) = 0 for r > 2. Therefore H” (U, Z)(p) = 0 forr > 3, 
and this implies that HË (U, Z)(p) = 0 forr > 4. 














REMARK 2.12 It has been conjectured that scdg(Gg) = 2 for all primes £ that 
are invertible in Rx,s. This would imply that the map „eş H 2(Ky, Z)(0) > 
H3(U, Z)(€) in (2.11c) is surjective on the -primary components for such £. 


Euler-Poincaré characteristics 


Let F be a constructible sheaf on U such that mF = O for some m that is 
invertible on U. We shall see that the groups H’(U, F) and H{ (U, F) are all 
finite, and so it makes sense to define 


[H? (U, F)LH7U, F)] [H? (U, FLHEU, F)] 


P= U, RUA = ao Pa, 


THEOREM 2.13 Let F be a constructible sheaf on U such that m F = 0 for some 
m that is invertible on U. 
(a) The groups H” (U, F) are finite, and 


[F(Kv)] 


1D- [| To, FFI 


(b) The groups H? (U, F) are finite, and 


Xc(U, F) = |] (FI 


v arch 


PROOF. (a) Choose an open affine subscheme V of U such that F|V is locally 
constant. Theorem 2.9 shows that H” (V, F) ~ H” (Gs, M) for all r, where S is 
the set of primes of K not in V and M is the Gs module corresponding to F|V. 
Therefore Theorem (I 5.1) shows that 


UV, FIV)LER(V, F|V)] = x(Gs.M) = TT] [H°(Go, M)I/I[M lv. 


v arch 
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As H3(V, F|V) 3 Ty acn H? (Kv, M) (by 14.10c), and the groups H” (Ky, M) 
for a fixed archimedean prime v all have the same order (recall that they are Tate 
cohomology groups), this proves the result for F|V, and it remains to show that 
XU, F) = x(V, F|V). The sequence 


++ @ eyy HI (08, F) > H" (U, F) > H" (V, F) e+ 
shows that y(U, F) = x(V, F|V) x T]xv(O%, F), and the sequence 
---—> HE (OË, F) > H" (OÈ, F) > H" (Ky, F) > 


shows that Xo (OŁ, F) = x(O}, F)y(Ky, FY}. But F(Ky,s) has order prime to 
the residue characteristic of K, and so (1 2.8) shows that y(Ky, F) = 1. Moreover 
(see 1.1) H" (OÈ, F) = H" (gy, F(O*)) and F(O*) is finite, and so it is obvious 
that x(O}, F) = 1 (see Serre 1962, XIII1). 

(b) The sequence (2.3d) 


+ > HI (V, F|V) > HI (U, F) > ey -y H” (v, i* F) > 


shows that y-(U, F) = Xe(V, F|V) for any open subscheme V of U, and so we 
can assume that U # X and that F is locally constant. There is an exact sequence 


0 > JIo aon H (Ko, F) > H? (U, F) > H’ (U, F) > Jugu H° (Kv, F) > 
+ > ABU, F) > H? (U, F) > J], an H? (Ko, F) > 


because (see I 4.10c) H? (U, F) > J [y acn H? (Ko, F) is surjective (in fact, an 
isomorphism). As the groups H"(Ky, F) for v archimedean all have the same 
order, 


YU, F) = x(U, F) x [exc X(Kv, F) Xba H? (Ko. F)]. 
According to (12.8), y(Ky, F) = |[F(Ks)]|v, and so 
xel, F) = lran (Ko) x Tyger l EKAI: 


But |[F(Ks)]|v = 1 for v € U, and so J Jygy |[F(Ks)]lv = 1 in virtue of the 
product formula, and so we obtain the formula. 














REMARK 2.14 (a) Let F be a locally constant sheaf on U with mF = 0 for 
some m that is invertible on U. In the next section, we shall show that H” (U, F) 
is dual to H3-"(U, F?) for all r. This implies that y(U, F)%e(U, F?) = 1. If 
we let M be the Gs-module module corresponding to F, then (2.13) shows that 


[H°(Gy, M)|[H°(Gy, M?)] 


U, F)ye(U, FP = > 
x( )Xe( ) Tloarci IIM] lv [H0 (K, M)] 
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which (I 2.13c) shows to be 1. Thus our results are consistent. 
(b) Assume that U Æ X and that F is locally constant. Then H°(U, F) > 


J], 4°(Ko, F) and, of course, H~1(U, F) = 0. Therefore []H~1!(Ky, F) 3 
H (U, F), and so (2.13b) becomes in this case 


[He (U, F)] -JI [F(Kv)] 
[H2U, F)][H (U, F)] [H°(Ky, F)] 


v arch 


NOTES So far as I know, K. Kato was the first to suggest defining cohomology groups 
“with compact support” fitting into an exact sequence 


---— H? (X, F) > A(X, F) > [I 1H” (Ky, Fy) > 


v rea. 


(letter to Tate, about 1973). Our definition differs from his, but it gives the same groups. 


3 Global results: the main theorem 


Statements 


We continue with the notations of the last section. From (2.6) (and its proof) we 


know that there are trace maps H3(U, Gm) 3 Q/Z such that 
(a) for any V CU, 
HV, Gm) —> Q/Z 


l | 


H3(U,Gm) ——> Q/Z 
commutes; 
(b) for any v € U, 
Br(Ky) ——> Q/Z 


| | 


H3U,Gm) —> Q/Z 
commutes. 
On combining the pairings 


Ext? (F, Gm) x H (U, F) > H3(U, Gm) 
with this trace map, we obtain maps 


a” (U, F): Ext, (F, Gm) > H (U, F)*. 
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THEOREM 3.1 Let F be a Z-constructible sheaf on an open subscheme U of X. 
(a) Forr = 0,1, Exty(F, Gm) is finitely generated and a’ (U, F) defines 
isomorphisms 
Ext? (F, Gm)^ > HT (U, F)* 


where ^ denotes the completion for the topology of subgroups of finite 
index. 
Forr > 2, Exty (F, Gm) is a torsion group of cofinite-type, and œ” (U, F) 
is an isomorphism. 

(b) If F is constructible, then 


Ext?) (F, Gm) x HÊ" (U, F) > H (U, Gm) 
is a nondegenerate pairing of finite groups for all r € Z. 


Note that (b) implies that H” (U, F) is finite if F is a constructible sheaf on 
U without char(K)-torsion because (2.3a) and (I 2.1) show that then H” (U, F) 
differs from H{(U, F) by a finite group. 

Before beginning the proof of the theorem, we list some consequences. 


COROLLARY 3.2 For any constructible sheaf F on an open subscheme j:U — 
X of X and prime number £, there is a canonical nondegenerate pairing of finite 


groups 
Exty (F, Gm)(0)xH >" (X, jrF)() > H? (X, Gm) (O = Q/Z(O, rez, 
except when £ = 2 and K is number field with a real prime. 


PROOF. According to (2.3d), H (U, F) ~ HE(X, j, F) for any sheaf F on U 
(not necessarily constructible), and it is clear from (2.3a) that HZ (X, jı F) differs 
from H” (X, jF) by at most a group killed by 2, and that it differs not at all if K 
has no real embedding. Thus, the statement follows immediately from (b) of the 
theorem. 














COROLLARY 3.3 Let F be a constructible sheaf on U such that mF = 0 for 
some m that is invertible on U , and let F? = RHom(F,Gm) (an object of the 
derived category of S(U¢r)). 
(a) If F is locally constant, then H” (F?) = 0 forr > 0; thus in this case F? 
can be identified with the sheaf Hom(F, Gm). 
(b) There is a canonical nondegenerate pairing of finite groups 


H" (U, F?) x H3-"(U, F) > H3(U,Gm) ~ Q/Z, rez. 
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PROOF. Part (a) can be proved by the argument in the proof of Corollary 1.10(a). 
Part (b) is obvious from the theorem, because H” (U, F?) ~ Exty (F, Gm). 














Define? 
D” (U, F) = Im(H2 (U, F) —> H” (U, F)). 


COROLLARY 3.4 Let F be a locally constant constructible sheaf on U such that 
mF = F for some m invertible on U. Then there is a nondegenerate pairing of 
finite groups 

D" (U, F) x D?" (U, F?) > Q/Z 


for allr € Z. 
PROOF. From (2.3a), there is an exact sequence 
0 — D’(U, F) > H” (U, F) > Deu’ (Kv, F), 
and (3.3) and (I 2.3) show that the dual of this is an exact sequence 
Prgu H? (Ky, F?) > HZ" (U, FP?) > D" (U, F)* > 0. 


But this second sequence identifies D” (U, F)* with D?-" (U, F?) (apply (2.3a) 
again). 














The proof of the theorem is rather long and intricate. In (3.5 — 3.8) we 
show that it suffices to prove the theorem with U replaced by an open subset. 
Proposition 3.9 and Corollary 3.10 relate the theorem on U to the theorem on U’ 
for some finite covering of U. In Lemma 3.12 it is shown that the groups vanish 
for large r when K has no real primes, and hence proves the theorem for such K 
and r. Lemma 3.13 allows us to assume that K has no real primes. In (3.14 — 
3.17) the theorem is proved by an induction argument for constructible sheaves, 
and we then deduce it for all Z-constructible sheaves. 


The proof 


Throughout the proof, U will be an open subscheme of the scheme X. We 
set @” (U, F) equal to the map Ext?,(F,Gm)* —> H3?~"(U, F)* induced by 
a’ (U, F) when r = 0, 1, and equal to œ” (U, F) otherwise. 


LEMMA 3.5 Theorem 3.1 is true if F has support on a proper closed subset of 
U. 


3The groups D” (U, F) are the intersection cohomology groups of F for the middle perversity. 
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PROOF. We can assume that our sheaf is of the form 7, F where i is the inclusion 
of a single closed point v into U. According to (2.3c), 


H! (U,ixF) ~ H" (v, F). 
From the exact sequence 
0 > Gm > 8&xGm > PueyoiuxZ > 0 


we obtain an exact sequence 


e > Exty (is F, Gm) > Exty (ix F, 8xGm) > Bycyo Exty (ia F, iux Z) > ++. 


As we observed in the proof of (2.1), R° 84Gm = 0 for s > 1, and sot 
Exty (ix F, 84Gm) ~ Ext, (ix F |n, Gm), 


which is zero for all r because iąxF|ņn = 0. Moreover (0.1c) shows that 
Exty (ixF, iųuxZ) ~ Ext; (ijfiv» F, Z), which equals 0 unless u = v, in which 
case it equals Ext} (F, Z). Therefore the sequence gives isomorphisms 


Ext?! (F, Z) Š Ext? (is F, Gm) (5) 


for all r. Let M be the g,-module corresponding to F. Then we have a commu- 
tative diagram 
Ext) (isF,Gm) x H2-"(U,ixF) — H3(U,Gm) Q/Z 


t= | l 
Extr (M,Z) x H3(gy,M) > H(gy,Z) ~ Q/Z 


1? 


and so the theorem follows in this case from (I 1.10). 
[There is an alternative proof of (5). One can show (as in 1.7b) that R”i 'Gm > 
Z for r = 1 and is zero otherwise. The spectral sequence (0.1e) 


Ext? (F, R5i'Gm) => Extr” (ix F, Gm) 





now yields isomorphisms Ext?! (F, Z) = Ext, (ix F, Gm).] 











LEMMA 3.6 For any Z-constructible sheaf on U, the groups Exty (F, Gm) are 
finitely generated for r = 0, 1, torsion of cofinite-type for r = 2,3, and finite for 
r > 3. If F is constructible, all the groups are finite. 


4The functor gx has an exact left adjoint g*, and so it is left exact and preserves injectives (cf. 
(0.1b)). 


180 CHAPTER II. ETALE COHOMOLOGY 


PROOF. Note that Exty (Z, Gm) ~ H” (U, Gm), and so for F = Z the values of 
Exty (Z, Gm) can be read off from (2.1). In particular, the lemma is true for Z, 
hence for Z/nZ, and so for all constant Z-constructible sheaves F. 

Next suppose that F is locally constant and Z-constructible. It then becomes 
constant on some finite Galois covering m: U” —> U with Galois group G, say, 
and the spectral sequence (see 0.2) 


H” (G, Exti,(F|U',Gm)) => Ext7**(F, Gm), 


shows that Ext; (F, Gm) differs from HG, Exty (F |U", Gm)) by a finite group. 
Therefore the lemma for F'|U’ implies it for F. 

Finally, let F be an arbitrary Z-constructible sheaf, and let V be an open 
subset of U on which F is locally constant. Write j andi for the inclusions of V 
and its complement into U. The Ext sequence of 


0 — jj*F > F > ixi F > 0 
can be identified with 
> Extr Jy (i* F, Z) > Exty, (F, Gm) > Ext) (F, Gm) > + 


(use (5) and (0.1a)). As Extr y (i* F, Z) is finitely generated for r = 1, finite 
for r = 2, torsion of cofinite-type for r = 3, and 0 for all other values of r (see I 
1.10), the lemma follows. 














LEMMA 3.7 Let 
0> F > F > F">0 


be an exact sequence of Z-constructible sheaves on U. If (3.1) holds for two out 
of the three sheaves F’, F, and F”, then it also holds for the third. 


PROOF. Because Exty (F Gym) is finitely generated, its image in the torsion 
group Extz,(F”, Gm) is finite. Therefore the sequence 


+» > Ext” (F”, Gm) > Ext’ (F, Gm) > Ext’ (F', Gm) > +: 


remains exact after the first six terms have been replaced by their completions. 
On the other hand, Hom(—, Q/Z) is exact because Q/Z is injective, and so the 
lemma follows from the five-lemma. 














LEMMA 3.8 Let V be a nonempty open subscheme of U, and let F be a Z- 
constructible sheaf on U ; the theorem is true for F on U if and only if it is true 
for the restriction of F to V. 
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PROOF. Write j for the open immersion V — U and i for the complementary 
closed immersion U ~ V — U. Then (see (0.1a)) 


Ext (JLF |V, Gm) > Ext’, (F |V, Gm), 


and (see (2.3d)) 
H{ (U, ji F|V) ~ ADV, F|V). 


It follows that &” (U, jF |V) can be identified with &” (V, F|V). Therefore the 
theorem is true for jı(F|V) on U if and only if it is true for F |V on V. Now (3.7, 
3.5) and the exact sequence 


0 —> jj* F => F >ii F> 0 


show that the theorem is true for F on U if and only if it is true for j)(F|V) on 
U. 














The lemma shows that it suffices to prove Theorem 3.1 for locally constant 
sheaves and “small” U. 


LEMMA 3.9 Let 2:U’ — U be the normalization of U in a finite Galois exten- 
sion K’ of K. 

(a) There is a canonical norm map Nm: 1+Gm,u' > Gm,U. 

(b) For every Z-constructible sheaf F on U’, the composite 


N 
N: Ext (F, Gm) > Ext], (Ota F, n4Gm) > Ext (t+ F, Gm) 
is an isomorphism. 


PROOF. (a) Let V — U be étale. Then V is an open subset of the normaliza- 
tion of U in some finite separable K-algebra L. By definition T (V, m4+Gm) ~ 
T(V’, O%,) where V’ =at U” xy V. As V’ is étale over U’, it is normal, and as 
it is finite over V, it must be the normalization of V in the finite Galois L-algebra 
K'® K Te 


Uo < V' — U'xyV K’ — K'@xL 

x [init n'| ] ] 

ee K> L 
Consequently, the norm map K’ &g L — L induces a map T(V, n4Gm) > 
T(V, Gm), and for varying V these maps define a map of sheaves Nm: 1%Gm,u’ > 


Gm,U- 
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(b) Let j: V — U’ be an open immersion such that my =af 2|V is étale. 
Then Milne 1980, V 1.13, shows that the map 


Ext) (j*F, Gm) > Exty (ts j1j*F,Gm) 


defined by the adjunction map zy17j,Gm —> Gm is an isomorphism for all r. 
The composite of this with 


Ext (jij * F, Gm) = Ext) (j * F, Gm) 


(see 0. la) is the map in (b). Therefore, (b) is true for the sheaf jij*F. 
For a sheaf of the form iyxF, v € U, (b) again follows from (ibid., V 1.13) 
because the sequence of maps can be identified with 


T 

Ext? Zi œ) (F; Z) > Ext) | (a F, n4 Z) > Ext? l (r4 F, Z) 

(for the trace map mxz*Z — Z, see ibid. V 1.12; for the identification, see (5)). 
For the general case, apply the five-lemma to the diagram obtained from the 


exact sequence (1) 


0—> jj*F => F > iķĻi*F > 0. 














LEMMA 3.10 Let x:U’' — U be as in Lemma 3.9. For any Z-constructible 
sheaf F’ on U’, @(U’, F) is an isomorphism if and only if Q" (U, 2 F) is an 
isomorphism. 


PROOF. From the norm map (3.8) t«Gmu’ —> Gm, we obtain a map Nm, 
H3(U',Gm) a> H3(U, teGm) > H3(U, Gm). 
For any w > v ¢ U, the diagram 
Br(Ki,) —> H3(U’,Gm) 
jose jive 
Br(Ky) ——> H¿(U, Gm) 


commutes. The left hand arrow commutes with the invariant maps, and so the 
right hand arrow commutes with the trace maps. The diagram 


Ext? (F,Gm) x H3-"(U',F) —> H3(U',Gm) 


~ JN ~ t(2.3e) {Nm 
Extt)(t+F,Gm) x H (U, nF) —> H3(U,Gm) 





commutes, and the lemma follows. 
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REMARK 3.11 In Lemmas 3.9 and 3.10, it is only necessary to assume that K’ 
is separable over K. 


LEMMA 3.12 (a) If F is constructible, then H{(U, F) is zero for r > 3, and if 
F is Z-constructible, then it is zero forr > 4. 

(b) If F is constructible and K has no real primes, then Exti;(F,Gm) = 0 
forr > 4. 


PROOF. (a) Let F be constructible. According to (2.3d), we can replace U by an 
open subset, and hence assume that F is locally constant and, in the number field 
case, that mF = 0 for some integer m that is invertible on U. We have to show 
(see 2.3a) that H” (U, F) > Q, rea" (Kv, F) is an isomorphism for r > 3. 
But (2.9) identifies this with the map 


H’(Gs,M) > ® H"(K,y,M), M = Fy, (6) 


v real 


and (I 4.10c) shows that (6) is an isomorphism for r > 3 except possibly when 
K is a function field and the order of M is divisible by p. In the last case we can 
assume that F is killed by some power of p and have to show that H” (U, F) = 0 
forr > 3. From the cohomology sequence of 


0> Z/pZ > Oy 5 Oy > 0 


we see that H” (U, Z/ pZ) = 0 forr > 2 (because H” (Ua, Oy) = H” (Uza, Oy) = 
0 for r > 1). In general there will be a finite étale covering 2: U’ —> U of de- 
gree d prime to p such that F|U’ has a composition series whose quotients are 
isomorphic to the constant sheaf Z/pZ (apply Serre 1962, IX, Thm 3, Thm 2). 
Then H’(U’, F|U’) = 0 for r > 2, and as the composite 
H' (U, F) > H" (U', F|U^ “> H"U, F) 

is multiplication by d (see Milne 1980, V.1.12), this proves that H” (U, F) = 0 
forr > 2. 

Now let F be Z-constructible. Then Fors is constructible, and so it suffices 
to prove the result for F/ Fors: we can assume that F is torsion-free. Then 


HI! (U, F/mF) >» HI (U, F)m, HI7\(U,F/mF)=0 forr > 4, 


and so it remains to show that H?(U, F) is torsion for r > 4. Again, (2.3d) 
allows us to assume F is locally constant. Proposition 2.3a shows that H (U, F) 
differs from H’(U, F) by a torsion group for r > 1, and we saw in (2.9) that 
H” (U, F) is torsion when r > 0. 
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(b) Because K has no real primes, H’(U, F) = H (U, F) = 0 forr > 
3. If F has support on a closed subscheme Z, the lemma is obvious from the 
isomorphism 
Ext? (F, Z) > Ext’ (is F, Gm) 


of (3.5). As usual, this allows us to assume that F is locally constant. Then 
Exty, (F, Gm) = 0 forr > 1 (see the proof of 1.10a), and for r = 0,1, it 
is torsion, and is therefore a direct limit of constructible sheaves (0.9). Hence 
H” (U, Exty(F,Gm)) = 0 for r > 3, and so Ext” (F, Gm) = 0 for r > 4. 














LEMMA 3.13 Assume that @” (X, Z) is an isomorphism for allr whenever K has 
no real primes. Then Theorem 3.1 is true. 


PROOF. When K has no real primes, the assumption implies that Theorem 3.1 is 
true for constant sheaves on X, and (3.8) then implies that it is true for constant 
sheaves on any open U C X. 

According to Lemma 3.8, it suffices to prove Theorem 3.1 for pairs (U, F) 
with F locally constant and with 2 invertible on U in the number field case. We 
prove that @” (U, F) is an isomorphism in this case by induction on r. Note that 
Lemma 3.12a implies that @” (U, F) is an isomorphism when r < —1 — assume 
it to be an isomorphism when r < rọ. For a pair (U, F) as above, there exists a 
finite étale covering z: U’ — U such that U” is the normalization of U in field K’ 
with no real primes and F becomes constant on U”. Let Fy = 242* F. The trace 
map (Milne 1980, V.1.12) Fą — F is surjective (on stalks it is just summation, 
bse Fe — Fy), and we write F’ for its kernel. From the commutative diagram 


Ext? (Fs, Gm) > Extr? (F', Gm) > Ext??(F,Gm) —> Ext}? (Fe, Gm) 


|> |> | 3.10] 
H^" (U, F,)* > H^" (U, Fee — H?" (U, F)* — H?" (U, F,)* 


we see that @0(U, F): Ext” (F, Gm) > H?" (U, F)* is injective. (For r = 
0, 1, it is necessary to replace the groups on the top row with their completions; 
see the proof of (3.7).) Since F’ is also locally constant, @”°(U, F’) is also injec- 
tive, and the five-lemma implies that @”°(U, F) is an isomorphism. 














For a constructible sheaf F, we define B’(U, F): HI (U, F) > Ext?, (F, Gm)* 
to be the dual of a” (U, F). 


LEMMA 3.14 For any Z-constructible sheaf F on U, there is a finite surjective 
map 1,:U, — U, a finite map m2:U2 — U with finite image, constant Z- 
constructible sheaves F; on U;, and an injective map F > @;7j« Fj. 
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PROOF. Let V be an open subset of U such that F|V is locally constant. Then 
there is a finite extension K’ of K such that the normalization x: V’ > V of V 
in K’ is étale over V and F'|V’ is constant. Let 21: U} —> U be the normalization 
of U in K’, and let F; be the constant sheaf on U; corresponding to the group 
T(V’, F|V’). Then the canonical map F|V — z» F|V" extends toa mapa: F > 
01% whose kernel has support on U — V. Now take U2 to be an étale covering 
of U — V on which the inverse image of F on V — U becomes a constant sheaf, 
and take F> to be the direct image of this constant sheaf. 














Note that Lemma 3.13 shows that it suffices to prove Theorem 3.1 under the 
assumption that K has no real primes. From now until the end of the proof of the 
theorem we shall make this assumption. 


LEMMA 3.15 (a) Let ro be an integer > 1. If for all K, all constructible sheaves 
F on X, andallr < ro, B"(X, F) is an isomorphism, then B'(X, F) is injective. 

(b) Assume that for all K, all constructible sheaves F on X, and allr < ro, 
B" (X, F) is an isomorphism; further assume that B’(X,Z/mZ) is an isomor- 
phism whenever um(K) = [tm(Ks). Then a'°(X, F) is an isomorphism for all 
X and all constructible sheaves F. 


PROOF. (a) Let F be a constructible sheaf on some X, and let c € H'°(X, F). 
There exists an embedding F — I of F into a torsion flabby sheaf J on X. Ac- 
cording to (0.9), 7 is a direct limit of constructible sheaves. As H'(X,/) = 0, 
and cohomology commutes with direct limits, this implies that there is a con- 
structible sheaf Fą on X and an embedding F — Fx such that c maps to zero in 
H"°(X, F4). Let Q be the cokernel of F —> Fx. Then Q is constructible, and a 
chase in the diagram 


H1(X, F) — H™1(X,0) > H(X,F) > H(X, Fy) 


| | | | 
Ext’ (Fx, Gm)* > Ext’ °(O,Gm)* > Ext? (F, Gm)* > Ext? (Fe, Gm)* 


shows that B7°(c) # 0. Since the argument works for all c, this shows that 
B(X, F) is injective. 

(b) Let F be a constructible sheaf on X. For a suitably small open subset U of 
X, there will exist a finite Galois extension K’ of K such that the normalization 
U’ of U in K’ is étale over U, F |U" is constant, and [4m(K) = Uum(Ks) for some 
m with mF = 0. In the construction of the preceding lemma, we can take U1 
to be the normalization of X in K’. Let Fą = 21+ F 1 ® 12% Fo; then (3.10) and 
(3.5) show respectively that B’°(X, 71 F) and B’(X, 12» F) are isomorphisms. 
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The map F — Fy is injective, and we can construct a diagram similar to the 
above, except that now we know that ° (X, Fx) is an isomorphism. Therefore 
p(X, F) is injective, and as Q is constructible we have also that 8° (X, Q) is 
injective. The five-lemma now shows that 6° (U, F) is an isomorphism. 














LEMMA 3.16 Theorem 3.1 is true for all constructible sheaves F on X. 


PROOF. We prove 8’ (X, F) is an isomorphism by induction on r. For r < 0 it 
is an isomorphism by (3.12). 
To compute the group Ext; (Z/mZ, Gm), we use the exact sequence 


++ > Ext (Z/mZ, Gm) > H" (X, Gm) > H" (X, Gm) >. 





By definition H? (X, Z/mZ) = Z/mZ, and it follows from (2.2b) that 
Ext3?(Z/mZ,Gm) ~ m!Z/Z. 


The pairing is the obvious one, and so B°(X,Z/mZ) is an isomorphism. Now 
(3.15b) implies that B°(X, F) is an isomorphism for all F. 

Lemma 3.15a shows that B!(X,F) is always injective. The order of 
H'(X,Z/mZ) is equal to the degree of the maximal unramified abelian ex- 
tension of K of exponent m. By class field theory, this is also the order of 
Pic(X)@™ ~ [Ext (Z/mZ, Gm)], and so B!(X,Z/mZ) is an isomorphism for 
all X. It follows that B!(X, F) is an isomorphism for all X and F. 

Lemma 3.15a again shows that B”(X, F) is always injective. To complete the 
proof,’ it remains to show (by 3.15) that B”(X, Z/mZ) is an isomorphism for all 
r > 2 when um(K) = Um(Ks). 

Fix a K (hence an X) such that Um(K) = Um(Ks) (and, of course, K has 
no real primes). Initially assume m is prime to the characteristic of K. Choose a 
dense open U C X on which m is invertible, and let i: X ~ U —> X be its closed 
complement. From the exact sequence (1), p140, we obtain a diagram 


- —> HE(U,Z/mZ) —> H"(X,Z/mZ) — H"(X,ix(Z/mZ)) > + 
|e" wzima) |e" azma [8i Em2 
_—_ e —> e —> e — «+. 


From it, we see that B’(U, Z/mZ) is an isomorphism for r < 1 and an injection 
for r = 2. Forr = 3, B’(U, Z/mZ) arises from a pairing 


Homy (Z/mZ, Gm) x H2(U, Z/mZ) > H3(U, Gm). 


5 At this point in the original, I effectively assumed that B2(X, F) is an isomorphism (see the 
diagram p288). I thank Joël Riou for pointing this out to me. 
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Any isomorphism Z/mZ, 3 Um C Gm induces an isomorphism 


HI (U,Z/mZ) ——> H! (U, pm)CHI (U, Gm) 


| | 


1 
mul C Q/Z 





from which it follows that B3(U,Z/mZ,) is an isomorphism. As 
HI (U, F) = 0 = Ext? (F,Gm) forr > 3, 


this shows that 6” (U, Z/mZ) is an isomorphism for all r except possibly for 
r = 2, when it is injective. Now (2.13) (cf. 2.14a) shows that H2 (U, Z/mZ) and 
Exty (Z/mZ, Gm) ~ H'(U, um) have the same order, and so 8? (U, Z/mZ) is 
an isomorphism for all r. 

It remains to treat the sheaf Z/ pZ with p Æ 0 the characteristic of K. From 
the cohomology sequence of 


CO — Oy ee 0 
and the Ext sequence of 
os a p Ae 
we see that 
H" (X,Z/pZ) = 0 = Ext} "(Z/pZ,Gm) forr > 2. 


Thus, 6" (X, Z/ pZ) is an isomorphism for all r except possibly r = 2, when it is 
injective. Using the sequences just mentioned, one can show that H? (X, Z/ pZ) 
and Exty (Z/ pZ, Gm) have the same order, which completes the proof. 














We now complete the proof of Theorem 3.1 by proving that @” (X, Z) is an 
isomorphism for all r (recall that we are assuming K has no real primes). We are 
concerned with the maps 


a” (X,Z): H"(X, Gm) > H? (X, Z)*,r £ 0,1, 
Q(X, Z): H" (X,Gm) > H? (X, Z)*,r = 0,1. 


6 Alternatively, one can avoid counting by using the original proof, which actually works in this 
case. 
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Consider the diagram 


0 > H" (X, Gm)^ > lim, Ext” t1 (Z/nZ, Gm) > lim, H(X, Gm)n >0 
| | | 


fea) —> H?" (X,Q/Z)* > HAT (XG) 


For 2—r > 1 (that is, for r < 1), H7-"(X,Q) = 0 = H*"(X,Q) (see 
2.10), and so H2~"(X, Q/Z) > H3-" (X, Z) is an isomorphism. For r < 1, 
H’'*!(X, Gm) is finitely generated, and so lim H'™T!(X,Gm)n = 0 (see 10.19). 
Therefore it is obvious from the diagram that @” (X, Z) is an isomorphism for 
r < 1. Forr = 3, the map is the obvious isomorphism Q/Z — Z*, and for all 
other values of r, both groups are zero. 


REMARK 3.17 ‘Fora locally Noetherian scheme Y, let Yz., denote the category 
of smooth schemes over Y endowed with the étale topology. Let f: Ysm —> Yet 
be the morphism of sites defined by the identity map. Then fx is exact and pre- 
serves injectives (Milne 1980, III 3.1), and it follows that Ext}, oC FEFE FY) = 
Ext} nee fF) for all sheaves F on Ye, all sheaves F’ on Yom, aa all r. There- 
fore A can be replaced by Usm in the above results provided one defines a Z- 
constructible sheaf on Ysm to be the inverse image by f of a Z-constructible sheaf 
on Yet. 


NOTES Corollary 3.2 in the number field case is the original theorem of Artin and Verdier 
(announcement in Artin and Verdier 1964). As far as I know, no complete proof of the 
theorem has been published before, but Mazur 1973 contains most of the ingredients. 
It and the notes of a 1964 seminar by Mazur were sources for this section. We note 
that Theorem 3.1 improves the original theorem in three respects: by taking into account 
the archimedean primes, it is able to handle the 2-torsion; it includes the function field 
case; and it allows the sheaves to be Z-constructible instead of constructible. To my 
knowledge, several people have extended the original theorem to the function field case, 
but the only published account is in Deninger 1984. Deninger (1986) showed how to 
deduce the Z-constructible case from the constructible case. In Zink 1978 there is an 
alternative method of obviating the problem with 2-primary components in the original 
theorem. 


4 Global results: complements 


This section is concerned with various improvements of Theorem 3.1. We also 
discuss its relation to the theorems in Chapter I. The notations are the same as in 
the preceding two sections. 


7This was Remark 3.18 in the original. 
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Sheaves without sections with finite support 


Let F be a sheaf on an open subscheme U of X. For any V étale over U, a 
section s € I (V, F) is said to have finite support if sy = 0 for all but finitely 
many v € V. 


PROPOSITION 4.1 Let F be a Z-constructible sheaf on an open affine subscheme 
U of X. If F has no sections with finite support, then Exty (F, Gm) and H2(U, F) 
are finite, and æ! (U, F) is an isomorphism. 


PROOF. Note that Homy(Z,Gm) = O7*, which is finitely generated, and that 
Exty (Z, Gm) œ Pic(U), which is finite (because, in the function field case, it is 
a quotient of Pic?(X)). It follows immediately that Ext} (F , Gy») is finite if F 
is constant. As we observed in (3.14), there is a finite surjective map 7: U’ > U, 
a constant Z-constructible sheaf F’ on U’, and a morphism F —> 7x F’ whose 
kernel has support on a proper closed subset of U. As F has no sections with 
finite support, we see that the map must be injective. Let F” be its cokernel. In 
the exact sequence 


Exty (t4 F', Gm) > Exty(F, Gm) > Ext? (F", Gm), 


Exty (wa F', Gm) > Ext hs Gm) (see 3.9) and so is finite, and Ext? (F”, Gm) 
is torsion, and so Exty (F , Gm) (being finitely generated) has finite image in it. 
This proves that Ext} (F , Gm) is finite, and Theorem 3.1 implies that a! (X, F) 
is an isomorphism. It follows that H2(U, F) is also finite. 














Nonconstructible sheaves 


We say that a sheaf F on U C X is countable if F(V) is countable for all V étale 
over U. For example, any sheaf defined by a group scheme of finite type over U is 
countable. Fix a separable closure K* of K. If F is countable, then there are only 
countably many pairs (s, V) with V an open subset of the normalization of U in 
a finite subextension of K* and s e F(V). Therefore the construction in (0.9) 
expresses F as a countable union of Z-constructible sheaves (of constructible 
sheaves if F is torsion). 


PROPOSITION 4.2 Let F be a countable sheaf on an open subscheme U of X, 
and consider the map a" (U, F): Ext (F, Gm) > He (U, F)*. 
(a) Forr < 2, the kernel of æ” (U, F) is divisible, and it is uncountable when 
nonzero; forr = Q orr > 4, œ” (U, F) is injective. 
(b) Forr > 2, a’ (U, F) is surjective. 
(c) If F is torsion, then a’ (U, F) is an isomorphism for all r. 
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(d) If U is affine and F has no sections with finite support, then œ? (U, F) is 
an isomorphism and œ! (U, F) is surjective. 


PROOF. Write F as a countable union of Z-constructible subsheaves, F = |] Fj. 
Then (see I 0.21 and I 0.22) there is an exact sequence 


0 — lim D Extr! (F;, Gm) > Ext} (F, Gm) > lim Ext (Fi, Gm) > 0, 


and lim Ext? !(F;, Gm) is divisible (and uncountable when nonzero) if each 


group Ext’ 1(F;,Gm) is finitely generated, and it is zero if each group 
Ext”! (F;, Gm) is finite. Theorem 3.1 provides us with a map Ext’ (F;,Gm) > 
A’ (U, F;)* which is injective for all r and is surjective for r > 2; it is an iso- 
morphism for any r for which the groups Ext’ (F;, Gm) are finite. On passing to 
the inverse limit, we obtain a map lim Exty (Fi, Gm) > H3 (U, F)* with the 
similar properties. The proposition is now obvious from (3.1) and (4.1). 














COROLLARY 4.3 Let G be a separated group scheme of finite type over an open 
affine subscheme U of X. Then œ? (U, G): Ext? (G, Gm) > H} (U, G)* is an 
isomorphism. If G defines a torsion sheaf, then œ” (U, G) is an isomorphism for 
allr. 


PROOF. Ifa section s of G over V agrees with the zero section on an open subset 
of V, then it agrees on the whole of V (because G is separated over V). Thus G 
(when regarded as a sheaf) has no sections with support on a finite subscheme, 
and the corollary results immediately from part (d) of the proposition. 














EXAMPLE 4.4 In particular, 


Ext (A, Gm) meat A, A)*, A asemi-abelian scheme over U, 
Ext? (Gm, Gm) —> H} (U, Gm)*, and 
Ext? (Ga, Gm) —> H?" (U, Ga)* for all r when char(K) = p # 0. 


(In fact the groups Exty (G, Gm), computed for the small étale site, seem to be 
rather pathological. For example, if k is a finite field, then Hom, (Gm, Gm) D 
Gal(k*/k) = Z.) 


EXERCISE 4.5 (a) Show that there are only countably many Z-constructible sheaves 
on U. (Hint: Use Hermite’s theorem.) 

(b) Show that there are uncountably many countable sheaves on Spec Z. 
(Hint: Consider sheaves of the form @ pipine ips Fp.) 
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Tori 


We investigate the duality theorem when F is replaced by a torus. By a torus over 
a scheme Y, we mean a group scheme that becomes isomorphic to a product of 
copies of Gm on a finite étale covering of Y. The sheaf of characters X*(T) of 
T is the sheaf V + Homy(T,G,,) (homomorphisms as group schemes). It is a 
locally constant Z-constructible sheaf. In the next theorem, “ denotes completion 
relative to the topology of subgroups of finite index. 


THEOREM 4.6 Let T be a torus on an open subscheme U of X. 
(a) The cup-product pairing 
H'(U,T) x HÈ (U, X*(T)) > H3U,Gm) ~ Q/Z 
induces isomorphisms 
H" (U, T)^ > H2*(U,X*(1))* forr = 0,1, 
H" (U, T) > H (U, X*(T))* forr > 2. 


If U is affine, then H1 (U, T) is finite. 
(b) Assume that K is a number field. The cup-product pairing 


H" (U, X*(T)) x H (U, T) > HÈ (U, Gm) ~ Q/Z 
induces isomorphisms 
H" (U, X*(T))^ > H27(U,T)* forr = 0 
H" (U, X*(T)) > H" (U, T)* forr > 1. 
PROOF. (a) The sheaf X*(T) is locally isomorphic to Z®®(T), and so 
Ext (X*(T), Gm) is locally isomorphic to the sheaf associated with the presheaf 


V & H” (V, Gm). It is therefore zero for r > 0. As Ext (X*(T), Gm) = 
Homy (X*(T), Gm) = T, the spectral sequence 


H" (U, ExtẸ (X* (T), Gm) => Extr" (X*(T), Gm) 


gives isomorphisms H” (U,T) mais Exty (X* (T), Gm) for all r. Thus (a) fol- 
lows from (3.1) and (4.1). 
(b) Consider the diagram 


EE — HI (U, X*(T)) > H" (U, X*(T)) > TA a aE) 


| | | | 


II He" (Rash —> BOG TY —> Het, T)* >|] H? (Ba T))*. 
vU vgU 
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Replace the groups H? and H}(U, X*(T)) with their completions. Then (I 
2.4) shows that the maps J| H” (Ky, X*(T)) > [] H?" (K,, T)* are isomor- 
phisms (provided one completes H°(K,, X*(T))), and (a) shows that the maps 
H? (U, X*(T)) > H3-"(U,T)* are isomorphisms (provided one completes 
HE (U, X*(T)) forr = 0, 1). Now the five-lemma shows that H” (U, X*(T)) > 
H" (U, T)* is an isomorphism for all r (provided one completes H°(U, X*(T))). 


COROLLARY 4.7 Assume K is a number field. There are canonical isomor- 
phisms 
D" (U, X*(T)) > D? (U, T)* 


where 


D” (U, X* (T)) = Im( HX (U, X*(T)) > H” (U, X*(T)), r 40, 

D? (U, X*(T)) = Im(H} (U, X*(T))* > H? (U, X*(T))*), r=0, 
D” (U,T) = Im(H{ (U, T) > H"(U,T)), r 40,1, 
D” (U, T) = Im(H{ (U, T)^ > H" (U,T)^), r=0,1. 


PROOF. Part (a) of the theorem and (I 2.4) show that the dual of the sequence 
0 > D” (U, X*(T)) > H" (U, X*(T)) > DH" (Ky, X*(T)) 
(complete the groups for r = 0) is an exact sequence 
H? (Ko, T) > H (U, T) > D" (U, X*(T))* > 0, 


(complete the groups for 3 — r = 0,1) which identifies D” (U, X*(T))* with 
D> (U,T). 














Duality for Exts of tori 


We wish to interpret (4.6b) in terms of Exts, but for this we shall need to use the 
big étale site Xps on X and the flat site Xg. Recall that for any locally Noetherian 
scheme Y, Yp; is the category of schemes locally of finite type over Y endowed 
with the étale topology, and Yg is the same category of schemes endowed with 
the flat topology. Also f denotes the morphism Yg — Yrs that is the identity 
map on the underlying categories. For the rest of this section, € xty, (F , F”) de- 
notes the sheaf on Ypş associated with the presheaf V bb Ext), (F , F’). Note 
that V + Homy,(F, F’) is already a sheaf, and so [(V,Homy,(F, F) = 
Homy, (F, F’). 
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PROPOSITION 4.8 For any sheaf F on Yç, and smooth group scheme G of finite 
type over Y , there is a spectral sequence 


H" (Ymr, Exty, (f*F.G)) => Ext} (F, G). 


PROOF. If F’ is an injective sheaf on Yg, then fF’ is also injective (Milne 
1980, HI 1.20), and so Homy,,(F, fF’) is flabby (ibid. II 1.23). Hence 
H” (Yer, Homy,,(F, fx F')) = 0 forr > 0. But for any V locally of finite 
type over Y, 


PV, Homy, (F, fa F')) = Homy,,(F, fa F’) 
= Homy(f* F, F’) 
= I'(V,Homy,(f* F, F^). 


Therefore H” (Yp, Homya(f*F, F’)) = 0 forr > 0, which means that 
Homy,(f*F, F’) is acyclic for I (Ygs, —). Next note that 


I (Yri, Homy,(f* F, F')) = Homy,(f* F, F') = Homy,, (F, fe F’), 
and so there is a spectral sequence 
H” (Yge, Ext} (J*F, F) => R"ta(F') 
where a = Homy,,(F,—) o fx. There is an obvious spectral sequence 
Exthe (F, R5 feF’) => R"ta(F'’). 


On replacing F’ with G in this spectral sequence and using that RS fG = 0 
for s > 0 (ibid. III 3.9), we find that R’TSa(G) = Ext}, (F, G). The result 
follows. 














COROLLARY 4.9 For any sheaf F on Y~ and smooth group scheme G on Y, 
there is a spectral sequence 


H” (Ya, Exty, (f*F,G)) => Ext} (F, G) 


where f now denotes the obvious morphism Yg — Yet and Exty (f*F, G) 
denotes the sheaf on Y associated with V t> Ext), (f* F, F^. 


PROOF. Let f’: Yet — Yet be the obvious morphism. For any sheaves F on 
Yet and F’ on Ygs, Homy,, (f'* F, F’) = Homy (F, f4 F’). As fy is exact and 
preserves injectives, this shows that Ext}, (f’"F, F’) = Ext}, (F, f+ F’) for all 
r. Moreover the sheaf € xty, (f* EF, Gm) of the corollary is the restriction to Yet 
of the corresponding sheaf in (4.8), and so the result follows from (4.8) because 
Yer and Ye yield the same cohomology groups (see Milne 1980, III 3.1). 
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PROPOSITION 4.10 Let Y be a regular scheme, and let p be a prime such that 
p! is invertible on Y. Then Ext (T, Gm) = 0 for0<r<2p-1. 


PROOF. Since this is a local question, we can assume that T = Gm. From Breen 
1969, §7, we know that Exty,, (Gm, Gm) is torsion for r > 1. Let £ be prime, and 
consider the sequence 


bee (iG) + Oly GniGa) — > HG Gy) See 


If Y is connected, then this sequence starts as 


£ 0 
0> ZZ > ZZ — Exty, (Gm, Gm) >=. 





Therefore, Exty, (Gm,Gm) = 0. We shall complete the proof by showing that 
Ext (Me, Gm) = O forall £if0 <r <2p—2. 

If £ is invertible on Y, then jg is locally isomorphic to Z/fZ, and so the 
sheaf Exty, (ue, Gm) is locally isomorphic to Exty,, (Z/tZ, Gm). There is an 
exact sequence 


s+ —> Ext ya (ZZ, Gm) > Ext ha (Z, Gm) > Exty,(Z,Gm) > ++. 


But Ex ty, (Z, Gm) is the sheaf (for the étale topology) associated with the presheaf 
V & H” (Ve, Gm); it is therefore zero for r > 0 and equal to Gm for r = 0. The 
sequence therefore shows that Ext} (Z/lZ,Gm) = 0 for r > 0. 

Next assume that £ is not invertible on Y. Our assumption implies that for all 
primes q < p, que = He. Therefore the main theorem of Breen 1975 shows that 
Exty, (ue, Gm) = 0 for 1 < r < 2p — 2, and for r = 1 the sheaf is well-known 
to be zero (see Milne 1980, III 4.17). 














THEOREM 4.11 Assume that K is a number field. Let T be a torus on an open 
subscheme U of X, and assume that 6 is invertible on U. 

(a) The group Exty,, (T, Gm) is finitely generated for r = 0, finite forr = 1, 
and torsion of cofinite type forr = 2,3. 

(b) The map a’ (U, F): Exty,, (T, Gm) > H (Uet, T)* is an isomorphism 
for0 <r < 4, and a@°(U, T) defines an isomorphism Homy (T, Gm)’ > 
H3(U,T)* (as usual, ^ denotes completion for the topology of finite sub- 
groups). 


PROOF. The lemma shows that the spectral sequence in (4.9) gives isomorphisms 


Exti (T, Gm) —> H’(U,X*(T)) 





for r < 4. Therefore the theorem follows from (4.6). 
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REMARK 4.12 (a) The only reason we did not allow K to be a function field 
in (4.6b) and (4.11) is that this case involves additional complications with the 
topologies. 

(b) It is likely that (4.11) holds with Xp, replaced by the smooth site Xsm. 
If one knew that the direct image functor fx, where f is the obvious morphism 
Xpt —> Xsm, preserved injectives, then this would be obvious. 

(c) It is not clear to the author whether or not pathologies of the type noted 
in Breen 1969b should prevent Exty,, (7, Gm) being dual to HT” (U, T) for all 
r > 0 (and without restriction on the residue characteristics). 


Relations to the theorems in Galois cohomology 


In this subsection, U is an open affine subscheme of X and S is the set of primes 
of K not corresponding to a point of U. We also make use of the notations 
in I 4; for example, Gs = 2,(U,7). For a sheaf F on U, we write FP = 
Hom(F,G m). When M is a Gs-module such that mM = 0 for some integer m 
that is invertible on U, M? = Hom(M, K*™). 


PROPOSITION 4.13 Let F be a locally constant constructible sheaf on U such 
that mF = 0 for some m that is invertible on U, and let M = Fy and N = MP 
be the G s -modules corresponding to F and F?.. 

(a) The group D" (U, F) = II% (K, M) and D"(U, F?) = II, (U, M4); 
consequently, the pairing 


D" (U, F) x D?" (U, F?) > Q/Z 
of (3.4) can be identified with a pairing 
(K, M) x IIJ” (K, M?) > Q/Z. 


(b) The group Exty (F, Gm) = H" (Gs, N) and H} (U, F) = Extg,! (N, Cs); 
consequently the pairing 


Ext} (F, Gm) x HT (U, F) > Q/Z, 
of (3.1) can be identified with a pairing 
H” (Gg, N) x Extg,” (N, Cs) > Q/Z. 
(c) The long exact sequence 


++ > HEU, F) > H"(U,F) > Q H" (Ky, Fy) > 


ves 
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can be identified with a long exact sequence 


> H? (Gs, N)* > H” (Gs, M) > (P H" (Ks, M) > 


veS 
PROOF. (a) Compare the sequences 


0 —> IN%(K,M) —— H'"(Gs,M) —> Qyes H”(Kv, M) 


| |- |- 


0 ——> D'(UỌ,F) ——> H'(UỌ,F) — Qyes A" (Kv, F) 


the second of which arises from the sequence in (2.3a) and the definition of 
D” (U, F). 

(b) As Exty (F, Gm) = O forr > 0, Exty (F, Gm) = H” (U, F?), and (2.9) 
shows that H” (U, F?) = H"(Gs, N). The second isomorphism can be read 
off from the long exact Ext” (F, —)-sequence corresponding to the sequence of 
sheaves defined by the exact sequence of G -modules 


0 —> R§ > @KF > Cs > 0. 
(c) It follows from (2.9) that H” (U, F) = H” (Gs, M), and it is obvious that 


H” (K,, F) = H” (K,, M). According to (3.3), HI (U, F) = H? (U, FP ye. 
and (2.9) again shows that H37” (U, F?) = H3-"(U,N). 














For a Gs-module M, write M? = Hom(M, RX). 

PROPOSITION 4.14 Let T be a torus on U, and let X*(T) be its sheaf of char- 
acters. If M = X* (Ty is the Gs-module corresponding to X*(T), then M’ = 
Ty. For all ¢ that are invertible on U and allr > 1, D” (U, T)(© = DIY (K, M)(é) 
and D” (U, X*(T))(€) = M% (U, MINO; consequently, the pairing 

D'(U,T)() x D? (U, X* (TAO > (QAO 
of (4.8) can be identified for r > 1 with a pairing 

5 (K, MIND x MIF” (K, M)(0) > (Q/Z)(0. 


PROOF. In the course of proving (2.9), we showed that H"(U,Gm)(£) = 0 for 
all r > 0. Therefore H’(U,T)(€) = H” (Gs, TXO. 
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REMARK 4.15 Presumably, the maps are the same as those in Chapter I. Once 
this has been checked, some of the results of each chapter can be deduced from 
the other. It is not surprising that there is an overlap between the two chapters: to 
give a constructible sheaf on X is the same as to give a Gs-module M for some 
finite set of nonarchimedean primes S together with Gal(K}/K,)-modules M, 
for each v € S and equivariant maps M —> M, (see Milne 1980, II 3.16). 


Galois cohomology has the advantage of being more elementary than étale 
cohomology, and one is not led to impose unnecessary restrictions (for example, 
that S is finite) as is sometimes required for the étale topology. Etale cohomology 
has the advantage that more machinery is available and the results are closer to 
those that algebraic topology would suggest. 


NOTES Propositions 4.1 and 4.2 are taken from Deninger 1986. 


5 Global results: abelian schemes 


The notations are the same as those listed at the start of §2. In particular, U is 
always an open subscheme or X. As in (I 6), we fix an integer m that is invertible 
on U and write M*=g¢ lim M/m” M for the m-adic completion of M. 

Let A be an abelian scheme over U, and let A be its generic fibre. As A 
is proper over U, the valuative criterion of properness (Hartshorne 1977, II 4.7) 
shows that every morphism Spec(K) — A extends to a morphism U — A, that 
is, A(K) = A(U). A similar statement holds for any V étale over U, which 
shows that A represents g,.A on Ue. In fact (see Artin 1986, 1.4) A represents 
gxA on Usm- 


PROPOSITION 5.1 (a) The group H°(U,.A) is finitely generated; for r > 0, 
H” (U, A) is torsion and H" (U, A)(m) is of cofinite-type; the map 


H"(U,A)(m) > | | H" (Ky, A(n) 


v arch 


is surjective for r = 2 and an isomorphism forr > 2. 
(b) Forr < 0, 
| [ HK., A) > HE (U, A) 
v arch 
is an isomorphism; HÌ (U, A) is finitely generated; H} (U, A) is an extension of 
a torsion group by a subgroup which has a natural compactification; H2 (U, A) is 
torsion; and H? (U, A) (m) is of cofinite-type; for r > 3, HE (U, A)(m) = 0. 
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PROOF. (a) The group H°(U,A) = A(U) = A(K), which the Mordell-Weil 
theorem states is finitely generated. As Galois cohomology groups are torsion 
in degree > 1, the Leray spectral sequence H’(U, R°gxA) = > H"tS(K, A) 
shows that the groups H” (U, gA) are torsion for r > 0 because R*g,.A is tor- 
sion for s > 0 and H'(K, A) is torsion for r > 0. Finally, the finiteness of 
H” (U, A)m follows from the cohomology sequence of 


0 S Aa A A—0 


because H” (U, Am) is finite for all r (by 2.13). On replacing m with m” in this 
cohomology sequence and passing to the direct limit over n, we obtain an exact 
sequence 


0 > H™! (U, A) 8 Qm/Zm > H” (U, A(m)) > H” (U, A)(m) > 0. (5.1.1) 


The first term in this sequence is zero for r > 1 because then H” 1 (U, A) is tor- 
sion. Hence H” (U, A(m)) seats H” (U, A)(m) for r > 2. As Amn is locally con- 
stant, H” (U, Amn) = H” (Gs, Amn(Ks)) (by 2.9). Therefore H" (U, Amn) > 
Ile arch 2” (Kv. Am”) is surjective for r = 2 (by I 4.16) and an isomorphism for 
r > 3 (by 14.10c), and it follows that H” (U, A)(m) > @ H" (Ky, A)(m) 
has the same properties. 

(b) All statements follow immediately from (a) and the exact sequence 


-> H (U, A) > H" (U, A) > QA" (Ky, A) >. 
véU 


v arch 














The dual abelian scheme A’ to A is characterised by the fact that it represents 
the functor V —> Exty (A, Gm) on Usm (generalized Barsotti-Weil formula, see 
Oort 1966, HI 18). As Hom(A, Gm) = 0, the local-global spectral sequence for 
Exts gives rise toa map H” (U, A’) > Extr! (A, Gm) all r. On combining this 
with the pairing 

Ext? (A, Gm) x HÈT" (U, A) > H3(U,Gm) ~ Q/Z 
we get a pairing 
H" (U, A‘) x H2" (U, A) > H3(U,Gm) ~ Q/Z. 
(For a symmetric definition of this pairing in terms of biextensions, see Chapter 
III.) We define 


D'(U, A) = Im(H} (U, A) > H'(U,A)) 


= Ker(H!(U, A) > I] H'(Ky, A)). 
véU 


It is a torsion group, and D!(U, A)(m) is of cofinite-type. 
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THEOREM 5.2 (a) The group H°(U, A‘)(m) is finite; the pairing 
H? (U, A‘)(m) x H2(U, A) > Q/Z 


is nondegenerate on the left and its right kernel is the m-divisible subgroup of 
H2(U, A). 
(b) The groups H!(U, A‘)(m) and H2(U, A)(m) are of cofinite-type, and the 
pairing 
H1(U, A')(m) x H}(U, A)(m) > Q/Z 


annihilates exactly the divisible subgroups. 
(c) If D} (U, A‘)(m) is finite, then the compact group H? (U, A‘) is dual to 
the discrete torsion group H2(U,.A)(m). 


PROOF. Because H?(U, Am) is finite for all n and r, passage to the inverse 
limit in the sequences 


0 —> HIT! (U, AO” — HI (U, Amn) > HE (U, A)mn > 0 
yields an exact sequence 
0 HI", A)^ > He (U, Tm A) > TmHe (U,A) > 0, 6.2.1) 


where we have written HY (U, Tm A) for lim H¢{ (U, Amn). Note that Tm HE (U, A) 
is torsion-free and is nonzero only if the divisible subgroup of HZ (U, A)(m) is 
nonzero. Corollary 3.3 provides us with nondegenerate pairings of finite groups 


H" (U, Ain) x HÈT (U, Amn) > Q/Z, 


and hence a nondegenerate pairing (of a discrete torsion group with a compact 


group) 
H" (U, A‘(m)) x H3 (U, Tm A) > Q/Z. 


For r = 0, this shows that the finite group 
H? (U, A‘)(m) = H° (U, A (m)) = A(K)(m) 
is dual to HÊ (U, TA), and (5.2.1) shows that this last group equals 
HŽ (U, A)^ = HÈ (U, A)/ HÈ (U, A)m-aiv 


because H (U, A) = 0. This completes the proof of (a). 
From (5.1.1) we obtain an isomorphism 


H! (U, A' (m))/ H (U, A! (M)Jaiv —> H! (U, AŻ) (m) /H } (U, AŻ) (m )aiv, 
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and the left hand group is dual to H ZU, TmA)tor (see I 0.20e). The sequence 
(5.2.1) gives an isomorphism H2(U, A), a H2(U, TmA)tor, and 


HL (U, Aye, = H} (U, A)(m)/ H} (U, A)(m)aiv- 


This completes the proof of (b). 
For (c), consider the diagram 


0—> H?(U,A)^ > H1(U,TmAt) > Tm H' (U, At) > o0 
0 > H2(U,A)(m)* > H2(U, A(m))* > (HŁ(U, A) ® Qm/Zm)* > 0. 
It shows that the map H°(U,.A‘)* —> H2(U, A)(m)* is injective, and that it 


is an isomorphism if and only if Tm H! (U, A+) > (H2(U, A) ® Qn/Zm)* is 
injective. On applying Hom(Qm/Zm,—) to the exact sequence 


0 > D! (U, A‘) > H'(U, A) > I] H!(Ky, A’), 
véU 


we obtain the top row of the following diagram: 


0 —>TmnD} (U, A‘) > Tm H! (U, AŻ) i I| Tm H! (Ky, A‘) 


l l 


(He (U, A) ® Qm/Zm))* —>T[(H° (Kv, A) ® Qm/Zm)* 


Our assumption on D! (U, A’) implies that Tm D! (U, A*) = 0, and so the dia- 
gram shows that Tm H! (U, A*) > (H} (U, A) & Qm/Zm)* is injective. This 
completes the proof of (c). 














COROLLARY 5.3 The group D! (U, A) is torsion, and D! (U, At) (m) is of cofinite- 
type;® there is a canonical pairing 


D! (U, A')(m) x D! (U, A)(m) > Q/Z 


whose left and right kernels are the divisible subgroups of the two groups. 


8Recall that throughout this section, we are assuming that m is invertible on U. 
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PROOF. The first statement follows directly from the definition of D t(U, A). For 
the second statement, we use the commutative diagram 


0 —> D'(U,A‘')\(m) —> H'(U,A')\(m) —> [Igy H! (Kv. A’) 
| | 
17 


0 —> D! (UV, A)(m)* —> HiU, Am)* —> [ligu H’ (Ko, A)*. 


It demonstrates that there is a map D! (U, A’)(m) > D1 (U, A)(m)* whose ker- 
nel obviously contains the divisible subgroup of D!(U,.A‘)(m). The kernel of 
the second vertical map is zero, and that of the first is divisible. A diagram chase 
now shows that the kernel D!(U, A’)(m) + D1(U, A)* is divisible. Because of 
the symmetry of the situation, this implies that the right kernel of the pairing is 
also divisible. 














EXERCISE 5.4 Let gp: A — A’ be the map defined by a divisor on A. Show 
that for all a € D! (U, A), (gp(a),a) = 0. 


We now show how the above results can be applied to the Tate-Shafarevich 
group. Write S for the set of primes of K not corresponding to a point of U. 


LEMMA 5.5 The map H!(U,.A) —> H'(K, A) induces isomorphisms 


H1(U, A) Č H!(Gs, A) 
D! (U, A) —> II! (K, A). 


PROOF. Because A = g.A, the Leray spectral sequence for g gives an exact 
sequence 
0 > H'(U,.A) > H'(K, A) > T (U, R'g,A). 


This sequence identifies H ! (U, A) with the set of principal homogeneous spaces 
for A over K that are split by the inverse image of some étale cover of U, or 
equivalently, that have a point in K,” for each v (recall that K, is the field of 
fractions of O”). From the Hochschild-Serre spectral sequence for KY? over 
K, and (I 3.8), we see that the restriction map H!(K,, A) > H!(K®, A) is 
injective. Therefore we have an exact sequence 


0 > H! (U, A) > H! (K, A) > QD A" (Ky. A). (5.5.1) 
veU 


We have seen (I 3.10) that the maps H!(K,, A) > H!(R,, A) are injective, 
and so on comparing this sequence with that in (I 6.5), we see immediately that 
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H'(U,A)(m) ~ H! (Gs, A)(m). On combining (5.5.1) with the exact sequence 


0—> D! (U, A) > H'(U, A) > Q H+ (Ks, A), 
vU 


we obtain an exact sequence 


0— D!(U, A) > H! (K, A) > QD H'(K,, A), 
all v 





and this shows that D!(U, A) = I! (K, A). 











THEOREM 5.6 Let A be an abelian variety over K. 
(a) There is a canonical pairing 


HI! (K, A‘) x I! (K, A) > Q/Z 


whose kernels are the divisible subgroups of each group. 
(b) Assume II! (K, A)(m) is finite. Then the dual of the exact sequence 


0 —> I! (K, A)(m) > H'(K, A)(m) > P H'(K,, A)(m) > B > 0 
all v 
is an exact sequence 
0 < II! (K, A)\(m) — H1(K, A)(m)* < |] A (Ko) — A (K)^ < 0. 
all v 


PROOF. (a) Fix a prime £ and choose U so that £ is invertible on U and A has 
good reduction at all primes of U. Then A and A‘ extend to abelian schemes on 
U, and the lemma shows that the pairing 


D! (U, A‘)(0) x D'(U, A)\(L) > Q/Z 
of (5.2) can be identified with a pairing 
I’ (K, A‘)(€) x I! (K, A)(0) > Q/Z. 


(b) Choose U so small that m is invertible on it and A has good reduction at 
all primes of U. The assumption implies that IIT! (K, A’) is also finite. Therefore, 
(5.2) shows that the dual of the sequence 


0 IlI'(K, A)(m)> H+ (U, A)(m) > @® H!(K,, A)(m) > H2(U, A)(m) > + 
véU 
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is an exact sequence 


0< IN (K,A')(m) — H! (U, A)(n)* < [| A'(Ky) < A KY e o. 
véU 


Now pass to the direct limit in the first sequence and to the inverse limit in the 
second over smaller and smaller open sets U. According to (I 6.25), the map 
A‘(K)* > J] 4°(Kv)” is injective, and so the result is obvious. 











all v 





REMARK 5.7 (a) We have now defined three pairings 
II! (K, A‘) x II! (K, A) > Q/Z. 


For the sake of definiteness, we shall refer to the pairing in (5.6) as the Cassels- 
Tate pairing. 

(b) For any abelian scheme A on a regular scheme Y, Breen’s theorems 
(Breen 1969a, 1975) imply that Exty(A,Gm) = 0 forr =Oorl <r <2p-l1, 
where p is a prime such that p! is invertible on Y. Since E xty, (A, Gm) = A‘, we 
see that Extia (A, Gm) = H"! (U, A‘) for r < 4, provided 6 is invertible on 
U. In particular Extia (A,Gm) = H'(U, A‘), which is countable. By way of 
contrast, (4.4) implies that Extg,, (A, Gm) is countable if and only if the divisible 
subgroup of H} (U, A) is zero. Thus if Ext, (A, Gm) = Ext7,, (A, Gm), then 
the divisible subgroup of II! (K, A) is zero (and there is an effective procedure 
for finding the rank of A(K)!). 


Finally we show that, by using étale cohomology, it is possible to simplify 
the last part of the proof of the compatibility of the conjecture of Birch and 
Swinnerton-Dyer with isogenies. 

Let f: A — B be an isogeny of degree prime to char K. The initial easy 
calculations in (I 7) showed that to prove the equivalence of the conjecture for A 
and B, one must show that 


z(f(K)) = | | 2(f(Kv))- 2(f"(K)) - 2 (f)). 


véU 


In this formula, for a nonarchimedean prime v, K, denotes the completion of K 
rather than the Henselization, but it is easy to see that this does not change the 
value of z( f(Ky)). 

Let m be the degree of f, and choose an open scheme U ¢ X on which m is 
invertible and which is such that f extends to an isogeny f:.A — B of abelian 
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schemes over U. The exact commutative diagram 


0 — AU) — JI H?(K., A) — H¿(U,A) — Il'(K, A) — 0 
véU 


| | | | 


0 — BU) — JT] 4°(K.,B) > H¿(U,B) — I'(K, B) — 0 
véU 


shows that 


z(f(K))-2(He(f)) = [| 24° (Ko, f) zT). 
vU 
To prove the compatibility, it therefore remains to show that 
(HUSY 2ER) = [| 28K, f) AEK. 
v arch 


Let F be the kernel of f: A —> B. The exact sequence 
0 > Coker(H?(f)) > Hé (U, F) > Hi (U, A) > Hi (U, B) > H?(U, F) 
— H2(U,A) > H2U, B) > HÈ (U, F) > 0 
shows that 
Xc (U, F)- [He (U, F) = [Coker( H} (P) < z(H (4)! + z(HÈ(P)). 


But 
Xc(U, F)[H (U, P)! = | [| [F(K][H? (K, P) 
v arch 
by 2.14b, 
2(He(f)) = z(f'(K) 


by duality, and 


Coker H? (f) = I] Coker H7!(Ky, f) 


v arch 


because [| H~!(K,, A) —> H®9(U,.A) and J] H71(K,,B) Š> H9(U,B). 
Therefore 


2(H2(f))-2(f'(K)) = | | [FKV] H? (Ko, F)][Coker( H7} (Ky, f))]. 


v arch 
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and it remains to show that for all archimedean primes v 
[F(Ko)] -z (f (Kv) = [H° (Ko, F) '-2(H° (Ky, f))-[Coker(H! (Ky, f))]. 
From the exact sequence 
0 > Coker HT! (Ky, f) > H°(Ky, F) > Ker H°(Ky, f) > 0, 
we see that this comes down to the obvious fact that 
Coker f (Ky) > Coker H? (Ky, f) 


is an isomorphism (cf. I 3.7). 


NOTES This section interprets Tate’s theorems on the Galois cohomology of abelian 
varieties over number fields (Tate 1962) in terms of étale cohomology. 


6 Global results: singular schemes 


We now let X be an integral scheme whose normalization is the spectrum of the 
ring of integers in K (number field case) or the unique complete smooth curve 
with K as its function field (function field case). The definition in §2 of cohomol- 
ogy groups with compact support also applies to singular X: for any sheaf F on 
an open subscheme U of K, there is an exact sequence 


+> HEU, F) > H" (U, F) > Qa" (Ky, F) > 


ves 


where S is the set of primes of K not corresponding to a point of the normalization 
of U. Using (1.12) — (1.15), it is possible to prove an analogue of (2.3). 

Letu € U, and let h € K*. Then A can be written h = f/g with f,g € Oy, 
and we define 


ordy(h) = length(Ou/(f)) — length(Ou/(g)). 


This determines a homomorphism K* — Z (see Fulton 1984, 1.2). Alternatively, 
we could define 


ordy(h) = X[k): k(u)] ordy (h) 


where the sum is over the points of the normalization of U lying over u (ibid. 
1.2.3). One can define similar maps for each closed point lying over u on a 
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scheme V étale over U and so obtain a homomorphism ordy: 8&xGm —> iyxZ. 
Define G to be the complex of sheaves 


Yordy . 
&xGmn = P iux Z 
ucU? 


on Ua. Note that if U is smooth, then we can identify G with Gm. We shall 
frequently make use of the fact that R° g4Gm = 0 for s > 0. This follows from 
the similar statement for the normalization U of U, and the fact that U — U is 
finite. 


LEMMA 6.1 For all open subschemes U of X, there is a canonical trace map 
Tr: H3(U,G) © Q/Z 


such that 
(a) whenever U is smooth, Tr is the map defined at the start of §3; 
(b) whenever V C U, the diagram 


HV, G) —*> Q/Z 
| 
| | 
H3(U,G) —"> Q/Z 
commutes. 


PROOF. The proof is similar to the smooth case. Let S be the set of primes of 
K not corresponding to a point in the normalization of U, and assume first that 
U # X. From the definition of G, we obtain a cohomology sequence 


0 —> H?(U,G) > H?(K,Gm) > P Q/Z > H?(U, Gm) > 0. 


uceU9 


The middle map sends an element a of Br(K) to X` inv, (a) where 
invy(a) = >> [k(v):k(u)] invy (a). 
vu 
The kernel-cokernel exact sequence of the pair of maps 


Br(K) > GD Br(Ky) z P Q/Z 


all v veU? 
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provides us with the top row of the following diagram: 


H?(U,G) ——> B ——- QZ — 0 


| | | 


0 —— H? (U, G) —— Pres Br(Ky) —> H3(U,G) —> 0. 


Here B = Ker(Q,y y Br(Kv) > reyo Q/Z). Write B = B'S (res Br(Ky)). 
Then B’ maps to zero in Q/Z, and as it is the kernel of the middle vertical map, 
this shows that the map Q/Z — H3(U,G) is an isomorphism. 

For U = X, one can remove a smooth point and prove as in (2.6) that 
H3(X,G) = H(X ~ {x},G). 














As in §3, the trace map allows us to define maps 
a’ (U, F): Ext, (F, G) > H (U, F)* 
for any sheaf F on U. 


THEOREM 6.2 Let F be a Z-constructible sheaf on an open subset U of X. For 
r > 2, the groups Exty (F, G) are torsion of cofinite-type, and a’ (U, F) is an iso- 
morphism. Forr = 0, 1, the groups Exty (F, G) are of finite-type, and œ” (U, F) 
defines isomorphisms 


Ext? (F, Gm)^ > HT (U, F)* 


where ^ denotes completion relative to the topology of subgroups of finite index. 
If F is constructible, then œ” (U, F) is an isomorphism of finite groups for all 
rez. 


We begin by proving the theorem when F has support on a finite subset. 
LEMMA 6.3 Theorem 6.2 is true if F has support on a proper closed subset of 
U. 


PROOF. We can assume that our sheaf is ix F where i is the inclusion of a single 
closed point v into U. From the analogue of (2.3) for singular schemes, we 
see that HI (U, ixF) = H" (v, F). As in (1.14), Exty(ixF,g+G) = 0, and 
so Ext? 1(F ,Z) — Exty (F, Gm) is an isomorphism. We have a commutative 
diagram 


Exty(F,G) x H2"(U,F) > H3(U,G) 


Ext? (M,Z) x H?"(gx,M) > H?(gx,Z) 





and so the theorem follows in this case from (I 1.10). 
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Now let F be a sheaf on U, and let j: VV <> U be a smooth open sub- 
scheme of U. For F|V, the theorem becomes (3.1). Since Ext?,(j)F|V,G) = 
Ext), (F, G) and HZ(U, j\F|V) = H(V, F), this implies that the theorem is 
true for 7; F|V. The lemma shows that the theorem is true for ixi* F, and the two 
cases can be combined as in (3.7) to prove the general case. 


NOTES Theorem 6.2 is proved in Deninger 1986 in the case that U = X and F is 
constructible. 


7 Global results: higher dimensions 


The notations are the same as those in §2. Throughout, 7: Y — U will be a 
morphism of finite-type, and we define H7(Y, F) = H (U, Rm F). 


PROPOSITION 7.1 If F is constructible and mF = 0 for some integer m that is 
invertible on U, then the groups H” (Y, F) are finite. 


PROOF. For any constructible sheaf F on Y, the sheaves R” 7, F are constructible 
(see Deligne 1977, 1.1). Therefore it suffices to prove the proposition for U itself, 
but we have already noted that (3.1) implies the proposition in this case. 














REMARK 7.2 In particular, the proposition shows that H!(Y,Z/mZ,) is finite 
for all m that are invertible on Y, and this implies that mabey) is finite. Under 
some additional hypotheses, most notably that z is smooth, one knows (Katz and 
Lang 1981) that the full group 71 (Y)? is finite except for the part provided by 
constant field extensions in the function field case. 


Let v be an archimedean prime of K. In the next proposition, we write Y, for 
Y xuSpecKy and Yz for Y xySpecK>. 


PROPOSITION 7.3 Let a: Y — U be proper and smooth, and let F be a locally 
constant constructible sheaf on Y such that m F = 0 for some m that is invertible 
on U. Then 

TI XO7, F |Y) js 


Y, F 
RNS Os. FYD 


where 
xo, FIY) S [JIH Or, FYD. 
r 
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PROOF. The proper-smooth base change theorem (Milne 1980, VI 4.2) shows 
that the sheaves R°z,.F are locally constant and constructible for all r, and more- 
over that (R°z.F)g = H*(Yz, F|Y>) for all archimedean primes v. Therefore 
(2.13) shows that 
[H (Yo, Fl¥n)@] 
(Gs, RS nF) = eae 
i TI [A5 Os, FYD]lo 





On taking the alternating product of these equalities, we obtain the result. 











REMARK 7.4 (a) A similar result is true for %e(Y, F). 

(b) The last result can be regarded as a formula expressing the trace of the 
identity map on Y in terms of the schemes Yy, v archimedean. For a similar 
result for other maps, see Deninger 1986b. 


Before stating a duality theorem for sheaves on such a Y, we note a slight 
improvement of (3.1). Just as in the case of a single sheaf, there is a canonical 
pairing of (hyper-) Ext and (hyper-) cohomology groups 


Ext (F°, Gm) x HÈT (U, F°) > HŽ (U, Gm), 
for any complex of sheaves F° on U. Consequently, there are also maps 
a” (U, F°): Ext, (F°, Gm) > HT (U, F*)*. 


LEMMA 7.5 Let F° be a complex of sheaves on U that is bounded below and 
such that H" (F°) is constructible for all r and zero for r >> 0. Then 


a” (U, F°): Ext, (F°, Gm) > H (U, F*)* 
is an isomorphism of finite groups. 


PROOF. If F consists of a single sheaf, this is (3.1b). The general case follows 
from this case by a standard argument (see, for example, Milne 1980, p280). 














We write Ext} „(F, F’) for the Ext group computed in the category of sheaves 
of Z/mZ- node on Ye. Let F be a sheaf killed by m; if F’ is an m-divisible 
and F’ — I° is an injective resolution of F’, then F/⁄, —> I° is an injective 
resolution of F/,, and so 


Exty m(F. F, ")£ f yr (Homy (F, 1p,)) = H” (Homy (F, I° y= £ Ext? (F, F^). 
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In particular, if F is killed by m and m is invertible on Y, then Ext} m (F, Um) = 
Ext) (F, Gm). 

Let x: Y — U be smooth and separated with fibres pure of dimension d, and 
let m be an integer that is invertible on U. Then there is a canonical trace map 


R24 7.84 =, Z/mZ (Milne 1980, p285). On U, [tm is locally isomorphic 
to Z/mZ, and so when the trace map is tensored with um, it becomes an iso- 
morphism R24 m, .24+! —> um. As R’ 4224! = 0 for r > 2d, there is a 
canonical trace map 


HEAP Y, uR? T) > HEY, tm) —> Z/mZ, 
and hence a pairing 
Ext) ,(F. peers x Hotes oy, F) 25 H21+3(Y, pee) ~ Z/mZ. 


THEOREM 7.6 Let Y — U bea smooth separated morphism with fibres pure of 
dimension d, and let F be a constructible sheaf on Y such that m F = 0 for some 
m that is invertible on U. Then 


Ext) m(F, Mp’ 1) x Hoa (Y, F) > HZO A (Y, wee VE Z/mZ, 
is a nondegenerate pairing of finite groups. 


PROOF. The duality theorem in Artin, Grothendieck, and Verdier 1972/73, XVIII, 
shows that there is a canonical isomorphism 


Ra (RHomy m(F, uit [2d])) — RHomy,m(RmF, m). 


(See also Milne 1980, p285.) On applying RI (U, —) to the left hand side, we get 
a complex of abelian groups whose rth cohomology group is Ext}, f (F, peat 1), 
On applying the same functor to the right hand side, we get a complex of abelian 
groups whose rth cohomology group is Exty m (Rm F , 4m). This is equal to 


Exty (RF, Gm), and Lemma 7.5 shows that 


Ext? (RF, Gm) —> Hom(H3- (U, Rm F), Z/mZ). 


By definition, H~" (U, Rm F) = H~ (Y, F), and so this proves the theorem. 














For any sheaf F on Y such that mF = 0, write F(i) = F & u8! and 
F? (i) = Hom(F, u$). Note that F? in the old terminology is equal to F? (1) 
in the new. 
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COROLLARY 7.7 Let 2: Y — U be a smooth separated morphism with fibres 
pure of dimension d, and let F be a locally constant constructible sheaf on Y 
such that mF = 0 for some m that is invertible on U. Then cup-product defines 
a nondegenerate pairing of finite groups 


HY F? (d + 1)) x H2173- (Y, F) > H21+3(Y, u81 1) = Z/mZ, 


for allr. 














PROOF. In this case Ext} „(F, 481+!) = H" (Y, FP? (d + 1). 


As usual, we let K; be the sheaf on Y defined by the it Quillen K-functor. 


COROLLARY 7.8 Let F be a constructible sheaf on Y such that €" F = 0 for 
some prime £ invertible on U. Assume that H21+2(Y, K2q+1) is torsion. Then 


there is a trace map H21+3(Y, Koa41) © = Q¢/Ze, and the canonical pairing 
Ext) (F,Koa-41) x HEITZ, F) > HETTY, Koa (O ~ Qe/Ze 
is a duality of finite groups. 


PROOF. Recall (1.19), that for any m that is invertible on U, there is an exact 
sequence of sheaves 


41 m 
0 —> uS Tt => Kzi+1 —> Kzi+1 —> 0. 


Therefore Ext) gn (F, ne 


quence 


) = Ext} (F, K2q41). Also, there is an exact se- 


0 H24*2(Y, Kog41)@Qe/Ze—> HZI (Y, uE +I) 92443 Y, Koa 1)(0) 0. 


Since we have assumed H24+2(y ,K2a+41) to be torsion, the first term of this 
sequence is zero, and so we obtain isomorphisms 


H24*3(Y, Kaa 41)(O ~ HETTY, BETH ~ Qe/Ze. 





The corollary now follows directly from (7.6). 











REMARK 7.9 For any regular scheme Y of finite type over a field, it is known 
Milne 1986, 7.1, that H” (Y, Ki) is torsion for r > i. (The condition that Y 
be of finite type over a field is only required so that Gersten’s conjecture can be 
assumed.) 
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ASIDE 7.10 One would like to weaken the condition that Y is smooth over U 
in the above results to the condition that Y is regular. The purity conjecture in 
étale cohomology will be relevant for this. It states the following: Let i: Z > Y 
be a closed immersion of regular local Noetherian schemes such that for each 
z in Z, the codimension of Z in Y at z is c, and let n be prime to the residue 
characteristics; then (R’i')(Z/mZ) = 0 for r £ 2c, and (R?°i')(Z/mZ) = 
foe. (Artin, Grothendieck, and Verdier 1972/73, XIX). 

The author is uncertain as to the exact conditions under which the proof of 
the conjecture is complete. See ibid., XIX 2.1, and Thomason 1984. 

The strategy for passing from the smooth case to the regular case is as follows: 
replace U by its normalization in Y, and note that the theorem will hold on an 
open subset V of Y; now examine the map Y ~ V — U. (Compare the proof of 
the Poincaré duality theorem VI 11.1 in Milne 1980, especially Step 3.) 


In the case that Y = U, Corollary 7.8 is much weaker than Theorem 3.1 
because it requires that F be killed by an integer that is invertible on U. We 
investigate some conjectures that lead to results that are true generalizations of 
(3.1). We first consider the problem of duality for p-torsion sheaves in character- 
istic p. 

For a smooth variety Y over a field of characteristic p Æ 0, we let Wp Ri, g be 
the sheaf of Witt differential i-forms of length n on Y (Illusie 1979). Define v, (7) 
to be the subsheaf of Wn Oe Ik of locally logarithmic differentials (see Milne 
1986a, §1). The pairing 


(w, oN e wona: WaR! x Wp RÍ > Wp RITI 
induces a pairing va (i) X vn (j) > vn(i + J). 


THEOREM 7.11 Let Y be a smooth complete variety of dimension d over a finite 


field k. Then there is a canonical trace map H@+1(Y, vn (d)) alt Z/ p"@Z, and 
the cup-product pairing 


H” (Y, vn (i)) x HY! (Y, vn (d — i)) > H? (Y, vn(d)) > Z/p"Z 
is a duality of finite groups. 


PROOF. When dim Y < 2orn = 1, this is proved in Milne 1976. The extension 
to the general case can be found in Milne 1986a. 














COROLLARY 7.12 The canonical pairing 
Ext} pn (Z/p"Z, vn(d)) x HT!" (Y, Z/p”Z) > H?! (Y, vp (d)) = Z/p"Z 


is a duality of finite groups. 
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PROOF. One sees easily that Ext pn (Z/p"Z,vn(d)) ~ H"(Y, vn(d)), and so 
this follows immediately from the theorem. 














COROLLARY 7.13 Let Y be a smooth complete variety of dimension d < 2 


over a finite field k. Then there is a canonical trace map H42*?(Y,Kg)(p) mane 
Qp/Zp, and for any n there are nondegenerate pairings of finite groups 


Ext), (Z/p"Z,Kq)) x H??? (¥,Z/p"Z) > H+? (Y, Ka)(p) =~ Qp/Zp. 


PROOF. The key point is that there is an exact sequence 


0> Ki Ki > wi 0 


fori < 2. When i = 0, 1, the exactness of the sequence is obvious; when i = 2, 
its exactness at the first and second terms follows from theorems of Suslin (1983a) 
and Bloch (Bloch and Kato 1986) respectively. Now the corollary can be derived 
in the same manner as (7.8); in particular the trace map is obtained from the maps 
HHLY, voo(d)) => H4+?(¥, Ka) (p) and H4*1(Y, vo (d)) = (Q/Z)(p), 
where Voo(i) = lim Va (i). 














REMARK 7.14 It should be possible to extend the last three results to noncom- 
plete varieties Y by using (in the proof of 7.11) cohomology with compact sup- 
port for quasicoherent sheaves (see Deligne 1966 or Hartshorne 1972). However, 
one problem in extending them to all constructible sheaves is that the purity the- 
orem for the sheaves v,,(i) is weaker than its analogue for the sheaves uyn (i) (see 
Milne 1986, §2). Nevertheless, I conjecture that for any constructible sheaf F of 
Z/p"Z-modules on a smooth variety Y of dimension d over a finite field, 


Ext), pn (F, vn(d)) x HEY! (Y, F) > HË (Y, vn (d)) = Z/p"Z 


is a nondegenerate pairing of finite groups. 
I do not conjecture that the (7.13) holds for varieties of all dimensions. 


Let Y be asmooth complete surface over a finite field. Then we have dualities: 


Ext}(Z/p"Z, K2) x H (Y, Z/ p"Z) > H*(Y,K2)(p) ~ Qp/Zp, p = chark, 
Ext} (Z/ Z, K3) x H°"(¥,Z/L"Z) > H?(Y,K3)(€) ~ Qe/Ze, £ £ chark. 
These are similar, but the numbers do not agree! It appears that in order to obtain 


a uniform statement, the sheaves X; will have to be replaced by the objects Z(i) 
conjectured in Lichtenbaum 1984 to exist in the derived category of S(Y-) for 
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any regular scheme Y. (Beilinson has independently conjectured the existence of 
similar objects in S(Yzar).) These are to have the following properties: 

(a) Z(0) = Z, Z(1) = Gy» [1]. 

(bg) For £ Æ p, there is a distinguished triangle 


ë . gn . $ 
we [-1] > Zi) — Z@ > per. 
This implies that there is an exact sequence 


> HY, ZO) —> H"(Y,Z@) > HY, uh a 


(c) There are canonical pairings Z(i) x Z(j) > Z(i + j). 

(d) H?"-/(Z(i)) = Gry Kj up to small torsion, and H’(Z(i)) = Oforr >i 
orr < 0 (also H°(Z(i)) = 0 except when i = 0). 

(e) If Y is a smooth complete variety over a finite field, then H” (Y, Z(i)) is 
torsion for all r Æ 2i, and H?” (Y, Z(r)) is finitely generated. 

In the present context, it is natural to ask that the complex have the following 
additional properties when Y is a variety over a field of characteristic p: 

(bp) There is a distinguished triangle 


POS SS70)-S Zo Soe 


This implies that there is an exact sequence 


--» — H" (Y, Z(i)) a H" (Y, Z) > H (Y, wn) >>. 


(£) (Purity) If i: Z — Y is the inclusion of a smooth closed subscheme of 
codimension c into a smooth scheme and j > c, then Ri'Z(j) = Z(j —c)[—2c]. 


THEOREM 7.15 Let: Y — U be smooth and proper with fibres pure of dimen- 
sion d. Let £ be a prime, and assume that either £ is invertible on U or &£ =charK 
and Y is complete. Assume that there exist complexes Z(i) satisfying (bg) and 
that H Ki +3(Y, Z(d + 1)) is torsion. Then there is a canonical isomorphism 


H24+4(y,Z(d + 1) Š Q/DO, 
and the cup-product pairing 
H’(Y,ZG))@)xH24+4 (Y, Zd+1-i)) (0) > HIY, Zd +O ~ Q/Z(0) 


annihilates only the divisible subgroups. 
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PROOF. Assume first that £ Æ char(K). The same argument as in the proof of 
(7.8) shows the existence of an isomorphism 


H24+3(y, w P44!) = H24*4(y,Z(d + 1). 
This proves that a trace map exists. Now the exact sequence 
0 > H™ Y, Z(i)) 8 (Q/Z)(© > HY, wR) > H” Y, ZGA > 0 


shows that H’—'!(Y, uS) modulo its divisible subgroup is isomorphic to 
A’ (Y, Z(i))(£) modulo its divisible subgroup. Similarly 


0 => Hi (Y, Z(i))^ > lim He (Y, pm) > Te HEY! Y, ZCG)) > 0 


shows that H (Y, Z(i))(£) modulo its divisible subgroup is isomorphic to the 
torsion subgroup of lim H (Y, Si). Now the theorem follows from (7.7) using 
(I 0.20e). 

The proof when £ = p is similar. 














Consider the following statement: 


(*) for any smooth variety Y of dimension d over a finite field and 
any constructible sheaf F on Y, there is a duality of finite groups 


Ext), (F,Z(d)) x H24*?(Y, F) > H24+?(¥,Z(d)) ~ Q/Z. 


When F is killed by some m prime to the characteristic of k and we assume 
(b) and that H24+1(y, Z(d )) is torsion, this can be derived from (7.6) in the 
same way as (7.8). When F is a p-primary sheaf, it is necessary to assume the 
conjectured statement in (7.14). 


THEOREM 7.16 Let x: Y — U be a smooth proper morphism with fibres of 
dimension d. Assume there exist complexes Z(i) satisfying the conditions (a), 
(b), and (f); also assume (*) above, and that H21+3(Y, Z(d + 1)) is torsion, so 


that there exists a canonical trace map H21+4(Y, Z(d + 1)) 5 Q/Z. Then for 
any locally constant constructible sheaf F on Y , there is a nondegenerate pairing 
of finite groups 


Ext), (F, Z(d + 1)) x H21+4i (Y, F) > H24*4(Y, Z(d + 1)) ~ Q/Z. 


PROOF. First assume F has support on Yz for some closed subscheme Z of U, 
and write i for the closed immersion Yz <> Y. The spectral sequence 


R Homy, (F, Ri'Z(d + 1)) = R Homy (is F, Z(d + 1)) 
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shows that 


Thus this case of the theorem follows from the induction assumption. 

Next suppose that mF = 0 for some m that is invertible on U. In this case 
then the theorem can be deduced from (7.6) in the same way as (7.8). 

Next suppose that p” F = 0, where p =charK. In this case the statement 
reduces to (*). 

The last two paragraphs show that the theorem holds for the restriction of 
F to Yy for some open subscheme V of U, and this can be combined with the 
statement proved in the first paragraph to obtain the full theorem. 














In (4.11), we have shown that there is a nondegenerate pairing 
Ext? (F 8 Z(1), Z(1)) x H2-"(U, F ® Z(1)) > H3(Z()) ~ Q/Z. 


for any torsion-free Z-constructible sheaf F on U. For a finite field k, we also 
know that there is a nondegenerate pairing 


Ext? (F ® Z(0), Z(0)) x H? (k, F ® Z(0)) > H7(k,Z()) ~ Q/Z. 
This suggests the following conjecture. 


CONJECTURE 7.17 °For any regular scheme Y of finite-type over Spec Z and 


of (absolute) dimension d, there is a canonical trace map H 24d+2(Y, Z(d)) = 
Q/Z. For any locally constant Z-constructible sheaf F on Y , the canonical pair- 


ing 
Ext), (FOE Z(G), Z(d))x H24*2-" (Y, F@’Z(i)) > H24+?(Y,Z(d)) ~ Q/Z 


induces isomorphisms 
Ext} (F @” Z@),Z(d)) — H24*?"(Y, F Q4 Z(i))*, r #2 —i), 
Ext? -2i (F Ł Z(i), Z(d)) —> H2+?#(Y, F @ Z(i))*. 


The conjecture has obvious implications for higher class field theory. 

Finally, we mention that Lichtenbaum (1986) has suggested a candidate for 
Z(2) and Bloch (1986) has suggested candidates for Z(r), all r. Also Kato 
(1985/6) has generalized (7.11) to a relative theorem, and in the case of a sur- 
face Etesse (1986a,b) has generalized it to other sheaves. 


NOTES This section owes much to conversations with Lichtenbaum and to his criticisms 
of an earlier version. 


9In the original, this was miss-labelled 7.16. 


Chapter III 


Flat Cohomology 


This chapter is concerned with duality theorems for the flat cohomology groups 
of finite flat group schemes or Néron models of abelian varieties. In §1 - §4, the 
base scheme is the spectrum of the ring of integers in a number field or a local 
field of characteristic zero (with perfect residue field of nonzero characteristic). 
In the remaining sections, the base scheme is the spectrum of the rings of integers 
in a local field of nonzero characteristic or a curve over a finite field (or, more gen- 
erally, a perfect field of nonzero characteristic). The appendices discuss various 
aspects of the theory of finite group schemes and Néron models. 


The prerequisites for this chapter are the same as for the last: a basic knowl- 
edge of the theory of sites, as may be obtained from reading Chapters II and III 
of Milne, 1980. All schemes are endowed with the flat topology. 


The results of the chapter are more tentative than those in the first two chap- 
ters. One problem is that we do not yet know what is the correct analogue for the 
flat site of the notion of a constructible sheaf. The examples of Shatz 1966 show 
that for any nonperfect field K, there exist torsion sheaves F over K such that 
H” (Kg, F) is nonzero for arbitrarily high values of r. In particular, no duality 
theorem can hold for all finite sheaves over such a field. We are thus forced to re- 
strict our attention to sheaves that are represented by finite flat group schemes or 
are slight generalizations of such sheaves. Another problem is that for a finite flat 
group scheme N over an algebraically closed field k, the groups Ext? (N, Gm) 
computed in the category of flat sheaves over k need not vanish for r > 0 (see 
Breen 1969b); they therefore do not agree with the same groups computed in the 
category of commutative algebraic groups over k, which vanish for r > 0. 
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0 Preliminaries 


We begin by showing that some of the familiar constructions for the étale site can 
also be made for the flat site. 


Cohomology with support on closed subscheme 


Consider the diagram 
i J 
Z=œ>xXx&eU 
in which 7 and j are closed and open immersions respectively, and X is the 
disjoint union of i(Z) and j(U). 
LEMMA 0.1 The functor j*: S(Xg) — S(U_) has an exact left adjoint j,. 


PROOF. For any presheaf P on U, we can define a presheaf j; P on X as follows: 
for any morphism V — X of finite type, set 


r(Y, jP) = @P(V¢) 


where the sum is over all maps f € Homy(V,U) and V+ denotes V regarded as 
a scheme over U by means of f. One checks easily that j, is left adjoint to the 
restriction functor j?:P(X,_) — P(Ug) and that it is exact. Let a be the functor 
sending a presheaf on Xq to its associated sheaf. Then the functor 


S(Un) > P(Ug) > P(Xq) > S(Xa), 


is easily seen to be left adjoint to j*. It is therefore right exact. But it is also a 
composite of left exact functors, which shows that it is exact. 














LEMMA 0.2 There is a canonical exact sequence 
0 > jj*Z—> Z> isi*Z > 0. 


PROOF. The maps are the adjunction maps. We explicitly compute the two end 
terms. Let g: V —> X be a scheme of finite type over U. When V is connected, 
g factors through U in at most one way. Therefore, in this case, the presheaf 
j\Z takes the value Z on V if p(V) C j(U) and takes the value 0 otherwise. It 
follows that jZ is the sheaf 


V&V, jZ) = Hom(x)(V), Z) 
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where x(V) is the subset of zr9(V) of connected components of V whose struc- 
ture morphisms factor through U. Since T(V, Z) = Hom(zo(V), Z), it is obvi- 
ous that ji j*Z — Z is injective. 

For any V, '(V,ixZ) = Hom(ro(¢7! Z), Z), which is zero if and only if 
g(V)N Z = Ø. It clear from this that the sequence is exact at its middle term, 
and that an element of T (V, iZ) lifts to [(V;,Z) for each V; in an appropriate 
Zariski open covering of V. This completes the proof. 














The map F +> Ker (T (X, F) > T (U, F)) defines a left exact functor S(X”) > 
Ab, and we write H7(X, —) for its r‘> right derived functor. 


PROPOSITION 0.3 Let F be a sheaf on X g. 
(a) Forallr, H} (X, F) = Ext (ixZ, F). 


(b) Forallr, Ext) (j\Z, F) = Ext, (Z, j*F). 
(c) There is a long exact sequence 


1 > H5(X, F) > H" (X, F) > H" (U, F) >. 


PROOF. (a) On applying Hom(—, F) to the exact sequence in (0.2), we get an 
exact sequence 


0 —> Homxy (ixZ, F) > Homy(Z, F) > Homy (Z, j* F) 


or, 
0 > Homy(i,Z, F) > P(X, F) —> T (U, F). 


Therefore Hom x (i+Z, F) ŽŽ H E (X, F), and on taking the right derived func- 
tors we obtain the result. 

(b) Note that, because it has an exact left adjoint, j* preserves injectives. It 
is also exact (Milne 1980, p68). Therefore we may derive the equality 


Hom (j\Z, F) = Homy (Z, j* F) 
and obtain an isomorphism 
Ext (jZ, F) x Exty (Z, j* F). 


(c) The Ext x (—, F)-sequence arising from the exact sequence in (0.2) is the 
required sequence. 
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Cohomology with compact support 


Let X be the spectrum of the ring of integers in a number field or else a complete 
smooth curve over a perfect field, and let K be the field of rational functions 
on X. For any open subscheme U of X and sheaf F on Us, we shall define 
cohomology groups with compact support H{ (Xg, F) having properties similar 
to their namesakes for the étale topology. In particular, they will be related to the 
usual cohomology groups by an exact sequence 


-+ > HĮ (U, F) > H" (U, F) > Q ex yH (Ko. F) > + 


where K, is the field of fractions of the Henselization or of Oy. 
Let Z be the complement of U in X, and let Z’ = |J ey y Spec Ko (disjoint 
union). Then Z’ = lim V xx U, where the limit is over the étale neighbourhoods 
; <— 
V of Zin X: 
V — V xX U 


Z| | 


Z —> X e~~~ U 


Let i’ be the canonical map i’: Z’ —> U, and let F —> I°(F) be an injective 
resolution of F on Ug. Then i’ is exact and preserves injectives, and so F|Z’ > 
I°(F)|Z’ is an injective resolution of F |Z’. There is an obvious restriction map 


u: (U, I° (F) > r(Z', I° (F) Z^, 


and we define! H.(U, F) to be the translate C°(u)[—1] of its mapping cone. 
Finally, we set HZ (U, F) = H” (He (U, F)). 


PROPOSITION 0.4 (a) For any sheaf F on an open subscheme U C X, there is 
an exact sequence 


> HI(U, F) > H'(U,F)> @ H(Ky Fo) >+. 
vEeXȚU 


(b) For any short exact sequence 
0> F' >F > F">0 
of sheaves on U, there is a long exact sequence of cohomology groups 
++ > HI (U, F') > HI (U, F) > HD, F") >. 


lIn the original, this was denoted He. 
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(c) For any sheaf F on U and open subscheme V of U, there is an exact sequence 


9 HIV, FIV) > HĮ(UV,F)> @ A (Ot, F)>-. 
veU~nV 


(d) If F is the inverse image of a sheaf Fo on Uet, or if F is represented by a 
smooth algebraic space, then H? (Un, F) = H” (Xet, jF). 
(e) For any sheaves F and G on U, there are canonical pairings 


Ext? (F, G) x Hi(U, F) > HE*5 (U, G). 


PROOF. (a) Directly from the definition of He(U, F), we see that there is a dis- 
tinguished triangle 


He(U, F) > r (U, I° (F)) > r(Z',I°(F)|Z^ > He(U, F){1]. 


As 
H” (Tr(U,I°(F))) = H" (U, F) 


and 


A'(L(Z',1°(F)|Z’)) = H" (Z',F|Z)= @ H”(K,,F), 
vex~U 


we see that the required sequence is simply the cohomology sequence of this 
triangle. 
(b) From the morphism 


0 — (U,I°(F’!)) — FU,I°(F) — FU,I°(F”)) — 0 
p | I 
0 > r(Z', I (FENZ) > (ZT (F) Z) a (ZTE YZ) —> 0 
of short exact sequences of complexes, we may deduce (II 0.10a) the existence of 
a distinguished triangle 
He(U, F")[-1] > He (U, F’) > HU, F) > He(U, F”). 


This yields the required exact sequence. 
(c) Let F — I°(F) be an injective resolution of F on U, and consider the 
maps 


rV, I° (F)) > @ T(K., I°(F)) = P rK, (F))® @ (OF, I° (FU. 
vV véU veU~V 
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The map b is such that H” (b) is the sum of the identity maps 
H” (Ky, F) > H" (Ky, F) (ve XU) 
and the maps in the complex 
H" (O08, F) > H"(K,, F) > HI*1(04, F), veEeUrny. 
From these maps, we get a distinguished triangle (II 0.10c) 
C°(b)[-1] > C° (a) > C° (boa) > C° (b). 


Clearly C°(a) = He(V, F)[1]. We shall show that there exist isomorphisms 
C*(boa) ~ He(U, F)[1] and C°(b) ~x @® ror, I°(F))[1] Gn the derived 


veU~V 
category). Thus the cohomology sequence of this triangle is the required se- 
quence. 
From 


PVF) S Or(K,, IF) @ HOLME) @ HOt (Fy 
véU veUrV veUrV 


we get a distinguished triangle 
C*(c)[-1] —> C° (b oa) > C°(coboa) > C° (c). 

But C°?(c oboa) ~ F(U, I° (F)[1] and C°(c) ~ @ (Ky, I° (F) [1], which 
shows that C°(b oa) ~ He (U, F)[1]. L 

Finally, the statement about C° (b) is obvious from the distinguished triangles 
(forve Ux V) 

r (OŁ, I°(F)) > T (Ky, I° (F)) > MOR, (FYI > POF, 1° (FYI). 
(d) Since H” (Ua, F) —> H" (Ug, F) and 
H” ((SpecKy)e, F) > H” ((SpecKy)a, F) 


(Milne 1980, II 3), this follows from a comparison of the sequence in (0.4a) and 
with the corresponding sequence for the étale topology. 
(e) Let c' € HË (U, F), and regard it as a homotopy class of maps of degree r 


cZ > H,(U, F)I[r). 
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Let c € Ext7,(F, F’), and regard it as a homotopy class of maps of degree s, 
c: I°(F) > I°(F’)[s]. 
On restricting the maps in this class, we get a similar class of maps 
c|Z': I* (F) Z! > (1°(F YZ]. 


The last two maps combine to give a morphism He(U, F) —> He(U, F^ [s], and 
we define (c, c’) to be the composite of this morphism with c. 














REMARK 0.5 (a) Let i: Z—Y be a closed immersion, and let F be a sheaf on 
Z. The proof in Milne 1980, II 3.6, of the exactness of i, for the étale topology 
(hence the equality H” (Ua, ix F) = H” (Ze, F)), fails for the flat topology. 

(b) Note that the sequence in (c) has the same form as (II 2.3d) except that in 
the latter sequence it has been possible to replace H” (OR, F) with H” (v,i* F). 
In the case of the flat topology, this is also possible if F is represented by a smooth 
algebraic space (Milne 1980, MI 3.11). 


REMARK 0.6 (a) In the case that X is the spectrum of the ring of integers in a 
number field, it is natural to replace He (U, F) with the mapping cone of 


@ S*(Ky, Fy) > He (U, F). 


v arch 


Then the cohomology groups with compact support fit into an exact sequence 
+ Hi(U, F) > H" (U, F) > QA" (Ky, F) >- 


where the sum is now over all primes of K, including the archimedean primes, 
not in U, and for archimedean v, 


H" (Ky, F) = Hf.(Gal(K$/Ky), F(KS)). 


(b) In the definition of HY (U, F) it is possible to replace Ky with its comple- 
tion. Then the sequence in (0.4a) will be exact with K, the completion of K at v, 
and the sequence in (0.4c) will be exact with OF replaced with Ox This approach 
has the disadvantage that the groups no longer agree with the étale groups (that 
is, (0.4d) will no longer hold in general). 


The definition given here of cohomology groups with compact support is sim- 
ple and leads quickly to the results we want. I do not know whether there is a more 
natural definition nor in what generality it is possible to define such groups. 
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Topological duality for vector spaces 


Let k be a finite field, and let V be a locally compact topological vector space 
over k. Write VY for the topological linear dual of V, VY = Homg cts(V, k). 


THEOREM 0.7 The pairing 
VYxV>C%, (fv) => exp(2# Trk/r, f(v)) 
identifies VY with the Pontryagin dual of V. 


PROOF. Let V* be the Pontryagin dual of V. The pairing identifies VY with a 
subspace of V*. Clearly the elements of VY separate points in V, and so VY is 
dense in V*. But VY is locally compact, and so it is an open subset of its closure 
in V*; hence it is open in V*. As it is a subgroup, this implies that it is also 
closed in V* and so equals V*. 














Let R be a complete discrete valuation ring of characteristic p # 0 having 
a finite residue field k, and let K be the field of fractions of R. The choice 


of a uniformizing parameter ¢ for R determines an isomorphism K Base k((t)) 
carrying R onto k[[t]]. Define a residue map res: K — k by setting res()“a;t') = 
4—1. 


COROLLARY 0.8 Let V be a free R-module of finite rank, and let VY be its 
R-linear dual. Then the pairing 


VY x(V 8K)/V >C%, (f.v) = exp( Treg, (res( f(v))) 
identifies VY with the Pontryagin dual of (V ® K)/V. 


PROOF. Consider first the case that V = R. Then R is isomorphic (as a topo- 
logical k-vector space) to the direct product of countably many copies of k, and 
K/R is isomorphic to the direct sum of countably many copies of k. The pairing 


(a,b) + res(ab):Rx K/R > k 


identifies R with the k-linear topological dual of K/R, and so (0.7) shows that 
R —> (K/R)*. In the general case, the pairing 


VYxV@K)/V>k, (f.v) res(f(v)) 


similarly identifies VY with k-linear topological dual of (V @ K)/V, and so again 
the result follows from the proposition. 
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The Frobenius morphism 


For any scheme S of characteristic p 4 0, the absolute Frobenius map Fws: S > 
S is defined to be the identity map on the underlying topological space and a => 
a” on Og. It is functorial in the sense that for any morphism 7: X — S, the 
diagram 


Fabs 
gee lly 


ae 
Favs 
S <— S 
commutes, but it does not commute with base change. The relative Frobenius 


map Fy;s is defined by the diagram 


Fraps 
X Oe A xo ž X XS, Fas S. 
T nP?) 


Fabs 
S 1e sS 
For any morphism T —> S, Fy/s xr id = FxyxsT/T- 

A scheme S' is said to be perfect if Fabs: S —> S is an isomorphism. For 
example, an affine scheme SpecR is perfect if the p*® power map a +> a?: R > 
R is an isomorphism. In the case that S is perfect, it is possible to identify 
zP): XP) —> S with F>! om: X —> S and Fy/s with Favs- 

A finite group scheme N over a scheme S is said to have height h if F h Is? :N > 


NP” is zero but F Aaa 7S is not zero. For any flat group scheme N, there is a canon- 


ical morphism V = Vy: NP) —> N, called the Verschiebung (see Demazure and 
Gabriel 1970, IV, 3, 4). 


The Oort-Tate classification of group schemes of order p 


Let A = Z[t,(p(p — 1))7'] N Zp, where ¢ is a primitive pth root of 1, and 
the intersection is taken inside Qp. We consider only schemes X such that the 
unique morphism X — SpecZ factors through SpecA. For example, X can be 
any scheme of characteristic p because A has F p as a residue field. The following 
statements classify the finite flat group schemes of order p over X (see Oort and 
Tate 1970, or Shatz 1986, §4). 

(0.9a) It is possible to associate a finite flat group scheme N £ ab of order p over 
X with each triple (£, a, b) comprising an invertible sheaf £ over X, an element 
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a €I(X, £®?!), and an element b € P(X, £®!~?) such that a & b = wp for 
a certain universal element wp. 
. . . . LE 
(0.9b) Every finite flat group scheme of order p over X is isomorphic to Ng b 
for some triple (£, a, b). 
(0.9c) There exists an isomorphism N cos wee = NE b if and only if there is an 


isomorphism £ Lf! carrying a to a’ and b to b’. 
(0.9d) For all X-schemes Y, 


NEY) = {y € rO, L8 Oy)| y? =4@ y}. 


(0.9e) The Cartier dual of N£, is NEX. 
(0.9f) When X has characteristic p, w p = 9. Ifa = 0 in this case, then 
N has height one, and the p-Lie algebra of N ca is £ with the p-power map 


fr fM=bef. 


Duality for unipotent perfect group schemes 


When the ground field is finite, our duality theorems will be for the cohomology 
groups endowed with the structure of a topological group. When the ground 
field is not finite, it will be necessary to endow the cohomology groups with 
a stronger structure, namely the structure of a perfect pro-algebraic group, and 
replace Pontryagin duality with Breen-Serre duality. We now describe this last 
duality. 

Let S be a perfect scheme of characteristic p # 0. The perfection X"! of an 
S-scheme X is the projective limit of the system 
E yo OF hein 


red red 


It is a perfect scheme, and has the universal property that 
Homys (X,Y) = Homs(X", Y) 


for any perfect S-scheme Y. 

Let S be the spectrum a perfect field k. A perfect S-scheme X is said to 
be algebraic if it is the perfection of a scheme of finite type over S. From the 
corresponding fact for the algebraic group schemes over S, one sees easily that 
the perfect algebraic group schemes over X form an abelian category. Define 
the perfect site Spr to be that whose underlying category consists of all algebraic 
perfect S-schemes and whose covering families are the surjective families of étale 
morphisms. For any algebraic group scheme G over S, the sheaf on Spr defined 
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by G is represented by GPf. One checks easily, that any sheaf on Spf that is an 
extension of perfect algebraic group schemes is itself represented by a perfect 
algebraic group scheme. 

We write S(p”) for the category of sheaves on Spr killed by p”. 


THEOREM 0.10 Forallr > 0, Ext (G7, GP) =0. 


PROOF. See Breen 1981, where the result is proved with the base scheme the 
spectrum of any perfect ring of characteristic p Æ 0. 














LEMMA 0.11 Let f: Sa —> Spr be the morphism of sites defined by the iden- 
tity map. For any affine commutative algebraic group scheme G on S, fxG is 
represented by GP! and R” fxG = 0 forr > 0. 


PROOF. We have already observed that f,G is represented by G''. If G is 
smooth, then R” fG = 0 forr > 0 because of the coincidence of flat and 
étale cohomology groups of smooth group schemes (Milne 1980, MI 3.9). We 
calculate R” fG for G equal to œp or Up by using the exact sequences 


F 
0 => Up > Gm — Gm > 0 


F 
0 —> ap > Gg — Ga > 0. 


Since F is an automorphism of GH and Ge we have R” fxup = 0 = R” fxæp 
for all r. The general case follows from these case because, locally for the étale 
topology, any G has a composition series whose quotients are Gm, Ga, Hp, Œp, 
or an étale group scheme. 














By a p-primary group scheme, we mean a group scheme killed by a power of 
p. 
LEMMA 0.12 Let G be a perfect p-primary affine algebraic group scheme on S; 


let U be its identity component, and let D = G/U. Then D is étale and U has a 
composition series whose quotients are all isomorphic to G. 


PROOF. In view of the exactness of fx, this is a consequence of the structure 
theorem for affine commutative algebraic group schemes on S. 














Let G(p”) be the category of perfect affine algebraic group schemes on S 
killed by p”, and let G(p™) = (JG(p”). Note that (0.12) shows that G(p°) can 
also be described as the category of perfect unipotent group schemes on S. 
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LEMMA 0.13 Let G be a perfect unipotent group scheme on S; let U be its 
identity component, and let D = G/U. 
(a) If G is killed by p”, then there exists a canonical isomorphism 


RHomgip»)(G,Z/p"Z) => RHoms(G,Qp/Zp). 


(b) Homs(G,Qp/Zp) —> Homs(D, Qp/Zp), which equals D*, the Pon- 
tryagin dual of D. 


(c) Exts (G, Qp/Zp) Ean Extl (U,Qp/Zp), which is represented by a con- 
nected unipotent perfect group scheme; if U has the structure of a Wa (k)- 
module, then there is a canonical isomorphism of W, (k )-modules 


Ext (G,Qp/Zp) — Homw, œ (U, Wa(Os)). 
(d) Exts (G, Qp/Zp) = 0 forr > 1. 


PROOF. (a) Choose an injective resolution 7° of Qp/Zp. The usual argument in 
the case of abelian groups shows that an injective sheaf is divisible. Therefore the 
kernel 75n of p”: I° — I° is a resolution of Z/ p” Z, and it is obvious that it is 
an injective resolution in S(p”). Consequently 
RHomgpr)(G, Z/p"Z) = Homg yn) (G, Ign) 
= Hom (G, I°) 
= RHoms(G,Qp/Zp). 


(b,c,d) When D = Z/ pZ, the sequence 
0 —> Homs(Z/pZ,Q/Z) > Homs(Z, Q/Z) ~>Homs(Z,Q/Z) > 
Exts(Z/pZ,Q/Z) > 0 


shows that 
RHoms(D,Q/Z) = Homs(D, Q/Z) = D*. 


A general étale group D is locally (for the étale topology) an extension of copies 
of Z/ pZ, and so the same equalities holds for it. 
IfU = Gr then (0.10) shows that the exact sequence 


K j 1—F 4 5 i; 
0 > Homsi (G3, G3) —> Homsip (Gi, Gr) > Exte (CH Z/PZ) >> 
yields an isomorphism 


RHomsp (GF, Z/pZ) ~ G[-1] 
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where G is the cokernel of 1— F. i is well-known (see, for example, Serre 1960) 
that G = GP Therefore Ext. (GP ,Z/ pZ) = EXt3 yy (GP , Q/Z) is connected, 
and Ext¢ (GH, Q/Z)=0 = r Æ 1. A general connected unipotent group U is 
an extension of copies of Ge , and so Ext (U, Q/Z) is connected for r = 1 and 
zero for r Æ 1. 

Suppose that U has the structure of a Wp (© s)-module. The Artin-Schreier 
sequence 

F— 
0 > Z/p"Z > W, (Os) = W, (Os) > 0 


gives a morphism W, (Os) —> (Z/p”Z)[1] in the derived category of S(p”), and 
hence a canonical homomorphism 

Homw, 0s) (U, Wa (Os)) > RHomg(pn (U,Z/p"Z), 
which is W, (Os )-Llinear for the given structure on U. One checks easily that 


Exty (os) (U. Wa (Os)) = 0: 


as U has a filtration by sub- W, (Os )-modules such that the quotients are linearly 
isomorphic to GP , it suffices to show that this homomorphism is an isomorphism 
for U = G! , Which is assured by (0.10). It follows that the homomorphism is an 
isomorphism. 

The assertions (b), (c), and (d) can now be proved in the general case by 
making use of the exact sequence 


0>U>G>D->O0. 














For any perfect connected unipotent group U, we write U Y for E xt (U,Qp/Zp). 
Let D?(G(p®)) be the full subcategory of the derived category of S(S pf) con- 
sisting of those bounded complexes whose cohomology lies in G(p°). For any 
G° in D?(G(p®)), define G* = RHoms(G*,Q,/Zp). 


THEOREM 0.14 For any G° in D®(G(p™)), G* also lies D°(G(p®)), and 


there is a canonical isomorphism G°? —> G*''. There exist canonical exact 
sequences 


0 > UT*(G*)Y > H(G”) > D'(G*)* + 0, 
where U” (G°) is the identity component of H” (G°) and 


D" (G°) = H"(G*)/U"(G°). 
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PROOF. The cohomology sheaves of RHoms(G*,Q,/Zp) are the abutment of 
the spectral sequence 


E?” = Ext% (H (G°),Qp/Zp) => Ext (G°, Qp/Zp). 


After (0.13), ES = 0 for r Æ 0,1, so that the spectral sequence reduces to a 
family of short exact sequences 


0—Exti (H"H! (G°), Qp/Zp) > Exts" (G°, Qp/Zp) > Homs (H’ (G*), Qp/Zp) +0, 


which are the required exact sequences. They imply moreover that G°% is in 
D°(G(p™)) because G(p®) is stable under extension. Finally one shows that 
the homomorphism of biduality G°? + G*’ is an isomorphism by reducing the 
question to the cases of Z/ pZ and Gg, which both follow directly from (0.13). 














REMARK 0.15 Denote by Ext} (G, H) the Ext group computed in the category 
of affine perfect group schemes over k. Each such Ext group can be given a 
canonical structure as a perfect group scheme, and (0.10) implies that, when G 
and H are unipotent, Ext; (G, H) agrees with Ext (G, H). 


PAIRINGS IN THE DERIVED CATEGORY 


We review some of the basic definitions concerning pairings in the derived cate- 
gory. For more details, see Gamst and Hoechsmann 1970 or Hartshorne 1966. 

Fix a scheme X, endow it with a Grothendieck topology, and write S(X) 
for the resulting category of sheaves. Write C(X) for the category of complexes 
in S(X), and K(X) for category with the same objects but whose morphisms 
are homotopy classes of maps in C(X). The derived category D(X) is obtained 
from K(X) by formally inverting quasi-isomorphisms. Thus, for example, a map 
A® — B® and a quasi-isomorphism B® <— C° define a morphism A* —> C° 
in D(X). As usual, Ct+(X), C7(X), and C?(X) denote respectively the cate- 
gories of complexes bounded below, bounded above, and bounded in both direc- 
tions. We use similar notations for the homotopy and derived categories. Since 
S(X) has enough injectives, for every A® in C +(X), there is a quasi-isomorphism 
AP aay (A°) with [(A®) a complex of injectives, and there is a canonical equiv- 
alence of categories I" (X) — D*(X), where J*(X) is the full subcategory of 
K*(X) whose objects are complexes of injective objects. 

Recall that a sheaf P is flat if — ® P:S(X) — S(X) is exact. For any 
bounded-above complex A®, there is a quasi-isomorphism P(A®*) —> A® with 
P(A®) a complex of flat sheaves. If B° is a second bounded-above complex, then 
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P(A®) Q B° is a well-defined object of D(X), which is denoted by A° @/ B°. 
Despite appearances, there is a canonical isomorphism A* @/ B° ~ B° @- A°. 
Let M and N be flat sheaves on X, and let A® and B® be objects of C? (X). 

There is a canonical pairing 

Ext% (M, A®) x Ext% (N, B°) > Ext t" (M @ N, A° @ B°) 
that can be defined as follows: represent elements f € Ext'y(M, A®) and g € 
Ext% (N, B®) as homotopy classes of maps f:M — J(A®)[r] and g:N > 
I(B°)[s]; then f ® g is represented by 

M 8 N > 1(A*)[r] 8 1(B°)[s] — P(I(4°)) @ 1(B*)[r + s]. 


The pairing is natural, bi-additive, associative, and symmetric (up to the usual 
signs). It also behaves well with respect to boundary maps (Gamst and Hoechs- 
mann, ibid.). A similar discussion applies when N is not flat — replace it with a 
flat resolution. 

Consider a map A° @/ B° —> G°. The above discussion gives a pairing 


H" (X, A®) x Ext (M, B*) > Ext% 5 (M, G°), 
There is also the usual (obvious) pairing 
Ext (B°, G°) x Ext$ (M, B°) > Ext% (M, G°). 


The map A° 4 B° — G defines a map A° —> Hom(B°, C°) and hence edge 
morphisms H” (X, A®) > Ext) (B®, G°). 


THEOREM 0.16 The following diagram commutes: 
H"(X,A°) x Ext%(M,B*°) —> Ext% (M,G°) 


4 | 4 
Ext (B°,G*°) x Ext%(M,B°®°) > Ext% (M,G°®). 





PROOF. See Gamst and Hoechsmann 1970. 











NOTES The definition of cohomology groups with compact support for the flat topology 
is new, and will play an important role in this chapter. 

The duality for unipotent perfect group schemes has its origins in a remark of Serre 
(1960, p55) that Ext’s in the category of unipotent perfect group schemes over an alge- 
braically closed field can be used to define an autoduality of the category. For a detailed 
exposition in this context, see Bégueri 1980, §1; Serre in fact worked with the equivalent 
category of quasi-algebraic groups. The replacement of Ext’s in the category of perfect 
group schemes with Ext’s in the category of sheaves, which is essential for the appli- 
cations we have in mind, is easy once one has Breen’s vanishing theorem (0.10). Our 
exposition of the autoduality is based on Berthelot 1981, II, which, in turn, is based on 
Milne 1976. 

Most of the rest of the material is standard. 
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1 Local results: mixed characteristic, finite group schemes 


Throughout this section, R will be a Henselian discrete valuation ring with finite 
residue field k and field of fractions K of characteristic zero. In particular, R is 
excellent. We use the same notations as in (II 1): for example, X = SpecR and i 
and j are the inclusions of the closed point x and the open point u of X into X. 
The characteristic of k will be denoted by p and the maximal ideal of R by m. 


LEMMA 1.1 Let N bea finite flat group scheme over R. 
(a) The map N(R) —> N(K) is a bijective, and H'(X,N) > H! (K, Ng) is 
injective; forr > 2, H'(X,N) = 0. 
(b) The boundary map H" (K, N) —> H1*+!(X, N) defines isomorphisms 


H}(K,N)/H'(R, N) —> H2(X,N) 
H?(K,N) = H3(X,N); 


forr Æ 2,3, 
Hi (X, N) =0. 


PROOF. (a) As N is finite, it is the spectrum of a finite R-algebra A. The image 
of any R-homomorphism A — K is finite over R and is therefore contained in R. 
This shows that N(R) = N(K). An element c of H!(X, N) is represented by a 
principal homogeneous space P over X (Milne 1980, III 4.3), and c = 0O if and 
only if P(R) is nonempty. Again P is the spectrum of a finite R-algebra, and so 
if P has a point in K, then it already has a point in R. 

From Appendix A, we know that there is an exact sequence 


0>N>G>GC'>0 


in which G and G’ are smooth group schemes of finite type over X. According 
to Milne 1980, MI 3.11, H”(X, G) = H” (k, Go) and H” (X, G’) = H” (k, G9) 
for r > 0, where Go and Go are the closed fibres of G and G’ over X. The five 
lemma therefore shows that H”(X, N) sy AH" (k, No) for r > 1. We now use 
that there is an exact sequence 


0> No > Gi > G, > 0 
with G; and Gi smooth connected group schemes over k (for example, abelian 


varieties). By Lang’s lemma, H’(k,G,) = 0 = H’(k,G‘) for r > 0, and it 
follows that H” (k, No) = O forr > 1. 
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(b) This follows from the first statement, because of the exact sequence 
++ > HI (X, N) > H"(X,N) > H” (K, N) >». 
and the fact that H” (K, N) = 0 for r > 2 (K has cohomological dimension 2). 














REMARK 1.2 The proof of the lemma does not use that K has characteristic zero. 
The same argument as in the proof of (a) shows that H” (X, N) = O forr > 2 
if N is a finite flat group scheme over any Noetherian Henselian local ring with 
finite residue field. 


Let F be a sheaf on X. The pairing 
Ext (F, Gm) x Ext} (ixZ, F) > Ext" (i+ Z, Gm) 
can be identified with a pairing 
Ext) (F, Gm) x H8(X, F) > HITS (X, Gm); 


see (0.3a). Since Gm is a smooth group scheme, the natural map H! (Xet, Gm) > 
H? (Xa, Gm) is an isomorphism for all r, and so (see II 1) there is a canonical 
trace map 


H3(Xq,Gm) —> Q/Z. 


Let N be a finite group scheme over X. The sheaf defined by the Cartier dual 
N? of N can be identified with Hom(N, Gm), and the pairing NP x N > Gm 
defines a pairing 


H" (X, N?) x H(X, N) > H3(X,Gm) ~ Q/Z. 


This can also be defined using the edge morphisms H(X, N?) > Ext (N, Gm) 
and the Ext-pairing (0.16). 


THEOREM 1.3 For any finite flat group scheme N on X, 
H" (X, N?) x H? (X, N) > H3(X,Gm) ~ Q/Z 
is a nondegenerate pairing of finite groups, all r. 
We shall give two proofs, but first we list some corollaries. 


COROLLARY 1.4 For any finite flat group scheme N over X, H! (X, N?) is the 
exact annihilator of H1 (X, N) in the pairing 


H! (K, N?) x H! (K, N) > H?(K,Gm) ~ Q/Z 
of (I 2.3). 
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PROOF. The diagram 


H'\(X,N?) x H}'(X,N) > H?(X,Gm) = 0 
4 4 4 
H! (K,N?) x H'(K,N) > HK,Gm) xœ Q/Z 


shows that H!(X, N?) and H!(X, N) annihilate each other in the pairing. For 
r = 1, (1.1) allows us to identify the pairing in the theorem with 


H'(X,N?) x H! (K, N)/H!(X, N) > H? (K, Gm). 


Thus we see that the nondegeneracy of the pairing in this case is equivalent to the 
statement of the corollary. 














COROLLARY 1.5 Let N bea finite flat group scheme on X. For allr < 2p — 2, 
Ext% (N, Gm) x HÈT (X, N) > H(X, Gm) > Q/Z 
is a nondegenerate pairing of finite groups. 
PROOF. Let N(p) be the p-primary component of N. According to Breen 1975, 
Exty(N(p),Gm) =0for 1 <r < 2p -—2, 


and as we explained in the proof of (II 4.10), this implies that Ext) (N, Gm) = 
Oforl <r < 2p-—2 (Exty (N, Gm) = 0 by Milne 1980, II 4.17, and 
Exty(N(€),Gm) = 0 forr > 1 and £ # p because N(£) is locally constant 
for the étale topology). Hence H” (X, NP) = Ext” (N, Gm) for r < 2p —2. 














Write f: Xa —> Xe for the morphism defined by the identity map. 


COROLLARY 1.6 Let N be a quasi-finite flat group scheme over X whose p- 
primary component N(p) is finite over X. Let N? be the complex of sheaves 
such that 

Homy,(N(€), Gm) ifl=p 


NOS 
f* RHomy,(N(l),Gm) if LF p. 


Then 
H" (X, N?) x H37(X,N) > H3(X,Gm) ~ Q/Z 


is a nondegenerate pairing of finite groups. 
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PROOF. For each £ Æ p, H(X, N(€)) ~ HE (Xe, N(€)) and 
H" (X, NP (0) > H" (Xa, RHomy, (N(),Gm)) > Ext (NŒ), Gm). 


Therefore, for the prime-to-p components of the groups, the corollary follows 
from (II 1.8). For the p component it follows immediately from the theorem. 














QUESTION 1.7 Does there exist a single statement that fully generalizes both 
(1.3) and (II 1.8b)? 


THE FIRST PROOF OF THEOREM 1.3 


The first proof is very short, but makes use of (A.6). We begin by proving a 
duality result for abelian schemes. 


PROPOSITION 1.8 Let A be an abelian scheme over X, and let A‘ be its dual. 
Then the pairing 


H" (X, A‘) x H? (X, A) > H(X, Gm) > Q/Z 


defined by the canonical biextension A’ @& A — Gm (see Appendix C) induces 
an isomorphism H°(X, A‘) —> H2(X,.A)* © denotes the completion for the 
profinite topology); for r 4 0, both groups are zero. 


PROOF. Let A and Ag be the open and closed fibres respectively of A/X. Then 
A" (X, A) = A" (x, Ao) forr > 0 (see Milne 1980, 13.11), and H” (X, Ao) = 0 
for r > 0 by Lang’s lemma. Moreover, A(X) = A(K) because A is proper over 
X. Therefore H! (X, A) is zero for r < 1 and equals H’~1(K, A) for r > 1. 
Hence H?(X, A) = H1(K,A), and H?(X, A) = 0 for all other values of r. 
Consequently, when r = 0, the pairing becomes 


H°(K, A‘) x H?(K, A) > H?(K,Gm) ~ Q/Z, 


and both groups are zero for all other values of r. The proposition now follows 
from (I 3.4). 














PROOF (OF THEOREM 1.3) We now prove (1.3). Note that the Lemma 1.1 im- 
plies that H°(X, N) and H!(X, N) are finite (Nx is a finite étale group scheme). 
According to (A.6) and (A.7), N can be embedded into an exact sequence 


OoO-N>->A>-B-O0 
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with A and B abelian schemes over X. This leads to an exact cohomology se- 
quence 


0 > H2(X,N) > H2(X,A) > H2(X, B) > H?(X, N) > 0, 


which we regard as a sequence of discrete groups. 
There is a dual exact sequence 


0>N?P>B > A> 0 
(see Appendix C), which leads to a cohomology sequence 
0 > H°(X,N”) > H°(X, B') > H? (X, A) > H' (X, N?) 50 


The two middle terms of the sequence have natural topologies, and the two end 
terms inherit the discrete topology. Therefore the sequence remains exact after 
the middle two terms have been completed. The theorem now follows from the 
diagram 


0 > H°(X,N”?) > H°(X, BY > H(X,A) > H!(X,N?) > 0 


| P P | 


0 > H3(X,N)* > H2(X,B)* > H2(X,A)* > H2(X,N”)* > 0 














THE SECOND PROOF OF THEOREM 1.3 


The second proof will use p-divisible groups, for whose basic theory we refer the 
reader to Tate 1967b or Shatz 1986. In order to simplify the argument, we shall 
assume throughout that R is complete. 

Let H = (Ay, iy)y>1 be a p-divisible group over X. Let L be a finite ex- 
tension of K, and let Rz be the integral closure of R in L. Then the group of 
points H(Rz) of H with values in Rz is defined to be lim, A(RL/ m} ), where 
H(RL/w}) =a lim Hy (RL /m}). Let My = |] H(RL) where L runs over 
the finite extensions of K contained in K®. Then M H becomes a discrete module 
under the obvious action of Gal(K*/K). 


LEMMA 1.9 (a) The group H(R) is compact if and only if its torsion subgroup 
is finite. 
(b) The group of elements of My fixed by Gx is H(R). 
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(c) The sequence of Gal(K*/K)-modules 


0 > H,(K*) > My & My > 0 
is exact. 


PROOF. (a) Let H° be the identity component of H. Then H°(R) is an open 
subgroup of H(R), and H(R)/H°(R) is torsion. Since H°(R) is compact and 
its torsion subgroup is finite (H(R) is isomorphic to R“™(%)), the assertion is 
obvious. 

(b) It suffices to show that H(R,)° = H(R) for L a finite Galois extension 
of K with Galois group G. When we write H = SpfA, H(R_) is the set of 
continuous homomorphisms A — Rz, and so the assertion is obvious. 

(c) The sequences 


0 H,(RL/m RL) > H(RL/m RL) H(RL/m R) 


are exact, and so on passing to the inverse limit, we obtain an exact sequence 


OHRI SHR BRD. 


The term H,(Rz) has its usual meaning, and we have observed in (1.1) that 
H (Rz) = H,(L). Therefore on passing to the direct limit we obtain an exact 
sequence 


0> H,(Ks) > My > My. 


It remains to show that p: My — My is surjective. If H is étale, then 
My = H(ks), which is obviously divisible by p. If H is connected, say H = 
SpfA, then the map p: H —> H turns A into a free A-module of finite rank, and 
so the divisibility is again obvious. The general case now follows from the fact 
that 

0 — H? (RL) > H(RL)—> H“(Rz) > 0 


is exact for all L (see Tate 1967b, p168). 














Let H‘ be the p-divisible group dual to H (ibid. 2.3), so that (H’), = HP. 


PROPOSITION 1.10 Assume that the torsion subgroups of H(R) and H* (R) are 
both finite. Then there is a canonical pairing 


H'!(K, Mgt) x H(R) > Q/Z 


which identifies the discrete group H! (K, Myr) with the dual of the compact 
group H(R). 
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PROOF. From the cohomology sequence of the sequence in (1.9c), we get an 
exact sequence 


0 > H(R)®™ > H'(K, H,) > H! (K, My) pv > 0. 


I claim that the first map in the sequence factors through H!(X, H,)H'!(K, H»). 
Note first that it is possible to define H(R’) for any finite flat R-algebra R’. Let 
P e H(R); then the inverse image P under p”: H — H (regarded as map of 
functors of finite flat R-algebras) is a principal homogeneous space for H, over 
X whose generic fibre represents the image of P in H!(K, H,,). This proves the 
claim. 

As we observed in the proof of (1.4), the images of H!(X, H?) and H1(X, H,) 
annihilate each other in the nondegenerate pairing 


H}(K, HP) x H!(K, Hy) > H?(K,Gm) ~ Q/Z. 


Therefore, the images of H‘ (R)") and H(R)") annihilate each other under 
the same pairing, and so the diagram 


—< H(R)®") — > H'(K,H,) 


|z 


0 —— (H!(K, Myg:)p)* —> H!(K, H!)* ——> H'(R)O™ 


shows that the pairing induces an injection H(R)?')<>(H1(K, My) pv)*. In 
the limit this becomes an injection 


lim H(R)?”) > im(H (K, Myt)pv)* = H! (K, Mp)", 


and because of our assumption on H(R), lim H(R)®™ = H(R). 

We therefore have an injection H(R) > H! (K, Mjyr)*, and to prove that it 
is surjective, it suffices to show that [H(R)™] = [H! (K, My) p]. This we do 
using an argument similar to that in the proof of (I 3.2). From (I 2.8), we know 
that 

X(K, Hy) = (R: pR)" = x(K, Hf) 
where h is the common height of H and H*. The logarithm map (Tate 1967b, 
2.3), and our assumptions on H(R) and H‘(R) show that H(R) and HÝ (R) 
contain subgroups of finite index isomorphic to R? and R? : respectively where 
d and d’ are the dimensions of H and H*. Therefore 


[H(R)'?]/[H(R) p] = (R: pR)*, 
[H‘(R)>]/[H'(R)p] = (R: pR)”. 
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From the cohomology sequence of 


0> H! (Ks) > My: > My > 0 


we see that [H*(R) p|[H2(K, H*)] 
BV see hee EDIE ds 
X(K, Hy) = [H'(R)®) ][H!(K, Myr) p] 

or i 1 [H°(K, H:)] 


(R: pR)}} (R: pR)” [H!(K, Myr) p] 
But d + d’ = h (Tate 1967b, Pptn 3), and so this shows that 


[H! (K, Myt)p] = (R: pR)*[H(R) p] = [H(R)®], 





as required. 











REMARK 1.11 The proposition is false without the condition that the torsion 
subgroups of H(R) and H‘(R) are finite. For example, if H = (Z/p’Z)y>1, 
then H(R) (= Qp/Zp) and H'(K, Myr) are both infinite and discrete, and so 
cannot be dual. If H = (wpv)y>1, then 


A(R) ={aeR|a=1 modm} 
and H! (K, My:) = Hom(Gal(Ks/K),Qp/Zp), which are not (quite) dual. 


We now complete the second proof of (1.3). For r = 0, the pairing can be 
identified with the pairing 


H°(K, N?) x H?(K, N) > H?(K,Gm) ~ Q/Z 


of (I 2.3), and for r # 0,1 both groups are zero. This leaves the case r = 1, 
and we saw in the proof of (1.4) that this case is equivalent to the statement 
that H!(X, N?) and H!(X,N) are exact annihilators in the duality between 
H'(K,N®) and H!(K, N). We know that the groups in question do annihilate 
each other, and so 


[H'(K,N)] > [H1(X, N)|[H'(X, N?)], 


and to show that they are exact annihilators it suffices to prove that equality holds. 
According to (A.4) and (A.7), there is an exact sequence 


js NSH eH 6 
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with H and H’ both p-divisible groups. Moreover from the construction of the 
sequence, it is clear that H, H’, and their duals satisfy the hypotheses of (1.10). 
Write H’(X, H) for lim H"(X, H»), and let 


H'(R)® = Coker(y: H(R) > H'(R)), 
H'(X, H)o = Ker(y: H! (X, H) > H'(X,H’)). 
The cohomology sequence of the above sequence and its dual 
t 
0> N? > H" L Ht 50 
show that 


[H1 (X, N)] = [H' (RDPH (X, H)o] > [H'(R)®] and 
[A1(X,NP)] = [H1 (RV HX, Hor] > [H1 (RO). 


On combining the three inequalities, we find that 


[H (K, N)] > [H! (X, N)J[H (X, N?)] > (A(R) JL (R)@). 


t 
It follows from (1.10) that H”(R) > H'(R) is dual to H1(K,My) —> 
H!(K, My), and so [H‘(R)@] = [H (K, My)g]. But 
[H' (K, N)] = [H'(R)P][H' (K, Mi) 


, from which it follows that all of the above inequalities are equalities. This 
completes the second proof of (1.3). 


REMARK 1.12 The above argument shows that for any isogeny gy: H —> H’ of 
p-divisible groups over X, H’(R)Y) —> H!(X, Ker(g)) and H!(X, H)g = 0, 
provided the torsion subgroups of H(R) and H‘(R) are finite. 


A duality theorem for p-divisible groups 
If A is an abelian variety over K, then (1 3.4) shows that there is an exact sequence 
0 > A(K) ® Qp/Zp > H'(K, A(p)) > A‘(K)*(p) > 0. 


Our next result is the analogue of this for p-divisible groups. Recall that H” (K, H) =a¢ 
lim H'(K, Ay). 
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PROPOSITION 1.13 Assume that R is complete, and let H be a p-divisible group 
over X such that the torsion subgroups of H(R) and H'‘(R) are finite. Then 
H'(X, H) = 0, and there is an exact sequence 


0 > H(R) 8 Q/Z > H'(K, H) > H"(R)* > 0. 
PROOF. On applying Remark 1.12 to the isogeny p”: H — H, we find that 


H(R)") Š H1(X, Hy) and H!(X,H)p» = 0. As H!(X, H) is p-primary, 
the equality shows that it is zero. From (1.4) we know there is an exact sequence 


0 > H'(X, Hy) > H'(K, Hy) > H'(X, H!)* > 0. 


On using the isomorphism to replace the first and third terms in this sequence, we 
obtain an exact sequence 


0 > H(R)”) —> H! (K, H,) > H'(R)?* = 0. 





Now one has only to pass to the direct limit to obtain the result. 











Euler-Poincaré characteristics 


If N is a finite flat group scheme over X, then the groups H” (X, N) are finite for 
all r and zero for r > 1. We define y(X, N) = [H°(X,N)|/[H!(X, N)]. Let 
N = SpecB. Recall that the order of N is defined to be the rank of B over R, 
and the discriminant ideal of N is the discriminant ideal of B over R. 


THEOREM 1.14 Let N bea finite flat group scheme over X , and letn be its order 
and 0 its discriminant ideal. Then (R: 0) is an nth power and 


X(X. N) = (R: "". 
When N is étale, H”(X, N) = H"(g,N(R"")), and so both sides of the 
equation are 1. This allows us to assume that N is local. We can also assume 


that R is complete because passing to the completion does not change either side. 
Consider an exact sequence 


0>N>H HH 0 
with H and H’ connected p-divisible groups. As H! (X, H) = 0, 
df 
X(X, N) = z(9(R)) = [Ker g(R)]/[Coker ¢(R)]. 


Write H = SpfA and H’ = Spf A’. Then A and A’ are power series rings in d 
variables over R, where d is the common dimension of H and H’. The map ọ 
corresponds to a homomorphism g*: A’ —> A making A into a free A’-module of 
rank n. It also defines a map dq”: QAR > NR 
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LEMMA 1.15 Choose bases for QR and RiR and let ©’ and © be the cor- 


responding basis elements for Ne 2Q4//R and A N Ajr over A’ and A respec- 
tively. If 


d d d 
VAN doè: N QA'/R = VAN QAJR 
maps ©’ toa@,a € A, then N4;,4/a generates the discriminant ideal of A over 
A’. 


PROOF. This follows from the existence of a trace map Tr: Ke 2Q4/R > ne Q A' JR; 
see Tate 1967b, p165. 














Let w4/r and wy'/r be the R-modules of invariant differentials on H and 
H” respectively. The inclusion @4/R > 24 IR induces isomorphisms w4/R R 
As Qhor and w4/R = NAIR @, R. Let 6 and 6’ be basis elements for 
Ke @4/R and Ke @a4’/R. On taking © and O’ to be 6 Q 1 and 6’ @ 1 in the 
lemma, we find that dy*(6’) = a0, a € R, and that the discriminant ideal of A 
over A’ is generated by a”. Since A @4 R = B, where B = T(N, On), this 
shows that the discriminant ideal 0 of N is generated by a”. It remains to show 
that y(X, N) = (R: aR). 

Let T(H) and T(H’) be the tangent spaces to H and H” at zero. They are 
dual to w4/r and wR, and so aR is equal to the determinant ideal of the map 
of R-modules dg: T(H) — T(H’). Recall Tate 1967b, 2.4, that there exists a 
logarithm map log: H(R) > T(H)®R K, and that if we choose an isomorphism 
A ~ RI[X,,..., Xal], then for any c with c?~! < |p|, log gives an isomorphism 
between 

A(R) = {x € H(R)| |x| < calli} 


and 
T(H)c = {t € T(A)| |t(Xj)| < c all i} = p°T(A). 


From the commutative diagram 


H(R)e ——> H'(R)e 


~ | tog ~ [iog 


aA)c 
Rs Tay. 


we see that (R: det(dg)) = (R: det(dgy)-) = [Coker(g,)]. But 


[Coker (¢c)] = 2(y)(H(R): H(R)c)(H' (R): H'(R)c)* 
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and (H(R): H(R)e) = p?—) = (H' (R): H'(R)¢). Therefore 
(R:akR) = (R: det(dg)) = z(o) = x(X,N). 


This completes the proof of Theorem 1.14. 
For a finite flat group scheme N over X, define? 


[H7 (X, N)] 


16N) = THI, N] 


COROLLARY 1.16 Let N be a finite flat group scheme over X, and let n be its 
order and 0 its discriminant ideal. Then 


Xx(X, N) = (R:nR)\(R: d)!” 
PROOF. From the cohomology sequence of X D u, we find that 


Xx(X, N) = (X, N)x(K, N)! = (R:dR)"” (R:nR) 





(see (1.14) and (I 2.8).) 











As H" (X, N) is dual to H3™" (X, NP), x(X, N)xx(X, N?) = 1. Therefore 
(1.14) and (1.16) imply that 0(N)0(N?) = (n”). This formula can also be 
directly deduced from the formulas 


Nmg/r®(N)=AN), DNDN?) = (n), 


where D(N) and D(N”) are the differents of N and N? and B = I'(N, On) 
(see Raynaud 1974, Pptn 9, and Mazur and Roberts 1970, A.2). 

Let N be a quasi-finite, flat, separated group scheme over X. Because X is 
Henselian, there is a finite flat group scheme N FON having the same closed 
fibre as N; moreover, N/N J is étale and it is the extension by zero of its generic 
fibre (cf. Milne 1980, I 4.2c). In this case we write nf for the order of NI and 
df for its discriminant ideal. 


COROLLARY 1.17 Let N be as above. 
(a) ¥(X,N) = (Rd) 1” ; 
(b) Xx(X, N) = (R:n R)(R: d1”. 


2The original had H a in the denominator, which is clearly wrong (1.1). 
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PROOF. (a) From the cohomology sequence of 
0>NS>N>N/NS 50 


we find that y(X, N) = y(X, NS) y(X, N/NS). Therefore it suffices to prove 
the formula in the cases that N = NI or NI = O. In the first case, it becomes 
the formula in (1.14), and in the second N = jı Nx, and so both sides are 1. 

(b) Again, it suffices to prove the formula in the cases N = NS or NF = 0. 
In the first case the formula becomes that in (1.16). In the second, H’(K, Nx) 5 
HĒ!*1(U, N), and so 


Xx(X. N) = X(K, Ng) = (R:nR) 





by (12.8). 











COROLLARY 1.18 Let H = (H,)y>1 be a p-divisible group over X; then 
y(X, Hy) = (R: p? R), where d is the dimension of H. 


PROOF. According to Tate 1967b, Pptn 2, the discriminant ideal of H, is gener- 
ated by pore Therefore y(X, Hy) = ((R: p? RP p = (R: p? R). 














Extensions of morphisms 
For each finite group scheme N over X, define A(N) to be the pair (Ng, H1 (X, N)). 
A morphism A(N) —> h(N’) is a K-morphism og: Nx —> Nx such that 
H' (px): H' (K, Nx) > H'(K, Nx) 
maps H! (X, N) into H! (X, N’). 


THEOREM 1.19 The functor N > h(N) of finite group schemes over X is fully 
faithful; that is, a homomorphism yx: Ng — Nx extends to a homomorphism 
g:N — N' if and only if H'(gx) maps H'(X,N) into H'(X, N’), and the 
extension is unique when it exists. 





PROOF. This is the main theorem of Mazur 1970b. 











EXAMPLES 


Assume that K contains the pth roots of 1. For each a,b € R with ab = p, there 
is a well-defined finite flat group scheme Ng» over R given by the classification 
of Oort and Tate (cf. 0.9). It is a finite group scheme of order p and discriminant 
a”. Therefore y(X, Na p) = (R: aR). 
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Because K contains a pth root of 1, m =qa¢ ord(p)/(p — 1) is an integer. We 
say that Na,» splits generically if its generic fibre is isomorphic to Z/ pZ. This 
is equivalent to a being a nonzero (p — 1)st power in R. Choose a uniformizing 
parameter z in R. Then the generically split group schemes of order p over R 
correspond to the pairs (a,b) with a = nP-Di 0 <i < m,andb = p/a. 
For example, ifa = 1, then N = Z/pZ, and if a = 1)" = (unit)p, then 
N = up. Let U = R* and U = {a € U | ord(1 —a) > i}. 


PROPOSITION 1.20 Let N bea finite flat generically split group scheme of order 
p over X. Then there is a nonzero map ~: N — Hp, and for any choice of ọ, the 
map H(y): H'(X,N) > H1(X, Up) identifies H'(X,N) with the subgroup 
UU? /UP of H! (X, up) = U/UP, where i = pm — ord(discN)/(p — 1). 


PROOF. Let N = N,p, and suppose a = z P-Ði. Then, for any X-scheme Y, 
N(Y) = {y € r(Y, Oy)| y? = ay}, and so y œ> yx defines a morphism 
of functors N(Y) — jp(Y) and hence a nonzero map N — pup. For the proof 
of the proposition, one first shows that the image of H1(X, N) is contained in 
UU? /U® and then uses (1.14) to show that it equals this group. See Roberts 
1973. 














More explicitly, if N = Na,» witha = na P-V! then 
H'(X,N) =U“)U?/U?, where j = p-ord(p)/(p — 1) — pi. 


For example, if a = 1 so that N = Z/pZ, then H!(X,N) = U®™U?/UP, 
and if N = nD” so that N = Up, then H1(X,N) = UOUP/UP. 


REMARK 1.21 In the examples in (1.20), the map H1(X, N) > H!(X;, N) is 
an isomorphism for i >> 0. This is true for any finite group scheme N, as can 
be easily deduced from the exact sequence 


H(R) > H'(R) > H'(X,N) > 0 
arising from a resolution of N by p-divisible groups. 
NOTES Theorems 1.3 and 1.14 are due to Mazur and Roberts (Mazur and Roberts 1970; 


Mazur 1970a). The second proof of (1.3) and the proof of (1.14) are taken from Milne 
1973. The first proof of (1.3) is new. Theorem 1.19 is due to Mazur (1970b). 


2 Local results: mixed characteristic, abelian varieties 


The notations are the same as in §1. Except in the last two results, X will be 
endowed with its smooth topology. 
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Let A be an abelian variety over K, and let A be its Néron model over X. As 
in Appendix C, we write A° for the open subgroup scheme of A whose closed 
fibre AS. is connected. There is an exact sequence of sheaves on Xsm 


0> A> Ai, O. 


We often regard ® as a Gal(k*/k)-module. Recall that for any submodule I" of 
Ø, AT denotes the inverse image of I in A. There is an exact sequence 


0> AAP > ir> (2.0.1) 


PROPOSITION 2.1 The map AT (X) — T(x) arising from (2.0.1) is surjec- 
tive, and H(X, A’) — H"(x,I) is an isomorphism for r > 1; therefore, 
H" (X, A?) = 0 forr > 2. 


PROOF. According to Milne 1980, III 3.11, H” (X, AT) = H” (x, AT) forr > 
0, and Lang’s lemma implies that H” (x, AS.) = 0 for r > 0. Therefore the 
cohomology sequence of (2.0.1) leads immediately to the result. 














LEMMA 2.2 For any T, there is an exact sequence 
P(x) > (B/T)(x) > H' (X, A") > H' (K, A), 
in which the last map is the restriction map; in particular, if Gal(k*/k) acts triv- 


ially on ®, then H'(X, A") —> H!(K, A) is injective. 


PROOF. We first consider the case that l’ = ®. Then AT = A, andas A = j,A, 
the Leray spectral sequence for j shows immediately that the map H!(X,A) > 
H'(K, A) is injective. In the general case, the lemma can be deduced from the 
diagram 


H!(X, AT) ——> BCA 


eooo 


(x) —> (/T)(x) —> H!(x, r) ——> H!(x,®). 














LEMMA 2.3 We have 


0, r#1,2 


HA = 
(@/T)(x), r=1 





and there is an exact sequence 


0> T(x) > @(x) > (6/T)(x) > H1(X, A?) > H! (K, A) > H2(X, A) 0. 
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PROOF. Consider the exact sequence 
0> H9(X, AT) > HX, AT) > H? (K, A) > H} (X, AT) > HX, AT). 


Obviously A’ (X) — A(K) is injective, which shows that H? (X, AT) = 0. As 
H"(X, A") and H"(K, A’) are both zero for r > 1, the sequence shows that 
H?(X, A’) =0 forr > 2, 

Take l = ®, so that AT = A; then A(X) — A(K) is an isomorphism and 
(2.2) shows that H1(X, A) > H'!(K, A) is injective. Therefore the sequence 
shows that HÌ (X, A) = 0. In the general case the exact sequence 


0 > H9(X,6/l) > H} (X, A") > H} (X, A) 
gives an isomorphism (@/I")(x) ŽŽ H 1(X, AT). The existence of the required 
exact sequence follows from 
H} (X, AT) > H'(X, AT) > H!(K,A) > H2(X, AT) > H?(X, AT) 0 


| | | 


p(x) > (@/T)(x) > H'(X,AT) >H! (K, A). 














We now consider an abelian variety A over K, its dual abelian variety B, and 
a Poincaré biextension W of (B, A) by Gm. Recall (C.12) that W extends to a 
biextension of (B!”, AT) by Gn if and only if I’ and F annihilate each other in 
the canonical pairing ®’ x > Q/Z. 


LEMMA 2.4 If I’ and I” are subgroups of ®’ and ® that annihilate each other, 
then the following diagrams commute: 
H'(K,B) x H®(K,A) — H?(K,Gm) 


i 4 ļ= 
H!(X,BT") x H}(X,AT) > H?(X,Gm), 


H1(K,B) x H?(K,A > H?(K,Gm) 


4 t = 
H2(X,BT’) x H(X,AT) > H3(X,Gm). 


PROOF. In the first diagram, the first vertical arrow is the restriction map, and the 
second and third arrows are boundary maps H” (u, —) > H"*!(X,—). Since 
the top pairing is defined by the restriction to u of the biextension defining the 
bottom pairing, the commutativity is obvious. The proof that the second diagram 
commutes is similar. 
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THEOREM 2.5 The canonical pairing Ø’ x ® —> Q/Z is nondegenerate; that is, 
Conjecture C.13 holds in this case. 


PROOF. The groups and the pairing are unchanged when we replace K with its 
completion. After making an unramified extension of R, we can assume that 
Gal(k*/k) acts trivially on and ®’. By symmetry, it suffices to show that the 
pairing Ø’ x P —> Gn is left nondegenerate, and for this, it suffices to show that 
the pairing 

H'(x,®’) x H°(x,®) > H!(x,Q/Z) ~ Q/Z 


is left nondegenerate. 
The canonical pairing of Ø’ with @ is so defined that 


Bo Ext} (A, JxGm) 
| | 


ix®’ ——> Homy (i«x®, ixQ/Z) 


commutes (see C.11). Alternatively, we can regard it as being the unique homo- 
morphism ®’ —> Exti(@, Z) making 


B6 —- Ext} (A, jxGm) 
ix ®!’ ——> Ext} (is®,i+Z) 
commute. From this we get a commutative diagram 
H'(X,B) ——> Ext (A, jxGm) 
H! (X, i49) ——> Ext} (is ®, ixZ). 
These maps are used to define the two lower pairings in the following diagram 


H'(K,B) x H®(K,A) > H?(K,Gm) >œ Q/Z 


Tinj t~ te 
H'(X,B) x H®(X,A) > H?(X, jxGm) 
iz {surj {2 


H'(X, ib) x H™(X,6) > H?(X,ixZ), 


and so the the diagram commutes (the upper arrows are all restriction maps). 
The top pairing is nondegenerate (I 3.4), and so the lower two pairings are left 
nondegenerate. This proves the theorem. 
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COROLLARY 2.6 Suppose that I’ and I are exact annihilators under the canon- 
ical pairing of $’ and ®. Then the map 
BY + Exty (AT, Gm) 


defined by the extension of W is an isomorphism (of sheaves on X sm). 





PROOF. See (C.14). 











THEOREM 2.7 Assume that I’ and I" are exact annihilators. Then the pairing 
H" (X, BT’) x H2? (X, A’) > H3(X,Gm) ~ Q/Z 
defined by the canonical biextension of (B!, AT) by Gm induces an isomor- 
phism 
H2(X, y= BT'(X)* 


of discrete groups for r = 0 and an isomorphism of finite groups 
Hx, BT) = AT (X)* 

forr = 1. Forr ¥ 0,1, both groups are zero. 

PROOF. Consider the diagram 


®' (x) —>('/rY (x) > H'(X, Bl’) > H! (K, B) > H2(X,B"’) +0 


fF | à kbo bo | 
H}(x,6)* > H'(x,P)* > H} (x, Al)* > H?(K, A)* > H?(X, AT)* 30. 


The top row is the exact sequence in (2.3), and the bottom row is the dual of the 
cohomology sequence of the pair X D u. That the last two squares commute is 
proved in (2.4). The first two vertical maps are the isomorphisms induced by the 
canonical pairing between Ø’ and Ø. Thus the first square obviously commutes, 
and second was essentially shown to commute in the course of the proof of (2.5). 
It follows from the diagram that a is injective and b is surjective. But the two 
groups H!(X, Br’) and H} (X, AT) have the same order (see (2.1) and (2.3)), 
and so a is an isomorphism. This in turn shows that b is an isomorphism. 














REMARK 2.8 (a) Once (2.7) is acquired, it is easy to return and prove (2.5): the 
map H'(x,®’) — H°(x,®)* can be identified with the isomorphism 
H'(X, B^ > H}(X, A°)* given by the (2.6). 
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(b) Let X= SpecR. Then it follows from (1 3.10) that the maps HY (X, AT) > 
H? (X, A!) are isomorphisms for all r, and that H” (X, AT) > H"(X, A’) is 
an isomorphism for all r > 0. The map A(X) > A(X ) is injective and its image 
includes the torsion subgroup of A(X ); A(X ) is the completion of A(X) for the 
topology of subgroups of finite index. 

(c) When R is complete, BY (X) is compact. Therefore in this case the pair- 
ing induces dualities between: 

the compact group BT” (X) and the discrete group H SX Al) 

the finite group H! (X, BT”) and the finite group AT (X). 


Write B{n} for the complex B 5 Bn?’ and A{n} for the complex AP” oy 
A°. The pairings B @/ A° > Gm[1] and B® QE A® —> Gm[1] defined by 
a Poincaré biextension induce a pairing B{n} Q4 A{n} — Gm in the derived 
category of sheaves on Xsm (see Grothendieck 1972, VIII 2). 


PROPOSITION 2.9 The map B{n} Q% A{n} —> Gm defines nondegenerate pair- 
ings 
H" (X, Bfn}) x HÈT (X, Afn}) > H3(x,Gm) > Q/Z 


of finite groups for all r. 
PROOF. From the exact sequences of complexes 
0 > B"?’|-1] > Bin} > B> 0 


0 > A°[-1] > Af{n} > A” +0 


we get the rows of the diagram 


-—> H(X, B"”) — H'(X,B(in)) — A(X,B) — 


|: | |- 


i HT A a HOO AW) HTAA S 





Since the diagram obviously commutes, the theorem follows from (2.7). 











COROLLARY 2.10 Assume thatn is prime to the characteristic of k or that A has 
semistable reduction. Then for all r, there is a canonical nondegenerate pairing 
of finite groups 


H! (Xq, Bn) x H? (Xa, An) > HÊ (Xa, Gm) ~ Q/Z. 
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PROOF. The hypothesis implies that B 5 B"? and APn = A? are surjective 
when regarded as a maps of sheaves for the flat topology (see C.9). Hence By ~ 


B{n} and An ~ A{n}, and so 
H" (Xa, Bn) ~ H" (Xa, Bin}) ~ H” (Xsm, Bin}) 


and 





HÝ (Xa, An) ~ HE (Xa, Afn}) ~ HÝ (Xsm, Af{n}). 











Curves over X 


By exploiting the autoduality of the Jacobian, it is possible to use (2.9) to prove a 
duality theorem for a curve over X. 


THEOREM 2.11 Let x:Y — X be a proper flat map whose fibres are pure of 
dimension one. Assume that the generic fibre Yg is smooth and connected, that 
the special fibre Yy is connected, and that there is a section to x. Assume further 
that Picy Ix = J, where J is the Néron model of the Jacobian of Yg. Then 
there is a canonical duality of finite groups 


H'(Y, pn) x Hp" (Y, un) > HZ (X, Gm) ~ Q/Z. 
PROOF. We use the Leray spectral sequence of z. Under the hypotheses, 


RÌ Tx ln Hn, 
R tan ~ Ker(J > J), 
R? nxn ~ Z/nZ, 
R” xun =0, forr>2. 
Moreover J = 7°. On taking A = J = B in (2.9), we find that H” (X, R giz) 


is dual to H3~"(X, R's {n) for all r. The result can be obtained by combining 
this duality with the duality of H” (X, R? xn) and H3~"(X, R? Tx Un). 














For conditions on Y/X ensuring that the hypotheses of the theorem hold, see 
the last few paragraphs of Appendix C. Our hypotheses are surely too stringent. 
Because of this, we make the following definition. Let X be the spectrum of an 
excellent Henselian discrete valuation ring (not necessarily of characteristic zero) 
with finite residue field, and let x: Y — X be a proper flat morphism whose 
generic fibre is a smooth curve. If there is a canonical pairing 


Ritxpbn X RaīxUn > G2]. 
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extending that on the generic fibre and such that the resulting pairing 
H" (Y, un) x Hy" (Y, Un) > H?(X,Gm) ~ Q/Z 


is nondegenerate, then we shall say that the local duality theorem holds for Y / X 
and n. 


NOTES This section is based on McCallum 1986. 


3 Global results: number field case 


Throughout this section, X will be the spectrum of the ring of integers Ox ina 
number field K. For an open subscheme U of X, U[l/n] denotes 
Spec (U, Ox)[1/n], and HE (U,—) denotes the flat cohomology group with 
compact support as defined in (0.6a) (thus, it takes account of the infinite primes). 


Finite sheaves 


Let U be an open subscheme of X. As Gm is smooth, 
Ae (Us, Gm) = Hy (Uet, Gm), 


and so (see II 3) there is a canonical trace map H 2 (U, Gm) = Q/Z. Therefore, 
for any sheaf F on U, there is a canonical pairing 


Ext?) (F, Gm) x HT" (U, F) > H3(U,Gm) ~ Q/Z 


(see 0.4e). 

Let f: Un — Ue be the morphism of sites defined by the identity map. Recall 
Milne 1980, V 1, that the constructible sheaves on Uet are precisely those sheaves 
that are representable by étale algebraic spaces of finite-type over U; moreover, 
if F represents F on Ue, then it represents f* F on Ug. 


THEOREM 3.1 Let U be an open subscheme of X, and let F be a sheaf on Ug 
such that nF = 0 for some integer n. Assume 

(i) the restriction of F to U[1/n]g is represented by an étale algebraic space 
of finite-type over U [1/n]; 

(ii) for each v € UNU[1/n], the restriction of F to (SpecO,)4 is represented 
by a finite flat group scheme. 
Let F be the sheaf on U such that FP|U[1/n] = f*R Homyyy/n),,(F, Gm) 
and FP|V = Homy,(F,Gm) for any open subscheme V of U where F|V 
is represented by a finite flat group scheme. Then there are canonical maps 
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FP —> RHomy(F,Gm), hence H" (U, F?) > Exty (F, Gm), and the result- 
ing pairing 


H" (U, F?) x H3(U, F) > H~" (U, Gm) ~ Q/Z 
is a nondegenerate pairing of finite groups. 


PROOF. We first note that on V[1/n] = V N U[1/n], F is represented by a 
finite flat étale group scheme whose order is prime to the residue characteristics. 
Therefore 

RHomyjjn]ja (F, Gm) = Homyj nja (F, Gm), 


and so the requirements on F? coincide on V[1/n], which shows that F? exists. 
Forall r, 
HI (U [1/n]a, F) = HE (U [1/n]a, F), 
H” (U[1/n]a, F?) = H" (U[1/n]a, FP). 


Therefore, for the restriction of F to U[1/n], the theorem becomes (II 3.3). To 
pass from U[1/n] to the whole of U, one uses the diagram 


-—> H'(U,F?) > H'"(U[1/n], F?) > @® artlo4, FP) >- 
veU~U[1/n] 


| $ j 


- > H" (U, F)* —> H" (U[1/n], F)* > @ H? (OL, F)* >- 
veU~U[1/n] 





and (1.3). 











COROLLARY 3.2 Let N be a finite flat group scheme over U, and let N be its 
Cartier dual. Then 


H" (U, N?) x HÈ (U, N) > H3(U,Gm) ~ Q/Z 
is a nondegenerate pairing of finite groups for all r. 


PROOF. When the sheaf F in (3.1) is taken to be that defined by N, then F D is 
the sheaf defined by N. 














COROLLARY 3.3 Let N be a quasi-finite flat separated group scheme over U, 
and letn N = 0. Assume that there exists an open subscheme V of U such that 
(i) V contains all points v of U whose residue characteristic divides n; 
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(ii) N|V is finite; 

(iii) if j denotes the inclusion of V[1/n] into U[1/n], then the canonical map 
N|\|U[1/n]e > jaf *(N|V[1/n]et) is an isomorphism. 
Let NP = Homy,(N, Gm). Then the canonical pairing 


H" (U, N?) x HÈ" (U, N) > H3(U,Gm) ~ Q/Z 
is a nondegenerate pairing of finite groups. 


PROOF. Because N |V is finite, NP |V is the Cartier dual of N |V. Therefore the 
theorem shows that H” (V, N?) is finite and dual to H 27" (V, N). The corollary 
therefore follows from 


-—> H'(U,F?) > H'(V,F?) > P He (O FP) > S 
veUn 


| | 


ESA (URE) ae (UB) a. = Ce mh (Or k) Se aii 
veUrV 


and (II 1.10b). 














Let A be an abelian variety over K, and let A and B be the Néron minimal 
models over U of A and its dual B. Let n be an integer such that A has semistable 
reduction at all v dividing n. There are exact sequences 


0> B, > B> B"” 30 

0 —> An > A” > A > 0. 
The Poincaré biextension of (B, A) by Gm extends uniquely to biextensions of 
(B, A°) by Gm and of (BYP, A®n) by Gm. Therefore (cf. §1), we get a canonical 
pairing 

Bn x An > Gm. 
COROLLARY 3.4 Let By, and An be as above. Then 
H" (U, Bn) x HÈ (U, An) > H3(U.Gm) > Q/Z 


is a nondegenerate pairing of finite groups for all r. 


PROOF. Over the open subset V where A has good reduction, A, is a finite flat 
group scheme with Cartier dual 6, and so over V, the corollary is a special case 
of (3.2). To pass from V to U, use (2.10). 
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Euler-Poincaré characteristics 


We extend (II 2.13) to the flat site. Let N be a quasi-finite flat separated group 
scheme over U. For each closed point v € U, let nf be the order of the maximal 
finite subgroup scheme N£ of N xy Spec(O"), and let ay be the discriminant 


of NÍ over O". Also, we set 


_ [H°(U, N)][H?(U, N)] 
~ [H1(U,N)[H3(U, ND)’ 
_ [ALU N)][HŻ(U, N)] 
~ [H} (U, NHB, NN) 


x(U, N) 
Xe (U, N) 
THEOREM 3.5 Let N be quasi-finite, flat, and separated over U . Then 


U,N) = N(Ks)] lo Oh. af y-1/nd [N(Ky)] 
x( ) hl ( )]| x LI v D} ) x ITK. ND] 


and 
Xe(U, N) = [I (Riot) x TI [N(K»)]. 


veU v arch 


PROOF. Let V be an open subset of U such that N |V is finite and has order prime 
to the residue characteristics of V, so that, in particular, N |V is étale. The exact 
sequence 


> [I HI(U,N)> H"(U,N) > H" (V, N) >- 
veUnV 


shows that y(U, N) = x(V, N) x Enea (0t, N), and (II 2.13) and (1.17b) 
show respectively that 


: [N(Ky)] 
*YN)= || Goce MINE 


v arch 


and Xv (OŁ, N) = |[N(Ks)]|51(R: ofyn, The formula in (a) follows imme- 
diately. 
The exact sequence 


---—> HI (V, N) > HI (U, N) > ey y H" (OË, N) > + 


shows that y¢(U, N) = yc (V, N) x Tlx (0È, N) and (II 2.13) and (1.17a) show 
respectively that %e(V, N) = [ [y arch LV (Kv)] and (0%, N)= (R: d1”. 
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Néron models 


Let A be an abelian variety over K, and let A be its Néron model. Then 
A/A°=ar® = Q, ivx Py (finite sum) where Py = iù (Av / A9). 


PROPOSITION 3.6 Let T be a subgroup of ®, and let AT be the corresponding 
subscheme of A. 

(a) The group H°(U, A’) is finitely generated; forr > 0, H" (U, A’) is 
torsion and of cofinite-type; the map H” (U, AT) > QD, arch H” (Kv, A) is sur- 
jective for r = 2 and an isomorphism forr > 2. 

(b) Forr < 0, @y acn H" (Kv, AT) —> HI(U,A") is an isomorphism; 
H&(U, AT) is finitely generated; HL, A") is an extension of a torsion group 
by a subgroup which has a natural compactification; H2(U, AT) is torsion and 
of cofinite-type; for r > 3, HE (U, A’) =0. 


PROOF. Fix an integer m, and let V be an open subscheme of U such that m 
is invertible on U and A is an abelian scheme over V. Then all statements are 
proved in (H 5.1) for A|V and m. The general case follows by writing down the 
usual exact sequences. 














Let B be the dual abelian variety to A, and let B be its Néron model. Let 
B/B° =a ®! = Q, iv»). For any subgroups T = @, ively and I” = 
P, ivxly of ® and Ø’, the Poincaré biextension over K extends to a biextension 
over U if and only if each T, annihilates each T% in the canonical pairing. In this 
case we get a map 

BT @§ AT 5G, [I]. 


THEOREM 3.7 Suppose that l, and I’) are exact annihilators at each closed 
point v. 
(a) The group H°(U, BT’ )tors is finite; the pairing 


H°(U, BY’) x H2(U, AY) > Q/Z 


is nondegenerate on the left and its right kernel is the divisible subgroup of 
H2(U, AT). 

(b) The groups H!(U, BT”) and H} (U, A” Jors are of cofinite-type, and the 
pairing 

H! (U, B") x HÈ (U, A” tors > Q/Z 

annihilates exactly the divisible groups. 

(c) If the divisible subgroup of HI! (K, A) is zero, then the compact group 
H? (U, BT’) (completion for the topology of subgroups of finite index) is 
dual to the discrete torsion group H (U, A’). 
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PROOF. Fix an integer m, and choose an open subscheme V of U on which m is 
invertible and A and B have good reduction. Theorem II 5.2 proves the result over 
V for the m-components of the groups. To pass from there to the m-components 
of the groups over U, use (2.7). As m is arbitrary, this completes the proof. 














Curves over U 


For a proper map 7: Y — U and sheaf F on Yq, we define H{(Y, F) to be 
AE (U, Rr. F). 

THEOREM 3.8 Let 2: Y — U bea proper flat map whose fibres are pure of di- 
mension one and whose generic fibre is a smooth geometrically connected curve. 
Assume that for allu € U, Y xy Speco} > Speco} satisfies the local duality 
theorem for n (see §2). Then there is a canonical nondegenerate pairing of finite 
groups 

H" (Y, un) x HÊ (Y, un) > H (U, Gm) ~ Q/Z. 

PROOF. Choose an open subscheme V of U such that n is invertible on V and 


a | !(V) is smooth. For z1|2~1(V) the statement becomes that proved in The- 
orem II 7.7. Let Z = Y x Yy. To pass from V to U, use the exact sequences 


+> HZ (Y, Un) > H", un) > H" Yy, un) > 
and 


-> HI (Yy, un) > HEY, un) > ® HY xy Spec(O*), un) >- 
veU~V 


and note that H3 (Y, Un) = Bycusv Hi (Y xu Spec(O*), Ln). 














NOTES Theorem 3.1 was proved by the author in 1978. Earlier Artin and Mazur had 
announced the proof of a flat duality theorem over X (neither the statement of the theorem 
nor its proof have been published, but two corollaries are stated? in Mazur 1972, 7.2, 7.3; 
I believe that their original theorem is the special case of (3.3) in which U = X and n is 
odd). 


4 Local results: mixed characteristic, perfect residue field 


In this section we summarize the results of Bégeuri 1980. Throughout, X will 
be the spectrum of a complete discrete valuation ring R whose field of fractions 
K is of characteristic zero, and whose residue field k is perfect of characteristic 
p # 0. (Essentially the same results should hold if R is only Henselian.) We let 
m be the maximal ideal of R, and we let X; = SpecR/m'*?. 


3 And made essential use of. 
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Some cohomological properties of K 


PROPOSITION 4.1 If k is algebraically closed, then for any torus T over K, 
A'(K,T) =Oallr > 0. 


PROOF. Let L be a finite Galois extension of K with Galois group G. Then 
H'(G,L*) = 0 by Hilbert’s theorem 90, and H?(G,L*) = 0 because the 
Brauer group of K is trivial (K is quasi-algebraically closed, Shatz 1972, p116). 
These two facts show that L™ is a cohomologically trivial G-module (Serre 1962, 
IX 5, Thm 8). Choose L to split T. Then Hom(X*(T), L*) = T(L), and 
(ibid. Thm 9) shows that Hom(X*(T), L*) is also cohomologically trivial be- 
cause Ext!(X*(T), L*) = 0. 














COROLLARY 4.2 Assume that k is algebraically closed, and let N be a finite 
group scheme over K. 

(a) Forallr > 2, H"(K, N) = 0. 

(b) Let K’ be a finite Galois extension of K, and let G = Gal(K'/K). Then 
H7 (G, H'(K',N)) is finite for all r € Z, and is isomorphic to 
H7™? (G, N(K')). The canonical homomorphism Ho(G, H!(K', N)) > 
H'(K, N) deduced from the corestriction map is an isomorphism. 


PROOF. (a) Resolve N by tori, 
0O>N->T) > T; — 0, 


and apply the proposition. 
(b) From the above resolution, we get an exact sequence 


0 > N(K’) > To(K’) > T;(K’) > H!(K’, N) > 0. 
Since the middle two G-modules are cohomologically trivial, the iterated cobound- 


ary map is an isomorphism H} (G, H'(K’, N)) > HG, N(K’)). The last 
statement is proved similarly (see Bégeuri 1980, p34). 














The algebraic structure on H’(X, N) 


For any k-algebra A, let W;(A) be the ring of Witt vectors over A of length i, 
and let W(A) be the full Witt ring. For any scheme Y over W(k) and any 7, the 
Greenberg realization of level i, Green; (Y ), of Y is the scheme over over k such 
that 

Green; (Y)(A) = Y(W;(A)) 
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for all k-algebras A (see Greenberg 1961). Note that R has a canonical structure 
as a W(k)-algebra, and so for any scheme Y over X , we can define G; (Y ) to be the 
Greenberg realization of level 7 of the restriction of scalars of Y, Res x/spec(w(k)) Y - 
Then G; (Y ) is characterized by the following condition: for any k-algebra A, 


Gi(Y)(A) = Y(R 8w) Wi(A)). 


In particular, G; (Y)(k) = Y(R/p' R) = Y(X;-1). Note that G)(Y) = Y@rk = 
Y,. For varying i, the G;(Y) form a projective system G(Y) = (G;(Y)). The 
perfect group scheme associated with G; (Y ) will be denoted by* G; (Y). Thus 


Gi(Y)(A) = Y(R 8w) Wi(A)) 


for any perfect k-algebra A and G;(Y)(k) = Y(R/p'R). We let G(Y) be the 
perfect pro-group scheme (G;(Y)). 

When G is a smooth group scheme over X, we let? V(wG) be the vector 
group associated with the R-module wg of invariant differentials on G. 


PROPOSITION 4.3 Let G be a smooth group scheme over R. For alli > 1, 
Gi(G) is a smooth group scheme over k, and for all i' > i, there is an exact 
sequence of k-groups 


0 > Gi(V(oG)) > Gi+i' (G) > Gi (G) > 0. 


In particular, Gi+1 (G) —> G;(G) is surjective with kernel wg Qpr k, and G; (G) 
is an extension of Gx by a smooth connected unipotent group. The group scheme 
Gi (G) is connected if and only if its special fibre is connected. The dimension of 
Gi (G) is ei - dim(Gg) where e is the absolute ramification index of R. 


PROOF. We may assume that k is algebraically closed and apply Bégueri 1980, 
4.1.1. 














LEMMA 4.4 Let 
0—>N—> Go 5 G,; > 0 


be an exact sequence of R-groups with Go and G, smooth and connected and 
N finite. For alli > 1, the k-group Coker(G;(@¢)) is smooth, and when k is 
algebraically closed its group of k-points is H'!(X;-1, N). 


“In the original, this is denoted G; (Y ). 
5In the original, this is denoted V(wg). 
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PROOF. The first statement follows from the fact that G; (p) is a homomorphism 
of smooth group schemes over k. For the second, note that H"(X;-1,G) = 
H” (k, Gg) = 0 for r > 0, and so we have a diagram 


Gi(Go)(k) ——> Gi(Gi)(k) ——> Coker(Gi(g)(k)) ——> 0 


| | ie 


Go(Xi-1) ——> Gi(Xi-1) ——> H!(Xi-1, N) —— 0 














Define H!(X;, N) to be the sheaf on Spec(A) qr associated with the presheaf 
Aw H!(Xi wk) W(4), N). Then the lemma realizes H'(X;,N) as an 
algebraic group, and the next lemma shows that this realization is essentially in- 
dependent of the choice of the resolution. 

LEMMA 4.5 Let 

0+-N>G £, Gi > 0 
be a second resolution of N by smooth algebraic groups. Then there is a canonical 
isomorphism Coker (G;(y)) —> Coker(G;(¢’)). 


PROOF. It is easy to construct a diagram 


0 —— GG — GQ — 0 


| | | 


0: SS GOCE SG SO 


| | | 


0 — N — Go as Gi —> 0 


with G a smooth algebraic group. When we apply G;, the resulting diagram gives 
an isomorphism 


Coker(G; (g) —> Coker(G;(¢)), 


and a similar construction gives an isomorphism 





Coker(G;(v”)) —> Coker(G;(9’)). 











We now regard H!(X;,N) as an algebraic group, and we write H!(X, N) 
for the pro-algebraic group (H!(X;, N))i>o.- 

For the definition of the absolute different D of a finite group N scheme over 
R, we refer the reader to Raynaud 1974, Appendice. It is an ideal in R. 
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THEOREM 4.6 Let N be a finite flat group scheme of order a power of p over X. 
For alli > 0, the smooth algebraic k-group H} (Xi, N) is affine, connected, and 
unipotent. There exists an integer ig such that H}(X,N) > H'(X;,N) is an 
isomorphism for alli > ig. The group scheme H!(X, N) has dimension ord(®) 
where D is the different of N. 


PROOF. We may assume that the residue field is algebraically closed and apply 
Bégeuri 1980, 4.2.2. 














PROPOSITION 4.7 A short exact sequence 
0>N’>N>N">0 


of finite flat p-primary group schemes gives rise to an exact sequence of algebraic 
groups 


0 > G(N’) > G(N) > G(N") > A! (X, N) > A! (X, N) > Å! (X, N") —> 0. 


PROOF. We may assume that the residue field is algebraically closed and apply 
Bégeuri 1980, 4.2.3. o 


We write H! (X i N) and H! (X , N) for the perfect algebraic groups asso- 
ciated with H!(X;,N) and H!(X, N). Suppose that k is algebraically closed. 
If 

0- N—>Gop > G; > 0 


is a smooth resolution of N and is so large that N(R) N pt Go(R) = 0, then the 
kernel and cokernel of the map 


G(Go)(R)??) > G(G1)(R)®? 


are N(R) and H!(X, N)(k) respectively (ibid. p44—45). 


The algebraic structure on H'!(K, N) 


Let T be a torus over K. According to Raynaud 1966, T admits a Néron model 
over X: this is a smooth group scheme 7 over X (not necessarily of finite type) 
such that 7 (Y) = T(Yx) for all smooth X-schemes Y. Write G(T) for G(T). 
It is a perfect pro-algebraic group over k whose set of connected components 
xo(G(T)) is a finitely generated abelian group, equal to the set of connected 
components of the special fibre of T. 
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LEMMA 4.8 Let N be a finite group scheme over K, and let 
0>N > To ey T; — 0 


be a resolution of N by tori. The cokernel of G(y):G(To) — G(T) is a 
pro-algebraic perfect group scheme, and when k is algebraically closed it has 
H'(X, N) as its group of k-points. 


PROOF. Bégeuri 1980, 4.3.1. 














We write H!(K, N) for the cokernel of G(g). It is a perfect pro-algebraic 
group scheme with group of points H!(K,N) when k is algebraically closed. 
An argument as in the proof of (4.5) shows that H! (K, N) is independent of the 
resolution. The identity component of H! (K, N) is unipotent. 


PROPOSITION 4.9 Let N be a finite flat p-primary group scheme over X. Then 
the standard resolution defines a closed immersion 


H!(X,N) > H! (K, N). 


PROOF. We may assume that the residue field is algebraically closed and apply 
Bégeuri 1980, 4.4.4. 














THEOREM 4.10 For any finite K-group N , the perfect group scheme H! (K, N) 
is affine and algebraic. Its dimension is ord([N]), where [N] is the order of N . 


PROOF. The basic strategy of the proof is the same as that of the proof of (I 2.8); 
see Bégeuri 1980, 4.3.3. 














The reciprocity isomorphism 


Assume first that k is algebraically closed. For any finite extension K’/K, let 
Ux = G(Gm,r’) where R’ is the ring of integers in K’. Then the norm map 
N pjr: Resr'/R Gm,r’ > Gm,r induces a surjective map Ux, —> Ux of affine 
k-groups. Let Vg be the kernel of this map, and let Vg, be the identity compo- 
nent of Vx’. Then we have an exact sequence 


0— mo (Vx-) => Ug'/Vę' EA UK — 0. 


Assume that K’ is Galois over K, and let t’ be a uniformizing parameter in K’. 
The homomorphism 


Gal(K’/K)*> = H~?(Gal(K'/K), Z) > (Ux:/V2,)(k), 
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sending o € Gal(K’/K) to the class of a(t’)/t’ in Ug allows us to identify the 
preceding exact sequence with an exact sequence 


0 > H72(Gal(K'/K),Z) > Ug: / Ve, “> Ug > 0. 
On passing to the inverse limit over the fields K’, we get an exact sequence 
0 > Gal(K*?/K) > lim Ux’/Vg, > Ux > 0. 
As Ux is connected, this sequence defines a continuous homomorphism 
recg: (Ux) > Gal(K*”/K) 


and the main result of Serre 1961 is that this map is an isomorphism. 

It is also possible to show that zı (U) =a¢ lim wt (Ux’) is a class formation, 
and so define recx as in (I 1). 

Recall (Serre 1960, 5.4) that for any perfect algebraic group G and finite 
perfect group N, there is an exact sequence 


0 > Ext; (20(G), N) > Ext, (G, N) > Hom ,(71(G), N) > 0. 


In particular, when G is connected Ext; (G,N) a Hom(71(G), N). (We are 
still assuming that k is algebraically closed.) Therefore, recx gives rise to an 
isomorphism 


Hom(Gal(K®>/K),Z/p"Z) ——> Hom(m1(Ux), Z/ p"Z) 
H}(K,Z/p"Z) Ext} (Ug, Z/p” Z). 


If we assume that K contains the p”th roots of 1, and we replace Z/p”Z with 
U pr (K), then the isomorphism becomes 


Both groups have canonical structures of perfect algebraic groups. 


PROPOSITION 4.11 The map ®, is a morphism of perfect algebraic groups. 





PROOF. See Bégeuri 1980, 5.3.2. 











When we drop the assumption that k is algebraically closed, we obtain an 
isomorphism 
recg: n(Ug) > Gal(K*”/K) 


where n(Ux) is the maximal constant quotient of xı (Ug). See Hazewinkel 1969. 
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Duality for finite group schemes over K 
THEOREM 4.12 Let N bea finite group scheme over K; then there is a canonical 


isomorphism of connected perfect unipotent groups H! (K, N)° —> (H!(K, N?)°)Y. 


PROOF. We can assume that k is algebraically closed and apply Bégeuri 1980, 
6.1.6. 














This result can be improved by making use of derived categories (ibid. 6.2). 
Assume that k is algebraically closed, and let 

My, = category of finite group schemes over K killed by p”, 

Qn = category of perfect pro-algebraic groups over k killed by p”, 

Sn = category of sheaves on (Spec k)pr killed by p”. 
Let C: D? (Mn) > D? (Mn), S: D? (Qn) > D? (Qn), and B: DÈ (Sn) > DÈ (Sy) 
be the functors defined respectively by Cartier duality, Serre duality, and Breen- 
Serre duality (see §0; here D? (x+) denotes the derived category obtained from the 
category K (x) of bounded complexes and homotopy classes of maps). Then 
H!:M, — Q, admits a left derived functor, and we have a commutative diagram 
(up to an isomorphism of functors): 


Dim) > Dem) > D? M,) 
[c |s |z (4.12.1) 
DiM) = Dem) > D? Mp): 


moreover, (canoLH!)(N) D RH?(N)[1]. See Bégeuri 1980, 6.2.4. 


Duality for finite group schemes over R 


THEOREM 4.13 For any finite flat p-primary group scheme N over X, there is 
a canonical isomorphism of k-groups 


H! (X, N) Š (H1(K,N”)°/H1(X,N))*. 





PROOF. Ibid. 6.3.2.. 











Duality for tori 


Let T be a torus over K, and let 7 be its Néron model over X. 
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THEOREM 4.14 The pairing H°(K, X*(T))xT(K) — Z defines isomorphisms 


H°(K, X*(T)) © Hom(ro (T4), Z) 
H! (K, X*(T)) 5 Ext; (o(Tk), Z) (finite groups) 
H?(K, X*(T)) —> Homers (11 (T(K)), Q/Z). 





PROOF. Ibid. 7.2. 











Duality for abelian varieties 


Let A be an abelian variety over K, and let A be its Néron model over X. We 
write G(A) for G(A) and 2; (A) for 2;(G(A)). 


THEOREM 4.15 Let A be an abelian variety over K. 
(a) The pairing 1o(Ax) X To (At) — Q/Z defined in (C.11) is nondegenerate. 
(b) There is a canonical isomorphism 


H!(K, At) © Ext} (G(A), Q/Z). 


PROOF. (a) We can assume that k is algebraically closed, and in this case the 
result is proved in Bégeuri 1980, 8.3.3. 

(b) From (ibid. 8.3.6) we know that the result holds if k is algebraically 
closed; to deduce the result in the general case, apply the Hochschild-Serre spec- 
tral sequence to the left hand side and the spectral sequence (I 0.17) to the right 
hand side. 














COROLLARY 4.16 Assume that Ax is connected. Then there is a nondegenerate 
pairing of Gal(K"" / K)-modules 


H'(K™, A’) x m (4) > Q/Z. 


PROOF. Again we can assume that k is algebraically closed. As we noted above, 
for any connected perfect group scheme G over k and finite perfect group scheme 
N, Exti (G, N) = Homg (rı (G), N). This shows that Ext;(G(A),Q/Z) = 
Hom, (mı (G(A), Q/Z), and so the result follows from the theorem. 














NOTES The results in this section are due to Bégeuri 1980. Partial results in the same 
direction were obtained earlier by Vvedens’kii (see Vvedens’kii 1973, 1976 and earlier 


papers). 


266 CHAPTER III. FLAT COHOMOLOGY 


5 Two exact sequences 


We write down two canonical short resolutions that are of great value in the proof 
of duality theorems in characteristic p. Throughout, X will be a scheme of char- 
acteristic p Æ 0. 


The first exact sequence 


The first sequence generalizes the sequences 


-F 
3 Z)/p2 SG, — Cy 30 


F 
0 —> ap > Ga — Ga > 0 


to any group scheme N ? that is the Cartier dual of a finite group scheme of height 
one. Note that in each sequence, Gg is the cotangent space to N. 

Let N be a finite flat group scheme over X of height 1, and let e: X > N 
be the zero section. Let Z C Oy be the ideal defining the closed immersion e 
(so that (On /Z)|e(X) = Oxy), and let Infy(N) =ar Spec(On/Z”) be the 
first order infinitesimal neighbourhood of the zero section. Then Z/Z? is the 
cotangent space wy of N over X. Locally on X, there is an isomorphism of 
pointed schemes 


N x Spec(Ox[N,..., Tm]/ (TP , .... TP)), 


and therefore 
TIT? x (Ti, ..., Tm)/ (TĒ, .-., TZ) 


(see Messing 1972, II 2.1.2). In particular, wy is a locally free Oy-module of 
finite rank, and hence it defines a vector group V (œ y ) over X. We shall almost al- 
ways write wy for V (wy). This vector group represents Mor x -pa (Zn fè (N), Gm) 
viewed as a functor of schemes over X. (The notation X -ptd means that the mor- 
phisms are required to respect the canonical X -valued points of the two schemes.) 
The Cartier dual N? of N represents Homy(N,Gm), and so the inclusion 
Inf + (N)<>N defines a canonical homomorphism (N): NP > on. 

Recall from §0 that the Verschiebung is a map V: N (P) —> N. It induces 
a map wy — @yv»), and on combining this with the canonical isomorphism 
wyp) X ow, we obtain a homomorphism ¢9:wy — oP, 
Frobenius morphism for the vector group w4 over X is also a homomorphism 


The relative 


Q1:On > on and we define g = Go — 9. 
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THEOREM 5.1 For any finite flat group scheme N of height one over X, the 


sequence 


0> N? > on > of +0 


is exact. 


For N = up and N = dp the sequence becomes one of those listed above. 
In the case that X is an algebraically closed field, every N has a composition 
series whose quotients are isomorphic to up or to œp, and the theorem can be 
proved in this case by induction on the length of N (see Artin and Milne 1976, 
p115). 


LEMMA 5.2 The sequence is a complex, that is, pot = 0. 














PROOF. This can be proved by direct calculation (ibid., p114). 


The next lemma shows that, when X in Noetherian, the theorem follows from 
the case that X is an algebraically closed field. 


LEMMA 5.3 Let 
OO =G ">00 


be a complex of flat group schemes of finite type over a Noetherian scheme X. 
Assume that for all geometric points x of X , the sequence of fibres 


0 —> G} —> Gy > GX —> 0 
is exact. Then the original sequence is exact. 


PROOF. The faithful flatness of the gx, combined with the local criterion for 
flatness Grothendieck 1971, IV 5.9, implies that ¢ is faithfully flat. Thus Ker(¢) 
is flat and of finite type, and by assumption ı factors through it. Now the same 
argument shows that 1: N — Ker(¢) is faithfully flat. Finally, the kernel of ı is 
a group scheme over X whose geometric fibres are all zero, and hence is itself 
zero. 














We now complete the proof of (5.1). It suffices to check the exactness of the 
sequence locally on X, and so we can assume that X is quasi-compact. Then 
there will exist a Noetherian scheme Xo, a finite flat group scheme No over Xo, 
and a map X — Xo such that N = No xx, X. We know that the sequence for No 
is exact, but since the construction of the sequence commutes with base change, 
this proves that the sequence for N is exact. 
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EXAMPLE 5.4 Suppose N has order p. Then it can be written N = Noa in the 
Oort-Tate classification (0.9) with £ an invertible sheaf on X anda € L®!~?. Its 
dual NP = N yp The cotangent sheaf wy is equal to £L“, and when we identify 
LY?) with LY®?, the map g in the sequence in the theorem becomes 


ze zP Ha Qz LY SLYe?, 


In this case the exactness of the sequence is obvious from the description Oort 
and Tate give of the points of N? (see 0.9d). 


REMARK 5.5 The theorem shows that every finite flat group scheme N over X 
whose dual has height one gives rise to a locally free © y -module V of finite rank 
and to a linear map go: V > V®?. To recover N from the pair (V, go), simply 
form the kernel of pọ — pı where g1 is the relative Frobenius of V (regarded as 
a vector group). These remarks lead to a classification of finite group schemes of 
this type that is similar, but dual, to the classification of finite flat group schemes 
of height one by their p-Lie algebras (see Demazure and Gabriel 1970, II, §7). 


The second exact sequence 


We now let m: X — S be a smooth map of schemes of characteristic p, and we as- 
sume that S is perfect. Write X’ for X regarded as an S-scheme by means of x’ = 
Fapsor. Because S is perfect, we can identify (X’, x’) with (X“/?), 7@/P)) (see 
§0), and when we do this, the relative Frobenius map Fya/p) Js: xP) _, x 
becomes identified with the absolute Frobenius map F = Fs. For exam- 
ple, if S = SpecR and X = SpecA for some R-algebra i: R — A, then 
X’ = SpecA, with A regarded as an R-algebra by means of a +> i(a)?, and 
the Frobenius map X < X’ corresponds to a +» a?:A —> A. We write 
2 p ISa for the sheaf of closed differential forms on X relative to S, that is, 


Rysa = Ker(d: Qy 7g = Rys) We regard Rys and NYS as sheaves 
on Xet. 
Again N is a finite flat group scheme of height one on X, and we let n be the 


Lie algebra of N (equal to the tangent sheaf of N over X). 
THEOREM 5.6 Let f: Xa —> Xet be the morphism of sites defined by the identity 
map. Then R" fxN = 0 forr + 1, and there is an exact sequence 
y 
0> R! fN >n goy RYS — n 80y Nys — 0. 


We first show that R” fs N = 0 forr # 1. According to (A.5), there is an 
exact sequence 
0>N G> 
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with Go and G; smooth. As R” fG = 0 forr > 0 if G is a smooth group 
scheme (see Milne 1980, IIT 3.9), it is clear that R” fs N = 0 for r > 1 (this part 
of the argument works for a finite flat group scheme over any scheme). The sheaf 
FN is the sheaf defined by N on Xet, which is zero because N is infinitesimal 
and all connected schemes étale over X are integral. 

As far as the sequence is concerned, we confine ourselves to defining the 
maps; for the proof of the exactness, see Artin and Milne 1976, §2. First we need 
a lemma. 


LEMMA 5.7 The map H!(X,N) > H!(X',N) is zero. 


PROOF. Since N has height one, Fy;xy:N > N) factors through e)(X) 
where e: X — N is the zero section. Therefore, Fabs: N —> N factors through 
e(X), which means that the image of a œ> a?: On — Oy is contained in Ox C 
Own. By descent theory, this last statement holds for any principal homogeneous 
space P of N over X: there is a map ¢: 0p — Ox whose Sapo xih the 


inclusion Oy —> OP is the p* h power map. The composite O p ŚŚ o xX es Ox: 
is an Ox-morphism, and therefore defines an X-morphism X’ —> P. This shows 
that P becomes trivial over X’. Since all elements of H!(X, N) are represented 
by principal homogeneous spaces, this proves the lemma. 














Let P be a principal homogeneous space for N over X. Then the lemma 
shows that there is a trivialization g’: X’ — P, and the fact that N is purely 
infinitesimal implies that gy’ is unique. It gives rise to two maps X’ xy X’ = 
X" —> P, namely, g'o pı and g'o p2. Their difference is an element g” of N(X”) 
that is zero if and only if g’ is arises from N(X ). Now if M denotes the nilradical 
of Ox”, then Ox” /N ~ Oy and N/N? x Rys: Since a” is trivial on X’, 
the restriction of œ” to Spec(Oygr/N?) defines a map oy > Rys whose 
image can be shown to lie in 2 y IS This map can be identified with an element 
of n® 2 t s 

The same construction works for any U étale over X; for such a U, we get 
a map H! (Ua, N) > n Boy: Risa As R! f4 N is the sheaf associated with 
U +> H!(Ua, N), this defines a map 


R! AN > n 80y Rijs a 
which we take to be the first map in the sequence. 


LEMMA 5.8 There exists a unique map C: Nys a Rys with the proper- 
ties: i 
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(i) C(f?a) = fC(o), f € Ox,0 E Wig 4: 
(ii) C(w) = 0 if and only if w is exact; 


(iii) C(f? df) = df. 


PROOF. Every closed differential 1-form is locally a sum of exact differentials 
and differentials of the form f?~!df, and so (ii) and (iii) completely describe C. 
For the proof that C exists, see Milne 1976, 1.1, and Katz 1970, 7.2. 














Note that (ii) says that C is p—!-linear. According to our conventions, 2 a is = 
Ry js as sheaves of abelian groups on X’ = X, but f € Ox acts as f? on 
Rys: Therefore, when regarded as a map Rys, d > Rys? C is Oy --linear. 
Define Wo: N® ysa > ng ys tobe 18C. 

Recall (Demazure and Gabriel 1970, II, §7), that n has the structure of a p- 
Lie algebra, that is, there is a map n > n®P):n —> n such that (fx) = 
f?x). Also we have a canonical inclusion 2! XIS Q % IS (because X’ = 
X). Define y:n ® RYS >n® 2x5 to be n Q w > nP) @ w, and y to 


be Wo — Y1; thus y(n 8 w) = n 8 Cw -nP 8o. 


EXAMPLE 5.9 Let N = No. va b € I'(X,£®!~?) (in the Oort-Tate classifica- 
tion (0.9)). Then we can describe w explicitly. It is the map 


LI Qyrj5 4 > LB Qyig,.X QOH xX OCH (bx) Bo. 


If £ = Oy, then the Ox-structure on Qh, ISa is irrelevant, and so we can 


identify it with 21 XJS, The map w then becomes 
(wh Co — ba): Rysa > Rys- 
For example, if b = 1, then N = pup and R! fsp = OX X/ OF ; the sequence is 


dlog C4 df 
— Rysa — 2y;5 70, dlog(f) = =. 


0 > 0/0 — 
If b = 0, then N = ap and R! fray = Ox /O%; the sequence is 


C 
0> Ox/O% EN RYS — Rys —>0. 
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The canonical pairing of the complexes 
We continue with the notations of the last subsection. Set 
U°(N) = M8 Rysa ne Rys). 
V° (N?) = (on —> 0), 
The terms on the right are complexes supported in degrees zero and one. 
PROPOSITION 5.10 There is a canonical pairing of complexes 
V°(N?) x U®(N) > U° (up). 
PROOF. In order to define a pairing of complexes, we have to define pairings 
C )o,0: V° (N?) x U(N) > U’ (up) 
G )1,0: V! (N?) x U’(N) > U' (up) 
(Joa: V°(N?P) x U'(N) > Ul (up) 


such that 
W(v,U)o,0 = (pv, u)1i,o + (v, Wu)o,1 
for all (v, u) € V?(N P) x U? (N). If we set 


(a,n® w')o,0 = a(n)o’ 
(B.n ®')1,.0 = Eno 
(a,n@@)o1 =a(n)o, 


then it is routine matter to verify that these pairings satisfy the conditions (ibid., 


§3). 














~ 


Note that Theorems 5.1 and 5.6 give us quasi-isomorphisms R fN? —> 
V°(N?) and RfxN —> U*(N)[-1]. Also, that the pairing NP x N > up 
gives a pairing RfxN? QE Rfs N > Rfapp. 


PROPOSITION 5.11 The following diagram commutes (in the derived category) 
RfzN? QE RAN ——> Rfektp 


V°(N?) @* UP(N)[-1] ——> U*(up)[-I]- 





PROOF. This is a restatement of Artin and Milne 1976, 4.6. 











NOTES This section summarizes Artin and Milne 1976. 
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6 Local fields of characteristic p 


Throughout this section, K will be a local field of characteristic p 4 0 with finite 
residue field k. Let R be the ring of integers in K. A choice of a uniformizing 


parameter ¢ for R determines isomorphisms R ea k[[t]] and K pa k((t)). 

We shall frequently use that any group scheme G of finite-type over K has 
a composition series with quotients of the following types: a smooth connected 
group scheme; a finite étale group scheme; a finite group scheme that is local with 
étale Cartier dual; a finite group scheme that is local with local Cartier dual. We 
shall refer to the last two group schemes as being local-étale and local-local re- 
spectively. A finite local group scheme has a composition series whose quotients 
are all of height one, and a finite local-local group scheme has a composition se- 
ries whose quotients are all isomorphic to œp (Demazure and Gabriel 1970, IV, 
§3,5). 


Cech cohomology 


Fix an algebraic closure of K* of K. For any sheaf F on (Spec K), and finite 
extension L of K, we write H”(L/K, F) for the r cohomology group of the 
complex of abelian groups 


0 > F(L) > F(L 8x L) >- > F(@&L) > F(@QK' L) >: (6.0.1) 


In the case that L is Galois over K with Galois group G, this complex can be 
identified with the complex of inhomogeneous cochains of the G-module F(L) 
(see Shatz 1972, p207, or Milne 1980, IH 2.6). We define A’ (K, F) to be 
lim H "(L/K, F) where L runs over the finite field extensions of K contained 
in K*. 


PROPOSITION 6.1 For any group scheme G of finite-type over K and anyr > 0, 
the canonical map H" (K,G) — H"(K,G) is an isomorphism. 


The proof uses only that K is a field of characteristic p. The first step is to 
show that a short exact sequence of group schemes leads to a long exact sequence 
of Cech cohomology groups. This is an immediate consequence of the following 
lemma. 


LEMMA 6.2 For any short exact sequence 


0>-G’>G—>G">0 
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of group schemes of finite type over K and any r, the sequence 
0 > G'(@; K*) > G(® K*) > G"(@;, K*) > 0 
is exact. 


PROOF. We show that H! (8kg K”, G)(= lim H! (8%L, G)) is zero. For any 
finite extension L of K, &'x L is an Artin ring. It is therefore a finite product of 
local rings whose residue fields L; are finite extensions of L. If G is smooth, 
H! (kL, G) = JI Ř!(L;, G) (see Milne 1980, MI 3.11), and so obviously 
lim H! (&'kx L., G) = 0. It remains to treat the case of a finite group scheme N of 


height one. Denote Spec &'g L by X. Then (5.7) shows that the restriction map 


H1(X,N) > H! (XP, N) is zero. Since XP") = LP 8g- 8g LP, 
we again see that lim H! (xL, G) = 0. 














We next need to know that Ñ” (K,G) and H"(K,G) are effaceable in the 
category of group schemes of finite-type over K. 


LEMMA 6.3 Let G be a group scheme of finite-type over K. 
(a) For any c € H’(K, G), there exists an embedding G —> G” of G into a 
group scheme G” of finite-type over K such that c maps to zero in H’ (K,G’). 
(b) Same statement with H'(K, G) replaced by H” (K, G). 


PROOF. In both cases, there exists a finite extension L of K, L C K?, such that c 
maps to zero in H'(L, G) (or H"(L,G)). Take G’ to be Resz/K G and the map 
to be the canonical inclusion G> Resz/x G. In the case of Cech cohomology, a 
simple direct calculation shows that c maps to zero in H’ (K, G”), and in the case 
of derived-functor cohomology, H” (K, G) = H" (L,G). 














We now prove the proposition by induction on r. For r = 0 it is obvious, and 
so assume that it holds for all r less than some rọ. For any embedding GG”, 
G'/G is again a group scheme of finite type over K, and we have a commutative 
diagram 


- > H'-1(K,G') > H(K,G'/G) > H'(K,G) > H'(K,G’) 
|= |= | | 
+» > H'1(K,G’) = H'!(K,G'/G) > H"(K,G) > H"(K,G’). 


Let c be a nonzero element of Ñ” °(K,G), and choose G-+G’ to be the em- 
bedding given by (6.3a); then a diagram chase shows that the image of c in 
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H'°(K,G) is nonzero. Let c’ € H™(K, G), and choose G-+G’ to be the em- 
bedding given by (6.3b); then a diagram chase shows that c’ is in the image of 
H'(K, G) — H"°(K,G). Asc and c’ are arbitrary elements, this shows that 
Ño (X, G) — H™(X, G) is an isomorphism and so completes the proof. 


First calculations 
Note that for any finite group scheme N over K, H°(K, N) is finite. 


PROPOSITION 6.4 Let N bea finite group scheme over K. 
(a) If N is étale-local, then H’(K,N) = 0 forr Æ 0,1. 
(b) If N is local-étale, then H" (K, N) = 0 forr # 1,2. 
(c) If N is local-local, then H" (K, N) = 0 forr # 1. 


PROOF. (a) Since N is étale, H!(K,N) = H'(Gal(K*/K), N(K°)), and be- 
cause its Cartier dual is local, N must have p-power order. Therefore the assertion 
follows from the fact that K has Galois p-cohomological dimension 1. 

(b) We can assume that N has height one, and then (5.6) shows that R” fN = 
0 forr Æ 1. Therefore H’(K,N) = H"! (Ke, R! fxN), and R! f, N is a p- 
torsion sheaf. 

(c) We can assume that N = ap. In this case the statement follows directly 
from the cohomology sequence of 


F 
0 > ap > Ga — Ga > 0. 














The topology on the cohomology groups 


The ring &'%L has a natural topology. If G is an affine group scheme of fi- 
nite type over K, then G(®@7,L) also has a natural topology: immerse G into 
some affine space A” and give G(@,L) C A” (8L) the subspace topology. 
One checks easily that the topology is independent of the immersion chosen. 
Therefore, for any group scheme G of finite type over K, G(@%L) has a nat- 
ural topology, and the boundary maps in (6.0.1) are continuous because they are 
given by polynomials. Endow Z"(L/K,G) C C’(L/K,G)(= G(@j'L)) 
with the subspace topology, and H’(L/K, G) = Z'(L/K,G)/B"(L/K,G) 
with the quotient topology. We can then give H” (K, G) the direct limit topology: 
a map H” (K,G) — T is continuous if and only if it defines continuous maps on 
H'(L/K,G) for all L. 


LEMMA 6.5 Let G be a group scheme of finite type over K, and let L C K* be 
a finite extension of K. 
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(a) The group H’(X,G) is Hausdorff, locally compact, and o -compact (that 
is, a countable union of compact subspaces). 

(b) The maps in the cohomology sequence arising from a short exact sequence 
of group schemes are continuous. 

(c) The restriction maps H’(K,G) —> H"(L, G) are continuous. 

(d) When G is finite, the inflation map Inf: H!(L/K,G) —> H!(K,G) has 
closed image and defines a homeomorphism of H 1(L/K,G) onto its im- 
age. 

(e) Cup-product is continuous. 


PROOF. (a) The groups C’(L/K, G) are Hausdorff, o-compact, and locally com- 
pact. As Z’(L/K,G) is a closed subspace of C’(L/K,G), it has the same 
properties. Also the image B’(L/K,G) of C’~!(L/K, G) is a locally compact 
subgroup of a Hausdorff group, and so is closed. Hence H’(L/K, G) is the quo- 
tient of a Hausdorff, o-compact, locally compact space by a closed subspace, and 
it therefore inherits the same properties. 

(b) Obvious. 

(c) It suffices to note that, for any L’ D L, the maps C’(L’/K,G) —> 
C’(L'/L, G) are continuous. 

(d) It suffices to show that for any L’ D L, the inflation map H} (L/K,G) > 
H}(L'/K,G) is closed. The map G(L @x L) —> G(L’ ®x L’) is closed, and 
therefore its restriction to Z!(L/K, G) => Z!(L'/K,G) is also closed. Since 
B'(L'/K, G) is compact (it is finite), the map Z!(L’/K,G) > H(L'/K, G) 
is closed, and the assertion follows. 

(e) Obvious. 














REMARK 6.6 (a) Let 
0>-N—-G>G'-0 


be an exact sequence, and suppose that H!(K,G) = 0. Then H°(K, N) has the 
subspace topology induced from H°(K,N) <> G(K) and H!(K, N) has the 
quotient topology induced from G’(K) —> H!(K, N). 

(b) Our definition of the topology on H” (K, G) differs from, but is equivalent 
to, that of Shatz 1972, VI. 


EXAMPLE 6.7 (a) The cohomology sequence of 
C2757 > Ga & 6,56 


shows that H! (K, Z/pZ) = K/K. This group is infinite, and it has the discrete 
topology because R/R is a finite open subgroup of K/K. 
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(b) From the Kummer sequence we find that H!(K, up) = K*/K*?. This 
group is compact because R*/R*? is a compact subgroup of finite index. 

(c) The group H'(K,ap,) = K/K”. The subgroup R/R? of K/K” is 
compact and open, and the quotient K/RK? is an infinite discrete group. 

(d) The group H°(K, Gm) equals K* with its locally compact topology. The 
group H?(K, Gm) equals Q/Z with the discrete topology because H? (K, Gm) = 
U H?(L/K,Gm), and H?(L/K, Gm) is finite and Hausdorff. 


H°(K,G) H}(K,G) H?(K,G) 
sule ocal | nite, deste [onion dise [0 | 


local-local fo locally compact ae 


To verify the statements in the table, first note that, because the topologies on 
H’ (L/K,G) and H’(K,G) are Hausdorff, they are discrete when the groups 
are finite. Next note that H'(L/K, G) contains H’(Rz/Rkx, G) as an open 
subgroup. Moreover, if G is Z/ pZ, Up, &p, or Gm, each assertion follows from 
(6.7). It is not difficult now to deduce that they are true in the general case. 





Duality for tori 


Let M be a finitely generated torsion-free module for Gal(K*/K). As M be- 
comes a module with trivial action over some finite separable extension L of K, 
it is represented by an étale group scheme locally of finite-type over K. The 
method used above for group schemes of finite-type defines the discrete topology 
on the groups H” (K, M). 


THEOREM 6.9 Let T be a torus over K and let X* (T) be its group of characters. 
Then the cup-product pairing 


H"(K,T) x H?"(K, X*(T)) > H?(K,Gm)  Q/Z 


defines dualities between: 

the compact group H®(K,T)’ (completion relative to the topology of open 
subgroups of finite index) and the discrete group H?(K, X*(T)); 

the finite groups H! (K,T) and H!(K, X*(T)); 

the discrete group H*(K,T) and the compact group H? (K, X*(T))* (com- 
pletion relative to the topology of subgroups of finite index). 
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PROOF. As T is smooth, H’(K,T) = H"(Gal(K*/K), T(K®)), and the group 
A’(K,X*(T)) = H"(Gal(K*/K), X*(T)). All the groups have the discrete 
topology except H°(K, T) = T(K), which has the topology induced by that on 
K. The theorem therefore simply restates (I 2.4). 














Finite group schemes 


We now let N be a finite group scheme over K. 


THEOREM 6.10 For any finite group scheme N over K, the cup-product pairing 
H'(K, N?) x H2-"(K, N) > H?(K,Gm) = Q/Z 
identifies each group with the Pontryagin dual of the other. 


PROOF. After (I 2.3) we may assume that N is a p-primary group scheme. 
Suppose first that N is étale. Then there is a short exact sequence of discrete 
Gal(K;/K)-modules 


0 — Mı > Mo > N(K*) > 0 


with Mo and M; finitely generated and torsion-free (as abelian groups). Dually 
there is an exact sequence 


0>N? >T) >T! So 


with T° and T! tori. Because the cohomology groups of the modules in the first 
sequence are all discrete, the dual of its cohomology sequence is exact. Therefore 
we get an exact commutative diagram 


. —> H'(K, N?) —> AKT) —> KT) —> 


| | | 


= A'(K,N)* nng H"(K, Mo)* py H"(K, M,)* Fn Dig ey 


For r > 1, the second two vertical arrows in the diagram are isomorphisms, 


and this shows that H” (K, N?) 5 H"(K, N)* forr > 2. The diagram also 
shows that the image of H!(K, N?) in H! (K, N)* is dense. As H! (K, N?) 
is compact, its image is closed and so equals H! (K, N)*. If H'(K,N?) > 
H'(K,N) were not injective, then there would exist an element b € T1(K) 
that is in the image of T°(K)* —> T1!(K)‘, but which is not in the image of 
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T°(K) —> T!(K). I claim that the image of T°(K) is closed in T!(K). Let L 
be a splitting field for T? and T1, and consider the diagram 


0 —> Hom(X*(T°), RX) —> T°(K) —> Hom(X*(T°),Z) —> >- 


| | | 


0 —> Hom(X*(T'), RX) —> T!(K) —> Hom(X*(T!),Z) — >- 


(Hom’s as G-modules). Let b € T!(K). If the image of b in Hom(X *(T 1), Z) is 
not in the image from T°, then b - Hom(X*(T), Rž) is an open neighbourhood 
of b that is disjoint from the image of T°(K). Therefore we may assume b € 
Hom(X*(T!), RŽ); but Hom(X*(T°), Rj) is compact and so its complement 
in Hom(X*(T!), Rž) is an open neighbourhood of b. This proves the claim and 
completes the proof of the theorem in the case that N or its dual is étale. 

Next assume that N = ap. Here one shows that the pairing 


H'(K,a@p) x H'(K, ap) > Q/Z 
can be identified with the pairing 
K/K? x K/K? > p"Z/ZCQ/Z, (f.g)+> p7 Tree, (res( fdg)). 
(see Shatz 1972, p240-243); it also follows immediately from the elementary case 


of (5.11) in which N = ap), and this last pairing is a duality. 
The next lemma now completes the proof. 














LEMMA 6.11 Let 
0-> N’ON>N”>0 


be an exact sequence of finite group schemes over K. If the theorem is true for 
N’ and N”, then it is true for N. 


PROOF. Proposition I 0.22 and the discussion preceding it show that the bottom 
row of the following diagram is exact, and so this follows from the five-lemma: 


-— > H"™(K,N”"?) —+ H'(K,N?) — dH'(K,N’?) — 


| | |: 


SSeS H? (K, Ns nay H? (K, N)* a H?-"(K, N')* ys ba 
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REMARK 6.12 (a) It is possible to give an alternative proof of Theorem 6.10 
using the sequences in §5. After (6.11) (and by symmetry), it suffices to prove 
the theorem for a group N of height one. Then the exact sequences in §5 yield 
cohomology sequences 


0 —> H°(K,N”) > V°(N”) > V'(NP) > H'(K,N”) > 0 
0 > H!(K,N) > U°(N) > U!(N) > H?(K,N) > 0. 


Here V°(N”) is the K-vector space wy and U!(N) is the K-vector space n @ 
QE Jk The pairing (&,n & w) > res(a(n)qw) identifies wy with the k-linear 
dual of n @ kjp and so the pairing 


@,n go) p! Trk/r, res(a(n)o) 


identifies wy with the Pontryagin dual of n& Qe Ik (see 0.7). Similarly V! (N?) 
is the Pontryagin dual of U? (N). Therefore the pairing of complexes in (5.10) 
shows that the dual of the first of the above sequences can be identified with an 
exact sequence 


0 —> H'(K,N”)* > U?(N) > U! (N) > H?(K, NP)* > 0. 


Thus there are canonical isomorphisms H!(K, N) ŽŽ H 1(K,N?)* and 
H?(K,N) ad H°(K, N”)*, and (5.11) shows that these are the maps given 
by cup-product. 

(b) It is also possible to deduce a major part of (6.10) from (I 2.1). Let N 
be étale over K. Then H” (Ka, N) = H” (Kea, N), and so we have to show that 
Ext, (N, Gm) = H"(Ka, NP). Note (Milne 1980, II 3.1d) that f*(N|Ke) = 
N, where f: (SpecK), —> (SpecK)e is defined by the identity map. From 
the spectral sequence Ext’ (N, R5 fxGm) => Ext N, Gm) and the 
vanishing of the higher direct images of Gm, we see that Ext, (N, Gm) = 
Ext, (N, Gm) for all r. But N is locally constant on (SpecK),, and the ex- 
act sequence 


+++ > H"(X,Gm) —> H' (X, Gm) > Ext, (Z/nZ, Gm) > 


and the divisibility of Gm on the flat site show that € XtK, (Z/nZ,Gm) = 0 for 
r > 0. Therefore Extk (N,Gm) = 0 for r > 0, and the local-global spectral 


sequence for Exts shows that Ext, (N, Gm) = H" (Ka, N°). 
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REMARK 6.13 Much of the above discussion continues to hold if K is the field of 
fractions of an excellent Henselian discrete valuation ring with finite residue field. 
For example, if N is étale, then H"(K, N) = H'(R, N) for all r because K and 
K have the same absolute Galois group, and N (K5) = N (R5); if N is local- 
étale, then H! (K, N) is dense in H! (K, N) and H? (K, N) = H? (R, N); if N 
is local-local, then H!(K, N) is dense in H! (R, N). The map H” (K, N?) > 
H?—" (K, N)* given by cup-product is an isomorphism for r Æ 1, and is injective 
with dense image for r = 1. 


NOTES The main results in this section are taken from Shatz 1964; see also Shatz 1972. 
Theorem 6.10 was the first duality theorem to be proved for the flat topology and so can 
be regarded as the forerunner of the rest of the results in this chapter. 


7 Local results: equicharacteristic, finite residue field 


Throughout this section, R will be a complete discrete valuation ring of character- 
istic p Æ 0 with finite residue field k. As usual, we use the notations X = SpecR 
and 


Speck = x ee ges Speck. 


Finite group schemes 


Let N be a finite flat group scheme over X. As in (1.1), we find that 


H°(X,N) = N(X) = N(K) = H°(K, Nx), 
H}'(X,N)OH!(K,N), 
H'(X,N)=0, r>1, 


and 


H2(X,N) = H'(K,N)/H'(X,N), 
H3(X,N) = H?(K,N), 
HI(X,N)=0, 12,3. 


In the last section we defined topologies on the groups H’(K,N). We en- 
dow H”(X, N) with its topology as a subspace of H’(K, N), and we endow 
Hi} (X, N) with its topology as a quotient of H’(K, N). With respect to these 
topologies H?(X, N) is discrete (and finite), and H!(X,N) is compact and 
Hausdorff; H2(X, N) and H3(X, N) are both discrete (and H3(X, N) is finite). 
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THEOREM 7.1 For any finite flat group scheme N over X, the canonical pairings 
H"(X,N”) x H? (X, N) > H3(X,Gm) ~ Q/Z 


define dualities between: 
the finite groups H°(K, N?) and H3(X,N); 
the compact group H!(X,N”) and the discrete torsion group H 2(X, N). 


Before giving the proof, we list some corollaries. 


COROLLARY 7.2 For any finite flat group scheme N over X, H! (X, N?) is the 
exact annihilator of H1 (X, N) in the pairing 


H! (K, N?) x H! (K, N) > H?(K,Gm) ~ Q/Z 
of (6.10). 


PROOF. As in the proof of (1.4), one sees easily that the corollary is equivalent 
to the case r = 1 of the theorem. 














COROLLARY 7.3 Let N bea finite flat group scheme over X. For allr < 2p—2, 
Ext (N, Gm) x HÊ (X, N) > H3(X,Gm) > Q/Z 


is a nondegenerate pairing of finite groups. 





PROOF. The proof is the same as that of (1.5). 











Write f: Xa —> Xe for the morphism of sites defined by the identity map. 


COROLLARY 7.4 Let N be a quasi-finite flat group scheme over X whose p- 
primary component N(p) is finite over X. Let N? be the complex of sheaves 
such that 

Homyx,(N(£), Gm) if€=p 


NEU) aa 
f* RHomy,(N(l),Gm) if £4 p. 


Then 
H" (X, N?) x H37(X,N) > H3(X,Gm) > Q/Z 


is a nondegenerate pairing of finite groups. 


PROOF. For the prime-to- p components of the groups, the corollary follows from 
(II 1.8); for the p-primary component, it follows immediately from the theorem. 
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PROOF (OF 7.1) Assume first that N has height one. Then the first exact se- 
quence in §5 leads to a cohomology sequence 


0—> H°(X,N?) > H°(X,0n) > H°(X, 0%) > H(X, N?) > 0, 
and the second leads to a cohomology sequence 
0 > H2(X,N) > H} (X,n 8 Qy,) > H! (X,n 8 Qy) > H(X, N) > 0. 
The pairing 
(œn 8 w) a(n)jw:wy xn® Qy > Qy (x Ox) 


realizes H°(X,@y) as the R-linear dual of H°(X,n @ 24); therefore (0.8) 
shows that the compact group H? (X, wy) is the Pontryagin dual of the discrete 
group Hy (X,n@ Q}) = H°(X,n® 24) K/H? (X, n8 Ly). Similarly the 
compact group H°(X, wo) is the Pontryagin dual of H}(X,n@ 2 L, and so 
the pairing in (5.10) gives a commutative diagram 


0>H?(X, N?) > H(X,on) > H(X,oP) —>H!(X, N?) >0 


| i 
0—> H3(X,N)* > H} (X,n g Qy)* > A} (X,n 8 Qy,)* > H2(X,N)* 0. 
The diagram provides isomorphisms H?(X, N?) a. H 3(X,N) and 
H'(X,N?) Ž, H 2(X, N), which we must show are those given by the pairing 


in the theorem. For this we retreat to the derived category. In (5.11) we saw that 
there is a commutative diagram: 


RfsN? QE Rf,.N ——— Rfxltp 
V°(N?) @* UP(N)[-1] > U*(up)[-I]. 
From this we get a commutative diagram 
H™(X,N?) x H37(X,N) —  HAB(X, pp) 


4 4 Ve 
H"(X,V*°(N?)) x HZ"(X,U%(N)) > HZ(X,U% (up), 


which exactly says that the two pairs of maps agree. This completes the proof of 
the theorem when N has height one. 
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Next we note that for r = 0 the theorem follows from (6.10), and that for 
r = 1 it is equivalent to (7.2). Since this last statement is symmetric between N 
and N”, we see that the theorem is also true if N is the dual of a finite group 
scheme of height one. Every finite group scheme over X has a composition series 
each of whose quotients is of height one or is the dual of a height one group 
(this is obvious over K, and one can apply (B.1) to obtain it over X), and so the 
theorem follows from the obvious fact that it is true for any extension of groups 
for which it is true. 














REMARK 7.5 The original proof of the Theorem 7.1 (Milne 1970/72, 1973) was 
more explicit. We include a sketch. It clearly suffices to prove (7.2). Write dK 
(~ K/K?) and dR (~ R/RP) for the images of the maps d: K > Qik and 
d: R => Qh Jk 

Assume first that N = ap. Then the diagram 


H'(X,N?) x H'}(X,N) 
4 4 (7.5.1) 
H'(K,N?) x H'(K,N) > H?(K,Gm) ~ Q/Z 


can be identified with 


R/R? x dR 


4 4 
K/K? x dK > p'Z/Z c Q/Z, 


where the bottom pairing is (f,w) > p` !Trk jE ,res( fæ). It is obvious that the 
upper groups are exact annihilators in the lower pairing. 

Let N = Nq,o in the Oort-Tate classification (0.9) with a = tP-Ve_ Then 
the diagram (7.5.1) can be identified with 


tP R/((t~°P R) N oR) x dlog(K*) Nt? Rdt 


4 4 
K/K x dlog(K*) > p!Z/pZcQ/Z 


where the lower pairing is (f,@) => Trg;p,(tes(f@)). It is easy to check that 
the upper groups are exact annihilators in the lower pairing. 

These calculations prove the theorem whenever N = No,o (that is, N = ap), 
N = Na, where a = t¢P-) or N = No,p where b = t¢(P-)_ The general 
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case can be reduced to these special cases by means of the following statements 
(Milne 1973, p84-85): 

(i) for any finite group scheme of p-power order N over R, there exists a finite 
extension K’ of K of degree prime to p such that over R’, N has a composition 
series whose quotients have the above form; 

(ii) the theorem is true over K if it is true over some finite extension K’ of K 
of degree prime to p. 


REMARK 7.6 Let N be a finite flat group scheme over X. We define 


[H°(X, N)] 
X, N) = ————_ 
HON) = THT] 
when both groups are finite. Then the same proof as in (1.14) shows that when 
Nx is étale, 


(X, N) = (R: dD!” 


where n is the order of N and 0 is the discriminant ideal of N over R. Note that 
H'(X,N) is infinite <> Nx isnot étale <=> ? = 0, 


and so, if we interpret 1/00 as 0, then the assertion continues to hold when Ng is 
not étale. 


It is possible to prove a weak form of (1.19). 


EXERCISE 7.7 (a) Let N and N’ be finite flat group schemes over R; then a 
homomorphism g: Nx — Nx extends to a homomorphism N —> N’ if and only 
if, for all finite field extensions L of K, H! (L): HI(L, NL) > H'(L, Nz) 
maps H! (RL, NL) into H'(Rz, N;). 

(b)° 7 Use (a) to prove the characteristic p analogue of the main theorem of 
Tate 1967b: if G and G’ are p-divisible groups over R, then every homomor- 
phism gy: Gg —> G extends to a unique homomorphism G —> G”. 


6(In original.) The author does not pretend to be able to do part (b) of the problem; the question 
is still open in general. 

7Tate’s theorem was extended to characteristic p by de Jong (Homomorphisms of Barsotti-Tate 
groups and crystals in positive characteristic. Invent. Math. 134 (1998), no. 2, 301-333; erratum, 
ibid. 138 (1999), no. 1, 225). 
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Abelian varieties and Néron models 


We extend (I 3.4) and the results of §2 to characteristic p. Note that in the main 
results, the coefficient groups are smooth, and so the cohomology groups can 
be computed using the étale topology (or even using Galois cohomology). The 
proofs however necessarily involve the flat site. 


THEOREM 7.8 Let A be an abelian variety over K, and let B be its dual. The 
pairings 
H"(K, B) x H!"(K, A) > H?(K,Gm) = Q/Z 


induced by the Poincaré biextension W of (B, A) by Gm define dualities between: 
the compact group B(K) and the discrete group H+ (K, A); 
the discrete group H! (K, B) and the compact group A(K). 

Forr # 0, 1, all the groups are zero. 


We note first that the pairing is symmetric in the sense that the pairing defined 
by W and by its transpose W* are the same (up to sign) (see C.4). Therefore it 
suffices to show that the map a!(K, A): H!(K, B) > A(K)* is an isomorphism 
and that H"(K, B) = 0 for r > 2. Consider the diagram 


0 ——> B(K)™ + H!(K,B,) —— H!(K,B) —— 0 
| | | 
Ne 4 


0 —> H!(K, A} ——> H}(K,An)* ——> A(K)™* ——-+ 0 


Theorem 6.10 shows that the middle vertical arrow is an isomorphism, and it 
follows that a!(K, A), is surjective for all n. As A(K) is a profinite group, its 
dual A(K)* is torsion, and so this proves that w!(K, A) is surjective. To show 
that it is injective, it suffices to prove that H!(K,B)p > A(K y* is injective 
for all primes. For £ Æ p, we saw in (I 3) that this can be done by a counting 
argument. Unfortunately, for £ = p the groups involved are not finite (nor even 
compact), and so we must work more directly with the cohomology groups of 
finite group schemes. 

We dispose of the statement that H?(K, B) = 0 (note that H”(K, B) = 0 
for r > 2 because K has strict (Galois) cohomological dimension 2). Consider 
the diagram 


H(K, B) —— H?(K, Bn) —— H?(K,B)n —— 0 


| | | 


A(K)* ——~> A,(K)* —— 0 
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which is just a continuation to the right of the previous diagram. We have seen that 
the first vertical arrow is surjective, and the second is an isomorphism by (6.10). 
A diagram chase now shows that H?(K, B), = 0 for all n, and so H?(K, B) is 
Zero. 

The next lemma will allow us to replace K by a larger field. 


LEMMA 7.9 If for some finite Galois extension L of K, GCE, AL) is injective, 
then a! (K, A) is injective. 


PROOF. Since K is local, the Galois group G of L over K is solvable, and so we 
may assume it to be cyclic. There is an exact commutative diagram 


0 > H!(G,B(L)) > H'(K, B) > H'(L, B)& > H2(G, B(L)) > H(K, B) 


| [ee de | | 


0 + H9(G, A(L))* > A(K)* > AL >H!(G,A(L)* > 0 


in which the top row is part of the sequence coming from the Hochschild-Serre 
spectral sequence (except that we have replaced H. = (G, B(L)) with H? (G, B(L))), 
and the bottom row is the dual of the sequence that explicitly describes H 2 and 
H} for a cyclic group. The second and third vertical arrows are œ! (K, A) and 
«œl (L, A), and the first and fourth are induced by œ! (K, A) and by the dual of 
a! (K, B) respectively. From the right hand end of the diagram we see that 


H7(G, B(L)) > H' (G, A(L))* 
is an isomorphism, and by interchanging A and B we see that 
H? (G, A(L)) > H' (G, B(L))* 


is an isomorphism. Thus all vertical maps but the second are isomorphisms, and 
the five-lemma shows that it also is an isomorphism. 














To proceed further, we need to consider the Néron models A and B of A and 
B. Let ix 6 = A/A°, and write A’ for the subscheme of A corresponding to a 
subgroup I" of ®. 


LEMMA 7.10 (a) The map A’ (X) —> T(x) is surjective, and the map 
H"(X, AT) > H"(x, TI) is an isomorphism for allr > 1; therefore H" (X, AT) = 
0 forr > 2. 

(b) There is an exact sequence 


(x) > (®/T)(x) > H! (X, A") > H! (K, A). 
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(c) We have 


0 ifr #1,2 


r Ps. 
HO yi (®/)(x) ifr =1, 


and there is an exact sequence 


0> T(x) > G(x) > (6/T)(x) > H1(X, AT) > H1(K, A) > H2(X, AT) 0. 





PROOF. The proofs of (2.1-2.3) apply also in characteristic p. 











After we make a finite separable field extension, A (and B) will have semi- 
stable reduction and A, and Bp will extend to finite group schemes over X. The 
group ®(k), then has order p” where jz is the dimension of the toroidal part 
of the reduction Ag of A®° (equal to the dimension of the toroidal part of the re- 
duction of B°). The extension of the Poincaré biextension to (B°, A°) defines a 
pairing 

H2(X, B°) x H°(X, A°) > H3(X,Gm) ~ Q/Z, 
which the proposition allows us to identify with a map H!(K, B) > A°(X)*. 
Clearly this map is the composite of ~! (K, A): H!(K, B) —» A(K)* with A(K)* —> 
A°(X)*. In order to complete the proof of the theorem, it suffices therefore to 
show ine the kernel of H!(K, B)p > A°(X)™* has order [A(K) P? /A°(X)] = 
[P(k)’]. 


From the diagram 


0 ——> 6(k)?) ——+ H?(X,B3) ——> H?(X,B°), —— 0 


| | | 


0 — PZLA — AAP —— 0, 


we see that it suffices to show that the kernel of H2 (X, B3) > H °(X, AZ)* has 
order [Ø (k) PJE (k) P]. 
The map H2(X, B5) > H?(X, Aj)" is the composite of the maps 


H?(X, BS) > H2(X, By) > H°(X, Ap)* > H°(X, AS)*. 
The middle map is an isomorphism (6.1) and the remaining two maps are surjec- 
tive with kernels respectively H}(X, p,) = H!(x, p) and H? (x, p)*. The 
shows that the kernel of H2 (X, B3) > H (X; Aj)” has the required order. (See 
also Milne 1970/72.) 


Once (7.8) is acquired, the proofs of (2.5) to (2.10) apply when the base ring 
has characteristic p. We merely list the results. 
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THEOREM 7.11 The canonical pairing ®' x ® —> Q/Z is nondegenerate; that 
is, Conjecture C.13 holds in this case. 


COROLLARY 7.12 Suppose that I’ and T are exact annihilators under the canon- 
ical pairing on Ø’ and ®. Then the map 


BY’ > Ext} (A7, Gm) 


defined by the extension of the Poincaré biextension is an isomorphism (of sheaves 
on Xsm). 


THEOREM 7.13 Assume that l’ and I are exact annihilators. Then the pairing 
H” (X, BT’) x H2? (X, AT) > H3(X,Gm) ~ Q/Z 
defined by the canonical biextension of (BT AP) by Gm induces an isomor- 
phism 
H2(X, AT”) Ao 
of discrete groups for r = 0 and an isomorphism of finite groups 
H! (X, BY’) = Al(x)* 
forr = 1. Forr ¥ 0,1, both groups are zero. 


REMARK 7.14 Assume that R is an excellent Henselian discrete valuation ring, 
and let £ = SpecR. Then it follows from (I 3.10) that the maps Hf (X, AT) = 
H™(X, AT) are isomorphisms for all r, and H” (X, AT) > H" (8, AT) is an 
isomorphism for all r > 0. The map A(X) > A(X ) is injective and maps onto 
the torsion subgroup of A(X ); in fact, A(X ) is the completion of A(X) for the 
topology of open subgroups of finite index. 


Write B{n} for the complex B Z B"®’ and A{n} for the complex A®” ae 
A°. The pairings B Q} A° > Gm[1] and B”? @/ AP —> Gm[1] defined by 
the Poincaré biextension induce a pairing B{n} @/ A{n} —> Gm in the derived 
category of sheaves on Xm. 


THEOREM 7.15 The map B{n} Q} A{n} > Gm defines nondegenerate pairings 
H" (X, B{n}) x HÈT (X, Afn}) > H? (x, Gm) > Q/Z 
for allr. 


THEOREM 7.16 Assume that n is prime to p or that A has semistable reduction. 
Then for all r, there is a canonical nondegenerate pairing 


H! (Xq, Bn) x H? (Xa, An) > H? (Xa, Gm) ~ Q/Z. 
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Curves over X 


It is possible to prove an analogue of Theorem 2.11. Note that the methods in 
Artin and Milne 1976, §5, can be used to prove a more general result. 


NOTES Theorem 7.1 was proved independently by the author (Milne 1970/72, 1973) and 
by Artin and Mazur (unpublished). The above proof is new. Theorem 7.8 was also proved 
by the author (Milne 1970/72) (Shatz 1967 contains a proof for elliptic curves with Tate 
parametrizations). The stronger forms of it are due to McCallum (1986). 


8 Global results: curves over finite fields, finite sheaves 


Throughout this section, X will be a complete smooth curve over a finite field k. 
The function field of X is denoted by K, and p is the characteristic of k. For a 
sheaf F on an open subscheme U of X, HY (U, F) denotes the cohomology group 
with compact support as defined in (0.6b). Thus, there exist exact sequences 


+> HEU, F) > H'(U,F)> Q A" (Ky, F) > 
veX~U 

-> HIV, F) > HĮ(U,F)> @ HÔ, F) > 
vEeEUNV 


with K, and Ô, the completions of K and O, at v. With this definition, a short 
exact sequence of sheaves gives rise to a long exact cohomology sequence, and 
there is a pairing between Ext groups and cohomology groups with compact sup- 
port (see 0.4b and 0.4e), but in general the flat cohomology groups with compact 
support will not agree with the étale groups even for a sheaf arising from an étale 
sheaf or a smooth group scheme (contrast 0.4d). 


The duality theorem 


When N is a quasi-finite flat group scheme on U, we endow H’(U, N) with the 
discrete topology. 


LEMMA 8.1 For any quasi-finite étale group scheme N on an open subscheme 
U of X, HE (U, N) = Hi (Ue, N) allr. 


PROOF. Let K, be the field of fractions of Or., Then, as we observed in (6.13), 
H" (K, N) —> H"(Ky,N) for all r, and as H” (Kye, N) —> H" (Ky, N), 
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the lemma follows from comparing the two sequences 


- — Hl (Ua, N) — H"(Us,N) — @® HA" (Kye.N) —> 
vexX~U 
| 


| p! a 
-—> HĮ(U,N) — H'"(U,N) — D A"(Ky,N) —> 
veX~U 














THEOREM 8.2 Let N be a finite flat group scheme over an open subscheme U 
of X. For all r, the canonical pairing 


H" (U, N?) x HÈ" (U, N) > H3(U, Gm) ~ Q/Z 
defines isomorphisms H~" (U, N) an H" (U, N?)*. 


After Lemma 8.1 and Theorem II 3.1, it suffices to prove the theorem for a 
group scheme killed by a power of p. We first need some lemmas. 


LEMMA 8.3 Let 
0> N'>N > N">0 


be an exact sequence of finite flat group schemes on U. If the theorem is true for 
N’ and N”, then it is true for N. 


PROOF. Because the groups are discrete, the Pontryagin dual of 


Aide de. H" (U, N"?) as H" (U, N?) $ H" (U, N'?) EA 





is exact. Therefore one can apply the five-lemma to the obvious diagram. 











LEMMA 8.4 Let V be an open subscheme of U . The theorem is true for N on U 
if and only if it is true for N|V on V. 


PROOF. This follows from (7.1) and the diagram 


ae H (V, N) > H~" (U, N) > @ H3" (Ô,, N) 6! ee 
veUnV 
1 | |. 
D H” (V, N?)* y H" (U, N?)* > @ HE (Ô, N?)* aa 
veUnV 
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LEMMA 8.5 The theorem is true if U = X and N or its dual have height one; 
moreover, the groups involved are finite. 


PROOF. Assume first that N has height one. The first exact sequence in §5 yields 
a cohomology sequence 


> HT(X,N?) > H” (X, on) > H(X, oP) + 
and the second a sequence 
-> HT! (X, N) > H" (X,n 8 QY,) > A(X, ng 24) >. 

The canonical pairing of complexes (5.10) together with the usual duality theorem 
for coherent sheaves on a curve show that the finite-dimensional k-vector spaces 
H”(X,œwyn) and H” (X, oP) are the k-linear (hence Pontryagin) duals of the 
k-vector spaces H!~"(X,n Q Qy) and H!"(X,n@ 24), and moreover that 
there is a commutative diagram 


-—> H?T(X, N) > H? (X, ng Qy,) > H? (X, ng Ly) > -- 


| |- |- 


ios H” (X, NP)" at H(X, o P)* = HX ww)" eee 


The diagram gives an isomorphism H?~"(X, N) ŽŽ, H" (X, N?)* for all r, 
and (5.11) shows that this is the map in the statement of the theorem. 

In this case the groups H” (X, N) and H” (X, N?) are finite, and the state- 
ment of the theorem is symmetric between N and N”. Therefore, the theorem is 
proved also if the dual of N has height one. 














We now prove the theorem. Let N be a finite group scheme over U. Lemma 
8.4 allows us to replace U by a smaller open subset, and so we can assume that 
N has acomposition series all of whose quotients have height 1 or are the Cartier 
duals of groups of height 1. Now Lemma 8.3 allows us to assume that N (or its 
dual) has height 1. According to Proposition B.4, Nx extends to a finite flat group 
scheme M on X which is of height one (or has a dual of height one). After again 
replacing U by a smaller open set, we can assume that V|U = N. According to 
(8.5), the theorem is true for V on X, and (8.4) shows that this implies the same 
result for V|U = N. 


COROLLARY 8.6 Let N bea finite flat group scheme on U. For allr < 2p — 2, 
the pairing 


Ext? (N, Gm) x HÊ (U, N) > H3(U, Gm) ~ Q/Z 
defines isomorphisms H~" (U, N) > Exty (N, Gm)”. 
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PROOF. Under the hypotheses, H” (U, N?) = Exty (N, Gm) (see the proof of 
(1.5)), and so this follows immediately from the theorem. 














COROLLARY 8.7 Let N be a quasi-finite flat group scheme over U whose p- 
primary component N(p) is finite over U. Let N? be the complex of sheaves 
such that 

Homy,(N(C),Gm) €=p 


N?() = 
t* RHomv,(N(£), Gm) LE p. 


Then the pairing 
H" (U, NP) x HÈ" (U, N) > H3(U,Gm) ~ Q/Z 
defines isomorphisms H~" (U, N) Bist H” (U, N?)* forall r. 
PROOF. For the p-primary component of N, this follows directly from the theo- 


rem; for the €-primary component, £ 4 p, Lemma 8.1 shows that it follows from 
(II 1.11b). 














PROBLEM 8.8 The group H” (U, N?) is torsion, and so H” (U, N”)* is a com- 
pact topological group. The isomorphism in the theorem therefore gives H7(U, N) 
a natural topology as a compact group. Find a direct description of this topology. 


Euler-Poincaré characteristics 


When U # X, the groups H’(U, N) will usually be infinite, even when N is a 
finite étale group scheme over U (for example, H!(A!,Z/pZ) = k[T]/@k{[T], 
which is infinite). This restricts us to considering the case U = X. 


LEMMA 8.9 For any finite flat group scheme N over X, the groups H” (X, N) 
are finite. 


PROOF. When N or its dual have height one, we saw that the groups are finite 
in (8.5). In the general case, Nx will have a filtration all of whose quotients are 
of height one or have duals that are of height one, and by taking the closures of 
the groups in the filtration, we get a similar filtration for N (cf. B.1). The lemma 
now follows by induction on the length of the filtration. 














When N is a finite flat group scheme on X, we define 


[H°(X, N)][H? (X, N)] 


KON) = THX, NHS, NI] 
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PROBLEM 8.10 Find a formula for y(X, N). 


Let X = X @x ks, and let T = Gal(ks/k). If the groups H’(X, N) are 
finite, then it follows immediately from the exact sequences 


0 > H"1(¥,N)p > H" (X, N) > H'(X,N) > 0 


given by the Hochschild-Serre spectral sequence for X over X, that y(X, N) = 1. 
When N is étale, the finiteness theorem in étale cohomology (Milne 1980, VI 
2.1) shows that H”(X, N) is finite, and a duality theorem (see §11) shows that 
the same is true when JN is the dual of an étale group. Otherwise the groups are 
often infinite. For example, 


H'(X,ap) = Ker(F: H'(X, Ox) > H'(X, 0p), 


which is finite if and only if the curve X has an invertible Hasse-Witt matrix. 
Nevertheless, x(X,ap) = 1. 

Let N = N an in the Oort-Tate classification. Then (cf. 5.4), we have an 
exact sequence 


OSNAL 5 L0 
with g(z) = 7°? —a @z. Therefore y(X, N) = gt ©)-x£®?) where q is the 
order of k. But the Riemann-Roch theorem shows that 
X(L) = deg(L) + 1-g 
x(L®?) = p deg(L) +1~-g, 
and so 
y(X, N) = pP-Vdes®) | 


It is easy to construct N for which deg(L) Æ 0: take Lo to be any invertible sheaf 
of degree > 0; then for some r > 0, T (X, ere") Æ 0, and so we can take 
N= Neo with £ = £8" and a any element of P(X, £2), 


PROBLEM 8.11 As we mentioned above, the groups HZ (U, N) have canonical 
compact topologies. Is it possible extend the above discussion to y-(U, N) by 
using Haar measures? 


REMARK 8.12 We show that, for any scheme Y proper and smooth over a finite 
field k of characteristic p, the groups H” (Y, zp) are finite for all r and 


df ES p a 
XY, up) = [AO IO” = 1. 
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From the exact sequence (special case of (5.6)) 
C-1 
0—> R! fap > Q¥ eel — Ryk —>0 


we see that it suffices to show that the groups H” (Y, Rika) and H” (Y, Rip) 
are all finite and that x (Y, R} / kc) = x(Y, R} / g). Consider the exact sequences 
of sheaves on Yet, 
bie See AOS 
and 
0 — dOy > Rika Ba Qyix —> 0. 
From the cohomology sequence of the first sequence, we find that H” (Yx,dOy) 


is finite for all r and is zero for r > dim(Y); moreover xy(Y,dOy) = 1. From 


the cohomology sequence of the second sequence, we find that H” (Yer, R} Ik D 
is also finite for all r and zero for r > dim(Y), and that y(Y, Rk D = 


x, QL / g)» which is what we had to prove. 


REMARK 8.13 It has been conjectured that for any scheme Y proper over Spec 
Z, the cohomological Brauer group H? (Y, Gm) is finite. The last remark shows 
that when the image of the structure map of Y is a single point (p) in Spec Z, 
then H” (Y, Gm) p is finite for all r. 


NOTES In the very special case that U = X and N is constant without local-local fac- 
tors, Theorem 8.2 can be found in Milne 1977, Thm A 2, with a similar proof. The case 
U = X anda general N is implicitly contained in Artin and Milne 1975. 


9 Global results: curves over finite fields, Néron models 


The notations are the same as those in the last section. In particular, X is a 
complete smooth curve over a finite field, U is an open subscheme of X, and 
HÝ (U, F) is defined so that the sequence 


+> HEU, F) > H" (U, F) > Q H" (Ks, F) > 
véU 


is exact with K, the completion of K. 

Let A be an abelian variety over K, and let A and B be the Néron models 
over U of A and its dual B. If either A has semistable reduction or n is prime to 
p, there are exact sequences 


0> B, > B> B"® +0 


OA > A?” > A > 0. 
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The Poincaré biextension of (B, A) by Gm extends uniquely to biextensions of 
(B, A°) by Gm and of (BX, APny by Gm. Therefore (cf. §1), we get a canonical 
pairing 

Bn x An > Gm 


in this case. 


PROPOSITION 9.1 Assume that n is prime to p or that A has semistable reduc- 
tion at all primes of K. Then the pairing 


H" (U, Bn) x HÈ (U, An) > H2(U,Gm) > Q/Z 
induces an isomorphism H~" (U, An) > H” (U, Bn)* for allr. 


PROOF. Let V be an open subset where A (hence also B) has good reduction. 
Over V, An is a finite flat group scheme with Cartier dual 6,, and so the propo- 
sition is a special case of (8.2). To pass from V to U, we use the diagram 


-—> HÈ (V, An) > H (U, An) > P HOn, An) > 
vEUN 


-—> H'(V,Bn)* —> H'(U,Ba)* > @ Hi(ORBn)* >- 
veU~V 


Obviously H% (OF, Bn) mee H} (Oy, Bn), and Corollary 7.16 shows that 


H? Oy, An) —> H? Oy, Bn)“ 





is an isomorphism. Therefore the proposition follows from the five-lemma. 











As usual, we write 
AJA? = ® = @iyxPy (finite sum). 
PROPOSITION 9.2 There are exact sequences 
0 > A(X) > A(K) > Q rko) > H! (X, A’) > IK, A) > 0 


and 
0 > II(K, A) > H'(X, A) > EA U, o). 
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PROOF. Let U be an open subscheme of X such that A|U is an abelian scheme; 
in particular, A|U = A°|U. As in (IL 5.5), we have an exact sequence 


0 —> H'(U,A) > H! (K, A) > | | HiK, A). 
veU 


There is an exact sequence 


0 >A(X) >A(U) > @® AiO", A?) >H'(X,A°) > H1U,A) > @® H2(OŁ,A°) 


vEeEX~ȚU vex~U 
A(K) P F(k(v)) @ H'(Ky, A); 
vex~U vex~U 


(for the second two equalities, see (7.10)). According to (I 3.10), the field of 
fractions Ky of OF can be replaced by K, in H 1(K,, A). The kernel-cokernel 
exact sequence of 


H'(K,A) > | | H'(Ky, A) > [] H' (Kv, A) 
vex veU 


is an exact sequence 


0> I(K, A) > H'(U,A)> [| H'(K, A), 
vEX~Ț~U 


and it follows from this and the six-term sequence that HI(K, A) is the image 
of H'(X,A°) in Ht(U, A). The first exact sequence can now be obtained by 
truncating the six-term exact sequence, and the second sequence can be obtained 
by comparing the last sequence above with 


0> H'(X,A) > H'U,A)> [|| H3}, A). 
vex~U 














COROLLARY 9.3 For any I C ®, H! (X, AT) is torsion and of cofinite type. 


PROOF. It suffices to prove this with 7 = ø. Then the group equals LI(K, A), 
which is obviously torsion. It remains to show that I (K, A) p is finite. There is 
an elementary proof of this in Milne 1970b. It can also be proved by using (8.12) 
in the case of a surface to show that III(K, A), is finite when A is a Jacobian 
variety, and then embedding an arbitrary abelian variety into a Jacobian to deduce 
the general case. 
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Let B/B° =a¢ ©! = Pivi. For any subgroups [ = ®iyx ly and I’ = 
Biva I. 4% of ® and @’, the Poincaré biextension over K extends to a biextension 
over U if and only if each T, annihilates each Ij. In this case we get a map 


BT et AT > Gill: 
THEOREM 9.4 Suppose that l, and T} are exact annihilators at each closed 
point v. 
(a) The the kernels of the pairing 
H! (U, BT) x H} (U, A” Jors > Q/Z 


are exactly the divisible groups. 
(b) IfI! (K, A) is finite, then H? (U, AT )^ is dual to H2(U, BT’). 


PROOF. If A has good reduction on U, this can be proved by the same argument 
as in (II 5.2) (using 8.2). This remark shows that the theorem is true for some 
V CU, and to pass from V to U one uses (7.13). 














COROLLARY 9.5 The Cassels-Tate pairing (II 5.7a) 

II! (K, B) x IN! (K, A) > Q/Z 
annihilates only the divisible subgroups. 
PROOF. This follows from (9.4) and the diagram 


Pkw) —— H'(X,B°) —— ITl'(K,B) —— 0 
| | | 


: 4 l 


@ H!(v, Oy) —> H!(X,A* ——> I! (K, A)* —> 0 














because (7.11) shows that the first vertical map is an isomorphism. 


Application to the conjecture (B-S/D) for Jacobians 


Recall that the index of a curve C over a field F is the greatest common divisor 
of the degrees of the fields F’ over F such that C has a rational point in F”. 
Equivalently, it is the least positive degree of a divisor on C. 
In this subsection, we let Y be a regular connected surface over k, and we let 
x: Y — X be a proper morphism such that 
(i) the generic fibre z is a smooth geometrically connected curve over K; 
(ii) for all v € X, the curve Yg, has index one. 
We write A for the Jacobian of the generic fibre of z. 
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PROPOSITION 9.6 (a) The orders of the Brauer group of Y and the Tate-Shafarevich 
group of A are related by 


5°[Br(Y)] = [HI(K, A)] 


where 6 is the index of Yg. 

(b) The conjecture of Artin and Tate (Tate 1965/66, Conjecture C) holds for 
Y if and only if the conjecture of Birch and Swinnerton-Dyer (I 7, B-S/D) holds 
for A. 


PROOF. (a) Once (9.5) is acquired, the proof in Milne 1981 applies. 
(b) It is proved in Gordon 1979 that (a) implies (b). 














COROLLARY 9.7 Let A be a Jacobian variety over K arising as above. The 
following statements are equivalent: 

(i) for some prime £ (£ = p is allowed), the ¢-primary component of UI (K, A) 
is finite; 

(ii) the L-series L(s, A) of A has a zero at s = 1 of order equal to the rank of 
A(K); 

(iii) the Tate-Shafarevich group IlI (K, A) is finite, and the conjecture of Birch 
and Swinnerton-Dyer is true for A. 


PROOF. After part (b) of the theorem, the equivalence of the three statements (i), 
(ii), and (iii) for A follows from the equivalence of the corresponding statements 
for Y (Milne 1975). 














The behaviour of conjecture (B-S/D) with respect to p-isogenies. 
We partially extend Theorem I 7.3 to the case of p-isogenies. 


THEOREM 9.8 Let f: A — B be an isogeny of abelian varieties over K, and 
let N be the kernel of its extension f: A — B to the Néron models of A and B 
over X. Assume that either the degree of f is prime to p or that A and B have 
semistable reduction at all points of X and H" (X & ks, N ) is finite for allr. Then 
the conjecture of Birch and Swinnerton-Dyer is true for A if and only if it is true 
for B. 


8In Milne 1975, it is assumed that p is odd, but this condition is used only in the proof of 
Theorem 2.1 of the paper. The proof of that theorem uses my flat duality theorem for a surface, 
which in turn uses Bloch’s paper (listed as a preprint), which assumes p odd. Illusie (Ann. Sci. 
Ecole Norm. Sup. (4) 12 (1979), no. 4, 501-661) does not require that p be odd, so if you replace 
the reference to Bloch by a reference to Illusie you can drop the condition from my duality paper 
(Ann. Sci. Ecole Norm. Sup. 9 (1976), 171-202), and hence from my 1975 paper. 
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PROOF. After (I 7.3), we may assume that the degree of f is a power of p. The 
initial calculations in (I 7) show that in order to prove the equivalence, one must 
show that 


v(A, Wa) 
z(f(K)) = ( p steal) ayia zame 


(Note that we cannot replace the local terms with z( f(K,)) because the cokernel 
of f(Ky) need not be finite.) Let N° = Ker( f°: A° — B°). From the exact 
sequence 

0—> N° > L > Bo > 0 


we get an exact sequence 
0 —> N°(X) > A°(X) > B°(X) > H! (X, N°) > H! (X, A°) > H! (X, B°) 
—> H?(X, N°) > H? (X, A°) > H? (X, B°) > H?(X, N°) > 0. 
The sequence shows that 
z(H°(f°)) = (HF?) < z(H?( FON? + x(X, N°). 


But y(X, N°) = 1 (because we have assumed that the groups H” (X @ks, N) are 
finite; cf. the discussion following (8.10)), and (9.3) shows that z(H?(f°))~! = 
z(H°(f*)). Therefore it remains to show that 


z(f(K)) _ zŒ) (1 [Ly (A, mgoa), 


(HIS)  z(HI) |L} p(B. on) 


From (9.2), we get a diagram 


0 > A(X) > A(K) > @4,(k(v)) > H1(X,A°) > II(K, A) > 0 
| | | | | 


i; 4 l L l 
0 > B°(X) > B(K) > (ku) > H'(X,B°) — I(K, B) > 0 
which shows that 
z(f(K) _ z9) TI [Py (k(v))] 
z(H°(f°))  zCHI(F9)) 4A [Dk] 
It remains to show that 


(Awa) _ [Py(k(v))] 
L(B.oB) PEO] 
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but this follows from the formula 


[Ly (A, @y) = [Dy (k(v))]/LoQ, A), 


@y a Néron differential on A ® Ky, for which we have no reference to offer the 
reader. 














REMARK 9.9 It was first pointed out in Milne 1970, p296, that, because the 
group H!(X @ ks, N) may be infinite, I! (K, A)p may be infinite when K 
is a function field with algebraically closed field of constants. This phenomenon 
has been studied in the papers Vvedens’kii 1979a, 1979b, 1980/81, which give 
criteria for the finiteness III, (and hence of the groups H’(X ® ks, N) in the 
above theorem). 


PROBLEM 9.10 Prove the above result for every isogeny f: A > B. 


There seems to be some hope that the method used in (II 5) may be effective 
in the general case; the groups are no longer finite, but they are compact. 


Duality for surfaces 


It is possible to prove a similar result to (3.8) (see also Artin and Milne 1976). 


10 Local results: equicharacteristic, perfect residue field 


Throughout this section, X = SpecR where R is a complete discrete valuation 
ring with algebraically closed residue field k. We let X; = SpecR;, where R; = 
R /mit! : 


Finite group schemes 


In the equicharacteristic case, the Greenberg construction becomes a special case 
of Weil restriction of scalars: for each i > 0, the k-algebra structure on R; 
defines a map a;: X; — Speck, and for any group scheme G over X, G;(G) = 
Resx,/x G. We write G(G) for the pro-algebraic group (G;(G))j>o0 on X. 


LEMMA 10.1 (a) The functor G +» G(G) from smooth group schemes on X to 
pro-algebraic groups on Spec(k) is exact. 

(b) When G is smooth and has connected fibres, G;(G) is smooth and con- 
nected for alli. 

(c) When N is a finite flat group scheme of height one, G;(N) is connected 
for alli. 
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PROOF. See Bester 1978, 1.1, 1.2. 














Let zo be the functor sending a pro-algebraic group scheme over k to its 
maximal étale quotient, and let m, be the rth left derived functor of zo. Write 
my(G) for 2+(G(G)). When N is a finite flat group scheme X, we choose a 
resolution of N by smooth connected formal groups 


0 —> Ni > Gi > Hi > 0, i > 0, 


and define F; (N) = Coker(x1ı(G;) —> xı (H;)). It is an pro-étale group scheme 
on X, and we let F(N ) be the pro-étale group scheme (F; (N ))i>0. 

Write œ; for the morphism X; —> Speck, and R’@, for the functor F > 
lim R’aj,x(F|X;). If G is a group scheme of finite-type over X, then @,.G = 
G(G), and if N isa finite flat group scheme over X, then R!@, N is representable 
by a pro-algebraic group scheme over k. 


LEMMA 10.2 Let N be a finite flat group scheme over X. 
(a) The group scheme F(N ) is independent of the choice of the resolution. 
(b) A short exact sequence 


0+ N'’>N>N”>0 
of finite group schemes defines an exact sequence 
0 > m(N') > m (N) > m(N") > F(N’) > F(N) > F(N”) > 0. 
(c) There is an exact sequence 
0 > mo(N) > F(N) > 11 (R10 N) > 0 
of pro-sheaves on X. 


PROOF. See Bester 1978, 3.2, 3.7, 3.9. 














Write [oo for the direct system of finite group schemes (u pr). 
LEMMA 10.3 There is a canonical isomorphism H2(X, F (uoo)) an Qp/Zp. 


PROOF. From the Kummer sequence 


Oi E Cia 
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we obtain an exact sequence 


0 > m1(Gm,x) > 11 (Gm, x) > F(upr) > 0. 
This yields a cohomology sequence 
0 > HZ(X, m1 (Gm,x)) > HZ(X,m1(Gm,x)) > HZ(F(upn)) > 0. 


But the higher cohomology groups of the universal covering group of G(Gm,x ) 
are zero, and so 


Hz (X,71(Gm,x)) = Hy (X, Gm,x) = K*/R™ ~ Z; 





thus HZ (F(upr)) = Z/p"Z. 











Assume that N is killed by p”. Then the pairing 
N? x N > upr 


induces a pairing 
N? x F(N) > F(upn). 


and hence a pairing 


H2(X,N”) x F(N) > H2(X,F(upn)) ~ Z/p"Z. 


THEOREM 10.4 The above pairing defines an isomorphism 
H2(X, N?) > Homy(F(N),Z/p"Z). 


PROOF. If N (or its dual) has height one, this can be proved using the exact 
sequence in §5. The general case follows by induction on the length of Nx. See 
Bester 1978, 2.6. 














As in §4, we can endow H!(X, N) and H!(K, N) with the structures of per- 
fect pro-algebraic group schemes over k. We write H! (X, N) and H!(K, N) for 
these group schemes. Note that H! (X, N) is the perfect group scheme associated 
with R'@,N. For any finite group scheme N over X, the map H! (X, N) © 
H! (K, N) is a closed immersion, and we write H2(X, N) for the quotient group. 


THEOREM 10.5 For any finite flat p-primary group scheme over X, there is a 
canonical isomorphism 


H! (X, N) —> (H2(x,N?)?)!. 
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PROOF. This follows from the commutative diagram (see 10.2c) 


0 > Hom, (mı (H! (X, N)),Q/Z) >= Hom (F(N), Q/Z) > Hom, (20(N), Q/Z) > 0 


| li | 


0> H2 (X, N?)° > H2(Xx,N?) > mo(H2(X,N?)) —0, 


and the isomorphism 





Hom, (r1 (H! (X, N)), Qp/Zp)) —> Ext} (H! (X, N), Qp/Zp). 











REMARK 10.6 The above proof shows that the dual of the continuous part 
H2 (X, N)° of H2 (X, N) is H! (X, N) and the dual of its finite part 29 (H2 (X, N)) 
is the finite part z9(N) of H? (X, N). Write H(X, N) and H(X, N) for the 
canonical objects in the derived category such that H” (H(X, N)) = H} (X, N) 
and H” (H(X, N)) = H’ (X, N). Then the correct way to state the above results 
is that there is a canonical isomorphism 


H(X, N?) Š H(X, N» [2] 


where the ¢ denotes Breen-Serre dual (0.14). 


Abelian varieties 


Let A be an abelian variety over K, and let A be its Néron model over X. We 
write (A) for m, (A) and G(A) for G(A). 


CONJECTURE 10.7 There is a canonical isomorphism 


H'(K, A‘) > Ext} (G(A), Q/Z). 
In particular, if A% is connected, then H! (K, A‘) 5 Hom, (mı (A), Q/Z). 


The second part of the statement follows from the first, as in (4.16). For the 
components of the groups prime to p, the conjecture is proved in Ogg 1962 and 
Shafarevich 1962. 

In the case that A has good reduction, F(Apn) = m (A)") and 
H2(X, A’) pr ~ H 2(X, An) and so the conjecture can be obtained by pass- 
ing to the limit in (10.4). See Bester 1978, 7.1. 

One can also show by a similar argument to that in (7.9) that it suffices to 
prove the result after passing to a finite separable extension of K. 
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Finally, one can show that the result is true if A is an elliptic curve with a Tate 
parametrization (cf. Shatz 1967). In this case there is an exact sequence 


neq” Q 
0 > Z — L^ > A(L) > 0 
for all fields L finite over K. Therefore 
H!(K, A) —> H?(K,Z) —> Homes(Gal(K*/K), Q/Z). 


On the other hand, A(K) = R* x (Z/ ord(q)), and so 


Ext! (G(A), Qp/Zp) —> Ext! (G(Gm,R), Qp/Zp). 


As Ext;(G(Gm,r),Qp/Zp) = Homg(71(Gm,r),Qp/Zp) (see Serre 1960, 
5.4), the duality in this case follows from the class field theory of Serre 1961. 
It is to be hoped that the general case can be proved by the methods of §7. 


REMARK 10.8 The discussion in this section holds with only minor changes 
when the residue field k is an arbitrary perfect field. 


NOTES This section is based on Bester 1978. Some partial results in the same direction 
were obtained earlier by Vvedens’ kii (1973, 1976, and earlier papers).° 


11 Global results: curves over perfect fields 


Throughout this section, S = Speck with k a perfect field of characteristic p A 
0, and x: X — S is a complete smooth curve over S. Again we define H/(U, F) 
so that the sequence 


+) > HI (U, F) > H"(U, F) > gu H” (Kv. F) > + 


is exact with K, the completion of K at v. 

Let N be a finite flat group scheme over U C X, and write R’2,N and 
R” mN for the sheaves on the perfect site Spf associated with S’ œ> H” (Us, N) 
and S’ t+ HE (Us, N). 


THEOREM 11.1 (a) The sheaves R”z4N and R”mN are representable by per- 
fect group schemes on S. 


°Most of the open questions in this section are answered in: Bertapelle, Alessandra, Local flat 
duality of abelian varieties. Manuscripta Math. 111 (2003), no. 2, 141-161. 
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(b) The canonical pairing 
Ras N? x RmN > RmGm ~ Q/Z[-2] 
induces an isomorphism 
Rr, N? —> RHoms(RmN, Q/Z[-2]). 


We begin the proof with the case that X = U. 


LEMMA 11.2 The theorem is true if U = X and N or its dual have height one. 


PROOF. Assume first that N has height one. The first exact sequence in §5 yields 
an exact sequence 


re Oy ee ae R” møy > R' moD Syni 


and the second a sequence 
e > R Tim N > R” n4 8 24) > R'm 8 Ly) >. 


Since two out of three terms in these sequences are vector groups, it is clear that 
R” nN and R’x,N? are represented by perfect algebraic groups. The usual 
duality theorem for coherent sheaves on a curve show that the k-vector spaces 
A" (X,@n) and H” (X, wo) are the k-linear duals (hence Breen-Serre duals) of 
the k-vector spaces H!~"(X, N@2y) and HT (X, N@Qy,). The pairing (5.10) 
induces an isomorphism Rr V°(N?) Š, Rr, U*(N)*[1]. Since Ra N? = 
Ra V° (N?) and Ra N = Rx,U°(N)[—1], this (together with (5.11)) shows 
that Rra N? © (Ra N)‘ [2], as required. (For more details, see Artin and 
Milne 1976.) 














LEMMA 11.3 Let 
0> N’>N>N”>0 


be an exact sequence of finite flat group schemes on U . If the theorem is true for 
N’ and N”, then it is true for N. 


PROOF. This is obvious from (0.14). 














LEMMA 11.4 Let V be an open subscheme of U. The theorem is true for N on 
U if and only if it is true for N|V on V. 
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PROOF. This follows from the distinguished triangles 


QD MÔ, N?) > Rr(N?) > Ra (NIV) P > G HON”) 
veUnV veUnrV 


Rm(N|V) > RmN > @® HÖ., N) > Ra (NIV)[], 
vEeEUNV 
and (10.6). 














We now prove the theorem. Let N be a finite group scheme over U. After 
replacing U by a smaller open subset we can assume that N has a composition 
series all of whose quotients have height 1 or are the Cartier duals of groups of 
height 1. Now Lemma 11.3 shows that we can assume that N (or its dual) has 
height 1. According to Appendix B, Nx extends to a finite flat group scheme M 
on X which is of height one (or has a dual of height one). After again replacing 
U by a smaller open set, we can assume that V|U = N. According to (11.2), the 
theorem is true for V on X, and (11.4) shows that this implies the same result for 
N|U =N. 


Néron models 


We now assume the ground field k to be algebraically closed. Let A be an abelian 
variety over K, and let A be its Néron model over X. 


LEMMA 11.5 The restriction map H! (X, A) — H'!(K, A) identifies H! (X, A) 
with III! (K, A). 


PROOF. The argument in the proof of Proposition (9.2) shows again that there is 
an exact sequence 


0 > 1011(K, A) > H! (X, A) > QB H'(v, oy), 





but in the present case, the final term is zero. 











In the proof of the next theorem, we shall use without proof that R? 1A 
has no connected part. The argument that the tangent space to R? A should 
equal R?7r+ (tangent sheaf to A), which is zero because X is a curve, makes this 
plausible. This assumption is not needed if A has good reduction everywhere. 


THEOREM 11.6 There is an exact sequence 


0 > H!(X, A) > H! (K, A) > QD H'(K,, A) — (Tp A'(K))* 


allv 
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with A’ the dual abelian variety to A; in particular, if A has no constant part 
(that is, the K/k-trace of A is zero), then H!(K, A) > Q,, H'(Kv, A) is 
surjective. 


all v 


PROOF. Let U be an open subscheme of X. The cohomology sequence of the 
pair X D U 


0—> H!(X, A) > H! (U, A) > J] H2(Oy, A) > H?(X, A) >--- 
véU 


can be rewritten as 


0 > IlI(K, A) > H! (U, A) > J] H!(K,, A) > H?(X, A) >. 
vU 


Because the residue fields at closed points are algebraically closed, for any open 


V C X, HÈ(V, A) z H?(X, A). Choose a V such that A|V is an abelian 
scheme. There is an exact sequence 


0 > H3(V, A) ® Qp/Zp > HEV, A(p)) > HEV, A)(p) > 0. 


Interprete H? (V, —) as R” (x| V );. Then Theorem 11.1 shows that 19(H2(U, A(p))) 
is dual to H? (U, Tp A*) = Tp(A‘(K)) (and H2 (U, A(p))° is dual to H+ (U, Tp. A)°). 
From our assumption, the map H2 (V, A(p)) > H?(X,.A)(p) factors through 
mo(H2(U, A(p))), and so we can replace H?(X,.A)(p) in the sequence with 
Tp(A‘(K))*. Now pass to the direct limit over smaller open sets U. 

If A has no constant part, then A’(K) is finitely generated by the generalized 
Mordell-Weil theorem Lang 1983, Chapter 6, and so T,(A‘(K)) = 0. 














REMARK 11.7 The last theorem is useful in the classification of elliptic surfaces 
with given generic fibre. See Cossec and Dolgachev 1986, Chapter 5. 


PROBLEM 11.8 Extend as many as possible of the results in Raynaud 1964/5, II, 
to the p-part. 


NOTES Inthe case U = X, Theorem 11.1 is in Artin and Milne 1976. 


Appendix A: Embedding finite group schemes 


An embedding of one group scheme into a second is a map that is both a homo- 
morphism and a closed immersion. 
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THEOREM A.1 Let R be a local Noetherian ring with perfect residue field k, 
and let N be a finite flat group scheme over SpecR. Write m for the maximal 
ideal of R, Ri for R/mi*!, and Ni for N @R Ri. Then there exists a family 
of embeddings y;: Ni <> A; such that A; is an abelian scheme over Ri and 
i+1 Q Ri = gi for alli. Consequently there is an embedding of the formal 
completion Ñ of N into a formal abelian scheme A over Spf(R). 


PROOF. To deduce the last sentence from the preceding statement, note that the 
family (A;) defines a formal scheme A over Spf (R) and that the g; define an 
embedding of N into A (see Grothendieck and Dieudonné 1971, §10.6). 

We first prove the theorem in the case that R = k is an algebraically closed 
field of characteristic exponent p. The only simple finite group schemes over k 
are Z/tZ (£ A p), Z/ pZ, Up, and ap. The first three of these can be embedded 
in any nonsupersingular elliptic curve over k, and the last can be embedded in 
any supersingular elliptic curve. We proceed by induction on the order of N. 
Consider an exact sequence 


0> N'> N> N">0 


in which N’ and N” can be embedded into abelian varieties A’ and A”. Let e 
be the class of this extension in Ext; (N”, N”), and let e’ be the image of e in 
Ext,(N”, A). As ExtZ(A”/N”, A’) = 0 (see Milne 1970a, Thm 2), e lifts 
to an element é of Ext; (A”, A’), and N embeds into the middle term of any 
representative of é: 


0 ——> N’ — > N — > N" —— 0 (=e) 


E ee 


0 — A’ — > X —— N" — 0 (=2’) 


I Jl | 


Os — AJ —- A —7 A" eee eh 


We next consider the case that R = k is a perfect field. The first step implies 
that N embeds into an abelian variety over a finite extension k’ of k, Ng > A. 
Now we can form the restriction of scalars (Demazure and Gabriel 1970, I, §1, 
6.6), of this map and obtain an embedding N —> Resx’/k Nx — Resg’/k A. The 
fact that k’/k is separable implies that Res’; A is again an abelian variety, 
because 


k':k 
(Res A) 8g k? = Resp gyks/ks A= ak 1, 
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To complete the proof, we prove the following statement: let R be a local 
Artin ring with perfect residue field k = R/m; let J be an ideal in R such that 
mZ = 0, and let R = R/T; let N be a finite flat group scheme over R, and let 
P: N @r R > Abe an embedding of N Qpr R into an abelian scheme over R; 
then @ lifts to a similar embedding g over R. 














LEMMA A.2 Let X be a smooth scheme over R, and let L(X) be the set of 
isomorphism classes of pairs (Y, Y) where Y is a smooth scheme over R and W is 
an isomorphism Y & R Š, X. Let T x, be the tangent sheaf on Xo =af X @Rk. 
(a) The obstruction to lifting X to R is an element a € H?(Xo0, Txo) 8k 1. 
(b) When nonempty, L(X) is a principal homogeneous space for H! (Xo, T x,)8k 
I. 
(c) If X is an abelian scheme over R, then a = 0. 














PROOF. See Grothendieck 1971, III 6.3, and Oort 1971. 


The lemma shows that there is an (A, y) € L(A). As A is smooth, the 
zero section of A over R lifts to a section of A over R. Now the rigidity of 
abelian schemes (Mumford 1965, 6.15) implies that the group structure on A lifts 
to a group structure on A, and it follows that A is an abelian scheme. (See also 
Messing 1972, IV 2.8.1.) It remains to show that @ lifts to an embedding g of N 
into A (after possibly changing the choice of A). 


LEMMA A.3 There is an exact sequence 
Hom,(N, A) > HomR(N, A) > Ext} (No, To(Ao) 8x I) 


where To(Ao) is the tangent space at zero to Ag and we have used the same 
notation for the vector space To( Ao) ®,x I and the vector group it defines. 


PROOF. In disagreement with the rest of the book, we shall write Yp; for the big 
flat site on Y (category of all schemes locally of finite-type over Y with the flat 
topology) and Yq for the small flat site (category of all schemes locally of finite- 
type and flat over Y with the flat topology). There is a well known short exact 
sequence 

0 > To( A0) 8 I > A(R) > A(R) > 0. 


A similar sequence exists with R replaced by any flat R-algebra, and so, if we 
write i and7 for the closed immersions Speck <> SpecR and SpecR <> Speck, 
then there is an exact sequence 


0 > ix(To(Ao) ® I) > A> TA > 0 
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of sheaves on (Spec R)p. This yields an exact sequence 
Home,i(N, A) > Homp,a(N,7+A) > Ext q(N, ix(To(Ao) ®x 1)) 


where the groups are computed in (SpecR)g. Note that Homg,(N.7xA) = 
Homg a(T* N, A) and that (because N, N, A and A are all in the underlying 
categories of the sites) 


Homra (N, A) = Homg(N, A), Homg a(t", A) = Hom (N, A) 


(the right hand groups are the groups of homomorphisms in the category of 
group schemes). Let f:(SpecR)p, —> (SpecR), be the morphism of sites de- 
fined by the identity map. Then fx is exact and preserves injectives, and so 
Ext y(f*F, F) = Ext’p g(F, JF’) for any sheaves F on (SpecR)q and F’ 
on (SpecR) F1. In our case f*N = N (see Milne 1980, II 3.1d), and so we 
can replace Ext a(N, tx(To(Ao) x /)) in the above sequence with the same 
group computed in the big flat site on R. Next R’ix(To(Ao) ®, I) = 0 for 
r > 0, because To(Ao) Qx I is the sheaf defined by a coherent module and so 
A’ (Ve, To(Ao) 8x 1) = A" (Vzar, To(Ao) x I) = 0 for r > 0 when V is an 
affine k-scheme. Therefore 


Ext ri (N, ix(To(Ao) 8x 1)) = Extg p0 *N, To(A0) 8k I) 


for all r. Finally Ext; (No. To(Ao) 8x 1) = Ext (No, To(Ao) @x 1). 
We know that T4, is the free sheaf To (A0) 8x O.4,. On tensoring the isomor- 


phism Ext} (Ao, Ga) —> H! (Ao, O.4g) (Serre 1959, VII 17) with Ty(Ao) 8% I 
we get an isomorphism, 


Ext, (Ao, To(Ao) 8x 1) —> H' (Ao, Tag) 8k 1 
The inclusion No <> Apo defines a map 
Ext; (Ao, To(Ao) D4 1) > Ext} (No, To(Ao) @ T), 


which is surjective because Ext? (—, Ga) = 0; see Oort 1966, p.II 14-2, and (I 
0.17). Consider 


H! (A0, T Ay) 8x I 
| sui 
Hompr(N, A) ———> HomR(N, A) _—> Ext; (No, To(Ao) @z I). 


It is clear from this diagram and Lemma A.2b that if @: N —> A does not lift to a 
map ọ from N to A, then a different choice of A can be made so that @ does lift. 
The lifted map ø is automatically an embedding. 
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COROLLARY A.4 In addition to the hypotheses of the theorem, assume that R 
is complete and that N has order a power of p. Then N can be embedded in a 
p-divisible group scheme H over R. 


PROOF. Take the p-divisible group scheme associated with the formal abelian 
scheme A. 














We next consider the problem of resolving a finite flat group scheme by 
smooth group schemes. Let N be a finite flat group scheme over a Noetherian 
scheme S. Then the functor Mors(N, Gm) is representable by Resys Gm, 
which is a smooth affine group scheme of finite type over S. Note that N? 
is (in an obvious way) a closed subgroup of Morg(N,Gm). Write N’ for 
N xg... xg N, and let Mors(N?, Gm)sym be the kernel of the map 


Mors(N2,Gm) > Mors(N2,Gm) 


sending f to the function foym, where foym(x, y) = f(y, x) f(x, y)7!. Finally, 
let Z7(N, Gm)sym be the kernel of the boundary map 


d: Mors(N*,Gm)sym > Mors(N?,Gm), 
df (x,y,z) = f(z) f(xy, 2 fF, yD, y). 
The image of the boundary map 
d: Mors(N,Gm) > Mors(N?,Gm), 
df (x,y) = f(xy) fx)" SOV}, 
is contained in Z? (N, Gm)sym- 


THEOREM A.5 The sequence 


d 
0> N? = Mors(N, Gm) Ft Ze N, Gm)sym —>0 


is an exact sequence of affine group schemes on S. The final two terms are smooth 
over S. 





PROOF. See Bégeuri 1980, 2.2.1. 











The exact sequence in the theorem is called the canonical smooth resolution 
of NP. 


THEOREM A.6 Let N be a finite flat group scheme over a Noetherian scheme 
S. Locally for the Zariski topology on S, there is a projective abelian scheme A 
over S and an embedding N > A. 
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PROOF. The idea of the proof is to construct (locally) a smooth curve 7: X —> S 
over S and a principal homogeneous space Y for N? over X. Such a Y defines 
an element of R'z,N”, and cup-product with this element defines a map N = 
Homs(N?,Gm) > R! n4Gm = Picy/s whose image is in the abelian scheme 
Bite, ig Picy;s. One shows that the map is a closed immersion. For the 
details, see Raynaud 1979 and Berthelot, Breen, and Messing 1982, 3.1.1. 














REMARK A.7 It is possible to construct quotients by finite flat group schemes 
(see Dieudonné 1965, p114). Therefore from (A.1), we get exact sequences 


0> N; > A; — B; - 0 
with 6; an abelian scheme, and from (A.4), we get an exact sequence 
0>N>H>H' >O 


with H’ a p-divisible group over R. Finally, (A.6) shows that (locally) N fits into 
an exact sequence 
0>N>A>Bb>0 


with A and B projective abelian schemes. 


REMARK A.8 Let S be the spectrum of a discrete valuation ring R with field of 
fractions K, and let N be a quasi-finite flat separated group scheme over S. If the 
normalization N of N in Nx is flat over R, then N isa subgroup of an abelian 
scheme A (because it is an open subgroup of N by Zariski’s main theorem, and 
N is a closed subgroup of an abelian scheme). Conversely, if N is a subgroup of 
an abelian scheme A over S, then its normalization is flat (because Ng C (Akg)n 
for some n, and the closure of Nx in Ay is flat, see Appendix B). 

The quotient A/N is represented by an algebraic space (Artin 1969, 7.3), 
but it is not an abelian scheme unless N is finite because it is not separated (the 
closure of the zero section is N /N). 


NOTES Theorem A.1 is due to Oort (1967), and Theorem A.6 is due to Raynaud. Lemma 


A.3 is an unpublished result of Tate; the above proof of it was suggested to me by Mess- 
ing. 


Appendix B: Extending finite group schemes 


Let R be a discrete valuation ring with field of fractions K. In Raynaud 1974, 
p271, it is asserted that, when K has characteristic p, every finite group scheme 
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over K killed by a power of p extends to a finite group scheme over R (the 
statement is credited to Artin and Mazur). Our first proposition provides a coun- 
terexample to this assertion. Then we investigate some cases where the group 
does extend. First we recall a well known lemma. 


LEMMA B.1 Let R be a discrete valuation ring with field of fractions K, and let 


0> N'’oON>N”>0 


be an exact sequence of finite group schemes over R. Assume that N extends to 
a finite flat group scheme N over R. Then there exists a unique exact sequence 


0>N' >N ON” +0 


of finite flat group schemes over R having the original sequence as its generic 
fibre. 


PROOF. The group N” is the closure of N’ in M, and N” is the quotient of M 
by N”. (Alternatively, M” is such that (NV, Oy) is the image of (NV, Ow) in 
T(N’, On’), and N” is such that F(N”, Oy) = T(N, On) OAT (N", Oy”). 














Now let R be a discrete valuation ring of characteristic p # 0. Consider an 
extension of Z/ pZ by [up over K: 


0—> tp > N > Z/pZ— 0. 


Such extensions are classified by Ext ¢(Z/ pZ, Wp), and the following diagram 
shows that this group is isomorphic to K*/K*?: 


Homx(Z, Gm) => K* 
P 
Homg (Z, Gm) = K* 


4 


Homg(Z/pPZ,Gm) — Ext} (Z/pZ, up) —> Ext (Z/PZ, Gm) —> 0 


| | 


0 Exty(Z,Gm) == 0 





Let a(N) be the class of the extension in K*/K*?, and let a(N) be ord(a(N)) 
regarded as an element of Z/ pZ. 
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PROPOSITION B.2 The finite group scheme N extends to a finite flat group scheme 
over R if and only ifa(N) = 0. Therefore, there exists a finite group scheme 
over K killed by p? that does not extend to a finite flat group scheme over R. 


PROOF. Assume that N extends to a finite flat group scheme NV over R, and let 
03> N° >NON/N® > 0, 


be the extension of the sequence given by Lemma B.1. The isomorphism Z/ pZ mate 
(N/N°) x extends to a map Z/pZ —> N/N? over R: simply map each section 
of Z/pZ over R to the closure of its image under the first map. Similarly, the 
Cartier dual of the isomorphism NR Z Up extends to a map Z/ pZ —> (N vp , 
and the dual of this map is a map N° —> jp whose generic fibre is the original 
isomorphism. Now after pulling back by Z/pZ — N/N” and pushing out by 
N° — up, we obtain an extension of Z/ pZ by up over R whose generic fibre is 
exactly the original extension. Thus we see that N extends over R if and only if 
the original extension of Z/ pZ by up extends over R. The result is now obvious 
from the commutative diagram, 


Ext) (Z/pZ, up) —> Ext) (Z/pZ,Gm) —> H1(K,p) —> K*/K*? 


i T T T 


| | | | 
Ext)(Z/pZ, up) —> Ext}(Z/pZ,Gm) —> H1(R, up) —> R*/R*? 


because R*/R*? is the kernel of K*/K*? puke Z/ pz. 














REMARK B.3 The same argument shows that an extension N of Z/ pZ by Z/ pZ 
need not extend to an extension of Z/ pZ by Z/ pZ over R, because 


Extx(Z/pZ,Z/pZ) = H'(K,Z/pZ) ~ K/pK, 
Extp(Z/pZ, Z/pZ) = H'(R,Z/pZ) ~ R/QR. 


However, N does extend to an extension of Z/pZ by some finite flat group 
scheme over R. Indeed, in (7.5) we note that if V” ~ Na,o in the Oort-Tate 
classification (0.9) with a = t°?-)), then H!(R, N”) is the image of t~°? R 
in K/gK, and so if c is chosen sufficiently large, the class of the extension in 
Ext} (Z/pZ, Z/ pZ) will lie in Extra’, Z/pZ). 


PROPOSITION B.4 Let X be a regular quasi-projective scheme of characteristic 
p # 0 over a ring R, and let K be the field of rational functions on X. Any finite 
flat group scheme N of height one over K extends to a finite flat group scheme 
of height one over X. 
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PROOF. We first prove this in the case that N has order p. Then N = No,» for 
some b € K. We have to show that there exists an invertible sheaf £ on X, a 
trivialization Lg SK , and a global section B of L817? corresponding to b 
under the trivialization. Let D be a Weil divisor such that D < 0 and (b) > D, 
and let £ = O(D). Then under the usual identification of O(D) x with K, 


P(X, £L°'?) = F(X, O(A — p)D) = {g € K |(g) = (p - DD}. 


Clearly b € F(X, L89172). 

We now consider the general case. Recall (Demazure and Gabriel (1970), I, 
§7) that a (commutative) p-Lie algebra V on a scheme Y of characteristic p Æ 0 
is a coherent sheaf of Oy-modules together with a map g:V — VY such that 
g(x + y) = v(x) + (y) and g(ax) = a? (x). With each locally free p-Lie 
algebra V there is a canonically associated finite flat group scheme N = G(V) 
of height < 1. Moreover, when Y is the spectrum of a field, every finite group 
scheme N is of the form G(V) for some p-Lie algebra V. Note that to give ọ is 
the same as to give an Oy-linear map V > V). 

Thus let (V,@) be the p-Lie algebra associated with N over K. We have to 
show that (V, g) extends to a p-Lie algebra over X. Extend V in some trivial way 
to a locally free sheaf V on X, and regard ¢ as a linear map V — V). Then (O 
is an element of Hom g (V, V P)) and we would like to extend it to a section of 
Homo, (VY, VP). This will not be possible in general, unless we first twist by an 
ample invertible sheaf. Let £ be such a sheaf on X, and write V(r) for V @ LS". 
Then 


Homo, (V(r), Vir)™) = Homo, (V(r), V (pry) 

= Homo, (VV \(pr — p), 

and so for a sufficiently high r, Homo, (V(r), V(r)?) will be generated by its 

global sections (Hartshorne 1977, II 7). Therefore, we can write gp = >> ajgj 

with a; € K and g; € Homo, (V(r), v(r))). Now choose a divisor D such 
that (a;) > D for alli. Then ọ is a global section of 

Homo, (V(r) 8 Ox(D), Vir)@Ox (D)”) = 
Homoy V(r), Vr) ) 8 Ox ((p — ID). 














COROLLARY B.5 Let X be a regular quasi-projective scheme of characteristic 
p # 0 over a ring R, and let K be the field of rational functions on X. Any finite 
flat group scheme N whose Cartier dual is of height one over K extends to a finite 
flat group scheme over X. 
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PROOF. Apply the proposition to N, and take the Cartier dual of the resulting 
finite flat group scheme. 














REMARK B.6 It is also possible to prove (B.5) directly from (5.5). 


NOTES The counterexample (B.2) was found by the author in 1977. 


Appendix C: Biextensions and Néron models 


Throughout, X will be a locally Noetherian scheme endowed with either the 
smooth or the flat topology. 


Biextensions 


Let A, B, and G be group schemes over X (commutative and of finite type as 
always). A biextension of (B, A) by G is a scheme W together with a surjective 
morphism x: W —> B xx A endowed with the following structure: 
(a) an action W xpx4 GgBx4 > W of Ggxa on W making W into a Ggx 4- 
torsor; 
(b) a B-morphism mg: W xg W — W and a section eg of W over B making 
W into a commutative group scheme over B; and 
(c) an A-morphism m4: W xa W — W and a section e4 of W over A making 
W into a commutative group scheme over A. 
These structures are to satisfy the following conditions: 
(i) if Gg — W is the map gb eg: g, then 


0> Gg>W 5 Ag—>0 
is an exact sequence of group schemes over B; 
(i) if G4 —> W is the map gb e,- g, then 
0-G4-W wie Ba—0 


is an exact sequence of group schemes over A; 
(iii) the following diagram commutes 


MAXMA 


(W xa W) XBxB (W x4 W) ———— W xg W 


oS 
MBXMB 


(W xB W)xaxa (W xB W) — W xy W 
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(The “equality” at left is (w1, w2; w3, W4) <> (W1, W3; W2, W4)). See Grothendieck 
1972, VII. 


EXAMPLE C.1 Let A and B be abelian varieties of the same dimension over a 
field. We call an invertible sheaf P on B x A a Poincaré sheaf if its restrictions to 
{0} x A and B x {0} are both trivial and if y(B x A, P) = +1. Itis known (Mum- 
ford 1970, §13, p131), that then the map of functors b > (b x 1)*P: B(T) > 
Pic(A7) identifies B with the dual abelian variety A’ of A. Moreover, for any 
abelian variety A over a field, there exists an essentially unique pair (B, P) with 
P a Poincaré sheaf on B x A (ibid. §8, §10-12). 

Let P be a Poincaré sheaf on B x A. With P, we can associate a G,,-torsor 
W = Tsomgx,4(Opxa, P) (less formally, W is the line bundle associated with 
P with the zero section removed). For each point b € B, Pp is a line bundle on 
A, and Wp has a canonical structure of a group scheme over A such that 


0> Gn - W > A> 0 


is an exact sequence of algebraic groups (Serre 1959, VII, §3). This construction 
can be carried out universally (on B), and gives a group structure to W regarded 
as an A-scheme which is such that 


0—> Gng > W > Ap -O 


is an exact sequence of group schemes over B. By symmetry, we get a group 
structure on W regarded as a group scheme over A, and these two structures 
form a biextension of (B, A) by Gm. Any biextension arising in this way from a 
Poincaré sheaf will be called a Poincaré biextension. 


When A, B, and G are sheaves on Xa (or Xm), it is possible to modify the 
above definition in an obvious fashion to obtain the notion of a biextension of 
(B, A) by G: it is a sheaf of sets W with a surjective morphism W > B x A 
having the structure of a G gx 4-torsor and partial group structures satisfying the 
conditions (i), (ii), and (iii). When A, B, and G are group schemes, we write 
Biexty (B, A; G) for the set of biextensions of (B, A) by G, and when A, B, and 
G are sheaves, we write Biexty, (B, A; G) (or Biexty,, (B, A; G)) for the similar 
set of sheaves. Clearly, there is a map 


Biext xy (B, A; G) > Biext y,(B, A; G) 


and also Biext y (B, A; G) > Biext x, (B, A; G) when G is smooth over X). 
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PROPOSITION C.2 Let A, B, and G be group schemes over X. If G is flat and 
affine over X, then the map 
Biext x (B, A; G) > Biext y,B, A; G) 
is bijective, and if G is smooth and affine over X , then 
Biext y (B, A; G) > Biext x, (B, A: G) 
is bijective. 


PROOF. The essential point is that, in each case, torsors in the category of sheaves 
are representable, and torsors in the category of schemes are locally trivial for the 
respective topologies (see Milne 1980, III 4.2 and 4.3). 














Consider a biextension (of schemes) W of (B, A) by G. Given an X-scheme 
T and a T-valued point t of B, we can pull-back the sequence in (i) and so obtain 
an extension 
0—> Gr - W(t) — Ar > 0. 


This gives us a map B(T) > Ext} (Ar, Gr), which can be shown to be a group 
homomorphism. In this manner, a biextension of (B, A) by G defines homomor- 
phisms of sheaves B —> Exty, (A,G) and A > Exty (B, G). A biextension 
of sheaves determines similar maps. This has a pleasant restatement in terms of 
derived categories. 


PROPOSITION C.3 There is a canonical isomorphism 
Biext y,(B, A: G) —> Homy,(B @” A, G[I]) 


(and similarly for the smooth topology). 





PROOF. See Grothendieck 1972, VII 3.6.5. 











Given a biextension of (B, A) by G, we can define pairings 
H" (X, B) x HS(X, A) > H'T5*1(X,G) 


in three different ways: directly from the map B @/ A —> G[1], by using the map 
B —> Ext! (A, G), or by using the map A > Ext! (B, G). 


PROPOSITION C.4 The three pairings are equal (up to sign). 


Biext y (B, A; G) > Biext x, (B, A: G) 
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PROOF. See Theorem 0.15. 











Let W be a biextension of (B, A) by G. For any integer n, the map B@’ A > 
G[1] defines in a canonical way a map Bn & An —> G (Grothendieck 1972, VIII 
2). Up to sign, the following diagram commutes 


0 — Bn — B — B 
| | | 


l i | 


Hom(An,G) ——> Ext! (4,G) —> Ext! (A,G) 


(and similarly with A and B interchanged). The pairing Bn x An — G defines 
pairings of cohomology groups. 


COROLLARY C.5 The diagram 


H"(X,B) x H%(X,A) > H+S+1(x,G) 


4 t | 
H"+1(X, Bn) x H*(X,An) SX) 


commutes. 


PROOF. This is obvious from the definitions. 














When W is a Poincaré biextension on B x A, the pairing Bn x An > Gm 
identifies each group with the Cartier dual of the other. For n prime to the char- 
acteristic, it agrees with Weil’s e,-pairing. 


Néron models 


From now on X is a Noetherian normal integral scheme of dimension one with 
perfect residue fields. The fundamental theorem of Néron (1964) on the existence 
of canonical models can be stated as follows. 


THEOREM C.6 Let g:n — X be the inclusion of the generic point of X into X. 
For any abelian variety A over n, gx A is represented on Xsm by a smooth group 
scheme A. 


PROOF. For a modern account of the proof, see Artin 1986.10 














10See also: Bosch, Siegfried; Liitkebohmert, Werner; Raynaud, Michel. Néron models. 
Springer-Verlag, Berlin, 1990. 
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The group scheme A is called the Néron model of A. It is separated and of 
finite type, and A, = A. It is obviously uniquely determined up to a unique iso- 
morphism. Its formation commutes with étale maps X’ —> X and with Henseliza- 
tion and completion. Let A° be the open subscheme of A having connected fibres. 
Then there is an exact sequence of sheaves on Xsm 


00> Aso AS @50 


in which @ is a finite sum QD iy», with a Dy finite sheaf on v. 

Assume now that X is the spectrum of a discrete valuation ring R, and write 
K and k for the field of fractions of R and its (perfect) residue field. As usual, i 
and j denote the inclusions of the closed and open points of X into X. 

If the identity component A} of the closed fibre Ao of A is an extension of 
an abelian variety by a torus, then A is said to have semistable reduction. In this 
case, the formation of A° commutes with all finite field extensions K — L. 


THEOREM C.7 There exists a finite separable extension L of K such that Ay, has 
semistable reduction. 


PROOF. There are several proofs; see for example Grothendieck 1972, IX 3, or 
Artin and Winters 1971. 














Let g: A > B be an isogeny of abelian varieties over K. From the definition 
of B, we see that g extends uniquely to an homomorphism g: A —> B. Write o° 
for the restriction of g to A°, and let N = Ker(g®); it is group scheme over X. 


PROPOSITION C.8 Let: A — B be the map defined by an isogeny A —> B. 
The following conditions are equivalent: 

(a) g: A > B is flat; 

(b) N is flat over X; 

(c) N is quasi-finite over X ; 

(d) (Y?) Qpr k is surjective. 
When these conditions are realized, the following sequence is exact on Xg: 


0> N> LLB. 


PROOF. The same arguments as those in Grothendieck 1972, IX 2.2.1, suffice to 
prove this result. 














COROLLARY C.9 Let A be an abelian variety over K, and let n be an integer. 
The following conditions are equivalent: 
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(a) n: A > A is flat; 

(b) n: A? —> A? is surjective; 

(c) A; is quasi-finite; 

(d) n is prime to the characteristic of k or A has semistable reduction. 


PROOF. It is easy to see from the structure of A° &p k that condition (d) of the 
corollary is equivalent to condition (d) of the proposition. The corollary therefore 
follows directly from the proposition. 














Biextensions of Néron models 


From now on, we endow X with the smooth topology. Also we continue to 
assume that X is the spectrum of a discrete valuation ring, and we write x for its 
closed point. Let W be a Poincaré biextension on B x A, and write ix Ø’ and ix ® 
for B/B° and A/A? respectively. According to Grothendieck 1972, VIII, there 
is acanonical pairing of 
Gal(k*/k)-modules 

p' x > Q/Z 


which represents the obstruction to extending W to a biextension of (B, A) by 
Gm. We review this theory, but first we need a lemma. 

If I’ is a submodule of ®, then we write AT for the inverse image of i, I” in 
A. Thus A has the same generic fibre as A and A,/AS. = T. 


LEMMA C.10 For any submodule I C @, there is a canonical isomorphism 
FeO A Gn)  Exte (A Ga): 
therefore B ~ Exty (AY, jxGmx)- 


PROOF. We first show that R! jxGm (computed for the smooth topology) is zero. 
For each Y smooth over X, R!jxGmm|Ye is the sheaf (for the étale topology) 
associated with the presheaf U +» Pic(Ux). We shall show that in fact the sheaf 
associated with U > Pic(Ux) for the Zariski topology is zero. 

Let y € Y, and let x be a uniformizing parameter for R. We have to show 
that Pic(Oy.y[7~']) = 0. Let Y’ = SpecOy,y and write i’ and j’ for the 
inclusions Z'~+Y’ and U’<+Y’ corresponding to the maps Oy, —> Oy,y/(z) 
and Oy, y>Oy,.y[z7']. If Z’ = Ø, then Oy,y[x7!] = Oy,y, and the assertion 
is obvious. In the contrary case, Z’ is a prime divisor on the regular scheme Y’ 
(because Y is smooth over X), and so there is an exact sequence 


0> Gm > jiGm > i,Z > 0. 


322 CHAPTER III. FLAT COHOMOLOGY 


The cohomology sequence of this is 
-> Pic(Y’) > Pic(U’) > H! (Y',iLZ) >. 


But Pic(Y’) = 0 because Y’ is the spectrum of a local ring, and H1(Y', i} Z) = 
H +(Z', Z), which is zero because Z’ is normal. Therefore Pic(U’) = 0. 
As j* AT = A, there is a canonical isomorphism of functors 


jxHomx(A,—) ~ Homy(A’, jx—) 


(see Milne 1980, II 3.22). We form the first right derived functor of each side and 
evaluate it at Gm. Because Hom x (A, Gm) = 0, on the left we get jsExth (A, Gm), 
and because R! jG = 0, on the right we get Ext} (AY, jxGm), which proves 
the lemma. 














Let B Š Ext} (A, Gm) be the map defined by W. On applying jx, we get 
a map 6 = jxExth (A, Gm) = Ext} (A, J«xGmx). From the exact sequence 


0 > Gn > jxGm > ixZ > 0 
we get an exact sequence 
Homy (A, ixZ) > Ext} (A, Gm) > Exty (A, jxGm) > Exty (A, ixZ). 
But Ext) (A, ixZ) = ixExth(i* A, Z), andi*A = A; because A is in the under- 
lying category of Xsm (see Milne 1980, II 3.1d). Therefore Homy(A,ixZ) = 


Ext, (A, ixZ) = ixExt] (Ax, Z) 
ixHomx(Ax, Q/Z) 
ixHom,(®, Q/Z). 


This gives us the lower row of the diagram below. 
LEMMA C.11 There is a unique map ®’ +> Hom,.(®, Q/Z) making 


0 — B° — B — ix D! — 0 
| | 


| | | 


0 — Exty (A, Gm) — Exty (A, jxGm) —> ixHom,(%,Q/Z) — 0 


commute. 
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PROOF. Obviously the composite of the maps 
B —> Ext} (A, jxGm) > ix Hom, (®, Q/Z) 
factors through B/B° = i,®’. 














To give a map of sheaves &’ > Hom ,(®, Q/Z) is the same as to give a map 
of Gal(k*/k)-modules 6’ > Hom(@, Q/Z), or to give an equivariant pairing 
p’ x P —> Q/Z. We shall refer to the pairing defined by the map in the lemma 
as the canonical pairing. 


PROPOSITION C.12 The biextension W of (B, A) by Gm extends to a biexten- 
sion of (BT”, AT) by Gm if and only if I’ and F annihilate each other in the 
canonical pairing between ®' and ®. The extension, if it exists, is unique. 


PROOF. For a detailed proof, see Grothendieck 1972, VII 7.1b. We merely note 
that it is obvious from the following diagram (extracted from C.11) 


0— B° => BT — int’ — 0 
| eee | 
$ ty i 
0 — Ext (AT, Gm) > Ext (AT, jxGm) —> ixHomx(T,Q/Z) — 0 
that BT” —> Ent (AY, jxGm) factors through Exit (AT , Gm) if and only if T’ 
maps to zero in Hom(I, Q/Z). 














CONJECTURE C.13 The canonical pairing ’ x P —> Q/Z is nondegenerate. 


The conjecture is due to Grothendieck (ibid., IX 1.3). We shall see in the 
main body of the chapter that it is a consequence of various duality theorems for 
abelian varieties. !! 


PROPOSITION C.14 If T” annihilates I", then there is a commutative diagram 


0—> BT = B — GOTT) =S 0 

| | | 
4 J~ L 
0 — Ext (AT, Gm) > Ext (AT, jxGm) —> ixHomx(T,Q/Z) — 0 


' This assertion is misleading since (at best) this is true for finite residue fields. According to 
a lecture of Siegfried Bosch (20.10.04), the status of the conjecture over a discrete valuation ring 
R is as follows. When the residue field k is perfect, it is known when R has mixed characteristic 
(0, p) (Bégeuri), k is finite (McCallum), A is potentially totally degenerate (i.e., after an extension 
of the field its reduction is a torus) (Bosch), or A is a Jacobian (Bosch and Lorenzini); it is still 
open when K is of equicharacteristic p > 0 and the residue field is infinite. For k nonperfect, the 
conjecture fails. The first examples were found by Bertapelle and Bosch, and Bosch and Lorenzini 
found many examples among Jacobians. 
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If conjecture (C.13) holds and T” is the exact annihilator of I’, or if l = 0 and 
T” = @’, then all the vertical maps are isomorphisms. 


PROOF. The diagram can be constructed the same way as the diagram in (C.11). 
The final statement is obvious. 














The Raynaud group 


Assume now that A has semistable reduction, and write ®p for Ay / AS. Over k 
there is an exact sequence 


0>-T >A. > B>0 


with B an abelian variety over k. The next theorem shows that this sequence has 
a canonical lifting to R. 

For any group scheme G over X, we write G for the formal completion of G 
along the closed point x of X (Hartshorne 1977, II 9). 


THEOREM C.15 There is a smooth group scheme A* over R and canonical iso- 
morphisms A —> (A#)* and Aas (A#°)^, 
(a) There is an exact sequence over R 


0>T> A >B>0 


with T a torus and B an abelian scheme; the reduction of this sequence 
modulo the maximal ideal of R is the above sequence. 

(b) Let 6 = A*/A*°: then © is a finite étale group scheme over R whose 
special fibre is ®ọ. 

(c) Let N = (A#°)p; then N is the maximal finite flat subgroup scheme of 
the quasi-finite flat group scheme Ap» and there is a filtration 


Ap = (A9) K DN DT DO 


with N = Nx, Tp = (Tp)x, and N/Tp = (Bp)K. 

(d) Let A! be the dual abelian variety to A, and denote the objects correspond- 
ing to it with a prime. The nondegenerate pairing of finite group schemes 
over K 

A’, x Ap > Gm 


induces nondegenerate pairings 
N'/T, x N/Tp > Gm 
A, / Ty x N > Gn. 
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(e) Assume R is Henselian. If A(K)p = A(K*)p, then ®p has order p", 
where u is the dimension of the maximal subtorus of Ax. 


PROOF. For (a), (b), and (c) see Grothendieck 1972, IX.7. 

(d) The restriction of the pairing on Ay x Ap to N’ x N extends to a pairing 
N’! x N — Gm induced by the biextension of (A, .A°) by Gm. This pairing is 
trivial on 7, g and 7p, and the quotient pairing on b; x Bp is that defined by the 
canonical extension of a Poincaré biextension of (B, Bg) by Gm. This shows 
that T, and Tp are the left and right kernels in the pairing N’ x N > Gm. 
The pairing A‘,/T, x N — Gy» is obviously right nondegenerate. But A⁄,/ T} 
has order p24 where d is the common dimension of A and A‘ and p is the 
common dimension of 7 and T’, and N has order p“*?” where œ is the common 
dimensions of B and B’. As d = u + g, this proves that the pairing is also left 
nondegenerate. 

(e) From the diagram 


0 —— A(R) —— A(K) —— (k) —— 0 
l k 
0 —— A(R) —— A(K) — (k) — 0 
we obtain an exact sequence 
0 > A°(R)p > A(K)p > O(k)p > A(R). 


Let a € #(k)p. There will exist a finite flat local extension R’ of R such that a 
maps to zero in 4°(R’)) (because p: A° — A?® is a finite flat map), and so the 
image of a in ®(k’) lifts to A(K’)p. By assumption, A(K) p eau A(K") p, and 
so a lifts to A(K) p. This shows that 


0 —> A°(R)p > A(K)p > Plk)p > 0 





is exact, and the result follows by counting. 











The group A* is called the Raynaud group scheme. 


Néron models and Jacobians 


Let X again be any Noetherian normal integral scheme of dimension one, and 
let x: Y — X be a flat proper morphism of finite-type. Recall that Picy,;g is 
defined to be the sheaf on X gz associated with the presheaf X’ > Pic(Y xx X’). 
Write P = Picy;x. When P is representable by an algebraic space, then P7 = 
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Picy jx 18 defined to be the subsheaf of P such that, for all X-schemes X ', P(X’) 

consists of the sections € whose image in (Px /P,) x’) is torsion for all x € X. 
Assume now that Y is regular, that the fibres of Y over X are all pure of 

dimension 1, and that Y} is a smooth and geometrically connected. Moreover, as- 


sume that Ox Z XxOy universally (that is, as sheaves on Xg). For each closed 
point x of X, define dy to be the greatest common divisor of the multiplicities 
of the irreducible components of Yy (the multiplicity of Y; C Yx is the length of 
Oy, y; where y; is the generic point of Y;). 


THEOREM C.16 (a) The functor P is representable by an algebraic space locally 
of finite type over X. 

(b) If dx = 1 for all x, then P* is representable by a separated group scheme 
over X. 

(c) Assume that the residue fields of X are perfect. Under the hypothesis of 
(b), P7 is the Néron model of the Jacobian of Yy. 


PROOF. (a) Our assumption that Os sae mx Ox universally says that x is coho- 
mologically flat in dimension zero. Therefore the statement is a special case of a 
theorem of Artin (1969b). 
(b) This is a special case of Raynaud 1970, 6.4.5. 
(c) This is a special case of Raynaud 1970, 8.1.4. 














REMARK C.17 The hypotheses in the theorem are probably too stringent. 


The autoduality of the Jacobian 


Let C be a smooth complete curve over a field k. Then there is a canonical biex- 
tension of (J, J) by Gm, and the two maps J > Ext, (J, Gm) are isomorphisms 
(and differ only by a minus sign) (see Milne 1986c, §6, or Moret-Bailly 1985). It 
is this biextension which we wish to extend to certain families of curves. 

Let x: Y — X be a flat projective morphism with fibres pure of dimension 
one and with smooth generic fibre; assume that Y is regular and that Y has a sec- 
tion s over X. Endow both Y and X with the smooth topology. Then R!2r4.Gy is 
representable by a smooth group scheme Picy;y over X. Write P? for the ker- 
nel of the degree map on the generic fibre; thus P°(X) is the set of isomorphism 
classes of invertible sheaves on Y whose restriction to s(X) is trivial and whose 
restriction to Y} has degree zero. Note that Picy;y = P°@Z. 


THEOREM C.18 There exists a biextension of (P?, P?) by Gm whose restriction 
to the generic fibre is the canonical biextension. 
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PROOF. In the case that P has connected fibres, this follows from the result 
Grothendieck 1972, VIII 7.1b that for any two group schemes B and A over 
X with connected fibres, and any nonempty open subset U of X, the restriction 
functor 

Biext y (A, B; Gm) —> Biexty (A, B; Gm) 


is a bijection. See also Moret-Bailly 1985, 2.8.2. For the general case, we refer 
the reader to Artin 1967. 














CONJECTURE C.19 Assume that Y is the minimal model of its generic fibre. 
Then the maps P? —> Ext? ° Gm) (of sheaves for the smooth topology) in- 
duced by the biextension in (C.18) are isomorphisms. 


A proof of this conjecture has been announced by Artin and Mazur (Artin 
1967), at least in some cases. We shall refer to this as the autoduality hypothesis. 


NOTES The concept of a biextension was introduced by Mumford (1969), and was de- 
veloped by Grothendieck (1972). Apart from Néron’s Theorem C.6 and the theorems of 
Artin and Raynaud (C.16), most of the results are due to Grothendieck. The exposition is 
partly based on McCallum 1986. 


.. and so there ain’t nothing more to write about, and I am rotten glad of it, 
because if d knowed what a trouble it was to make a book I wouldn’t a tackled 
it and ain’t agoing to no more. But I reckon I got to light out for the Territory 
ahead of the rest, because Aunt Sally she’s going to sivilize me and I can’t stand 
it. I been there before. 

H. Finn 
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